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!  OH  SOME  PECULIARITIES  OP  ELECTROteAGHETIC  WAVES 

RADIATED  BY  PARTICLES  MOVING  PASTER  THAH  LIGHT-». 

I  Pages  531-345  By  V.L,  GinzBurg  &  V.I.  Eidaan 

I 

j  In  analysing  peculiarities  in  the  radiation  of 

;  electromagnetic  waves  by  pai'ticles  or  systems  (atoms,  molecules, 

I  ete»)  moving  in  a  medium  or  close  to  a  ffiedium  (a  retarding 
j  system)  with  speeds  festei*  than  light,  quantum  representation  is 
!  often  found  fruitful,  even  in  classical  problems.  The  same  is 
I  true  in  examining  the  radiation,  absorption  and  amplification  of 
1  waves  in  a  beam  of  particles.  The  present  paper  evaluates  a' 
jnffluber  of  problems,  among  which  is  that  of  the  classical  radia~ 
tion  reaction  observed  in  the  motion  of  a  charge  in  a  medium,  or 
(Close  to  a  medium  (in  a  channel,  a  slot,  etc,)  The  basic 
I  conclusion,  drawn  from  simple  quantum  considerations  as  well  as 
jfrom  quantitative  olaesical  calculations  is  as  follows}  in  the, 
tease  of  moyement  at  speeds'  faster  than  that  of  light,  the  radia- 
jtion  reaction  which  modifies  the  oscillation  amplitude  of  the 
j particles  is  reduced  in  comparison  with  the  case  of  movement  at 
I  speeds  below  that  of  light  and  in  an  anisotropic  msdiixm  it  may 
Seven  change  sign,  i.e,  correspond  not  to  '’friction”,  but  to  a 
jhuild-»up  of  the  oscillatione.  This  effect  is  directly  related 
jto  the  instability  of  beams  of  particles  at  speeds  greater  than 
llight. 

It  is  known  that  when  particles  (electron,  proton)  or 
"systems”  (  an  atom,  a  plasma  cluster  an  antenna,)  move  in,  or 
jnes,r  a  medium  at  speeds  gi^eater  than  that  of  light,  we  get  the 
jVavilov  ~  Cerenkov  effect  and.  the  character  of  the  Doppler  effect 
jis  substantially  altered. 


I*  Lecture  at  the  MVO  Eadioelectronios  Conference,  Kiev,  1959 


T 


.  1  . 


ClaSv*3ioal  reasoning  leads,  in  the  case  of  the 

Y«nri3.oy- Cerenkov  effect,  to  the  radiation  condition 

COS0O  — ;  (l) 

I  0  is  the  angle  between  the  particle  velocity  tA  and  wave  Yef;tor  ; 
k  of  the  Cerenkov  waives ?  n  (<^  )  is  the  refractive  index  for  the 

•  mat 

I  frequency  Cii  under  oonsidepation*  The  medium  is  considered  to 
j  he  isotropic. 

I  Condition  (l)  has  a  kinematic  (interference)  character  | 

t 

!  and  is  therefore  kept  independently  of  the  form  of  the  emitter 
i  (charge^  dipole,  et<^;  it  is  also  found  in  an  anisotropic  medium 
I  /" 2  7,  hut  with  n  (iw)  replaced  hy  n.  {io^k/k),  which  is  the 
j  refractive  index  for  a  normal  wave  of  the  type  j  =■  1,2,  propag- 
i  ated  in  the  direction  k  (in  the  case  of  movement  along  the  axis 
i  of  a  uniaxial  crystal  or  along  a  magnetic  field  in  a  plasma 


I 


)  and  (i)  is  also  the  equation  for  determining 


j  For  a  point  charge,  moving  xmiformly  in  ah  isotropic 

I  medium,  the  energy  radiated  in  unit  time  due  to  the  Vavilov  - 
i  Cerenkov  effect  is  1  7  »  , 

1  f  fi-_£L-  (2) 

!  I  dt  0^-  J  1 


tu  , 


I  However,  if  an  emitter,  which  in  its  own  frame  of 

i  *  ^  HI 

!  reference  emita  waves  with  a  frec|_uency  movesya,  medium, 

j  then^  in  the  f.rame  of  reference  connected  with  the  medium,)  the 
I  radiation  due  to  the  Doppler  effect  will  have  a  frequency 


^rr--.  (3) 

I  i— (‘'O  cos  0  I  '  <’ 

Wh,ea  ySn  <is  l,  i»e.  if  the  speed  is  slower  than  that  of  light, 
formula  (5)  constitutes  a  long  known  expression  for  the  Doppler 
effect  in  a  medium.  However,  if  ^1  (at  speeds  faster  than 

that  of  light  it  is  neoessary  to  intro  duo  e  a  modulus  [ J  into,,. 


-  2  - 


(5)  and  it  Is  adTis&ble  to  ea:amiaa  gapamtaly  th©  radiation 

iasaida  and  oixtsid®  th®  Ces'enkoT  con©'*^»  Inside  tlie  oon®  (wfe@n 

B  <  tho  Boppier  sffeot  Is  aaoaaloixs,  becaua®  the 

o  „ 

fresjuimoj  inersasos  with  inoreas®  in  and  if  n  “  const, 
than  4to  oo  whan  ^  Th@  Bopplsr  affect  outsid®  th® 

oone  can  of  eonra®  h«  ealled  sines  the  frequeney  <&> 

dacreasss  nlth  increas®  in  0  (see  Fi^»  l)'«>' 


•'  ^<4./  5 

\  i 


I  mt  1.  ^ 

I  -  ««.  1  I 

1.  1,  legicm  of  nosnasl  I>opp3-er  affect 

2*  Region/  of  anomalous  Boppisr  effeot 

^Fo^uls  (5)  reflects  the  general  characteristic  of  radiation  in  | 
a  medlxmt  the  .rol©  of  the  <|‘a&R.tity  t/c  for  a  ■racu'asia  i©  | 

|*layefi  hy  the  quantity  in  th®  oa@®  of  s  '©.edium«  Therefore,  j 
I  if  in  a  vaonuffi  th®  extrem®  relatiTistio  o&s®  corresponds  to  th®  j 

'iTaitt®  then  is  a  Euedi'affi,  from  the  point  of  rim  of  th®  | 

'  I 

I ebaraoter  of  the  radiation  th®  extreme  relatiTistio  eas®  { 

i  ©ori’t’spottds  to  the  vein®  Moreover,  if  radiation  ia  a  | 

fTOOaua  when  1,  is  sharply  dlreotsd  along  th®  velocity,  then 


:*  In,  t.he  cas®  of  an  anisotropic  msd-iuEi.  (and  also  in  the  presence 
., of  . ^fsotropy ) ,  it  is  only  neoessary: to, exohang®  nj(&>)  in  (5) 
inj  I  ^  ,  |/^)o  ia  the  text,  unless  th®  contrary  is  stated,  it  i® 
|#„s«i’a;s:«d  for  the  sake  of  siasplieity  that  the  medinsi  is  isotropic. 


in  a  medinm  the  role  of  preferred  direction  is  played  by  the 
Cerenkov  cone.  However  if  we  are  dealing,  for  exasaple,  with  a 
j  rBediyjo,  in  which  n  1  (isotropic  plasiaa),  then  at  no  velocity 
^  1  does  the  radiation  possess  the  features  which  are 

characteristic  of  the  extreme  relativistic  case  in  a  vac'aum. 

It  should  also  be  mentioned  that  the  practical  value  of 
the  Doppler  effect  in  a  medium  as  a  result  of  the  large  losses 
during  the  motion,  of  an  emitter  in  a  dense  body  is  connected 
with  the  following  two  factors.  In  the  first  place  the 

t 

j  characteristic  peculiarMies  of  the  Doppler  effect  at  speeds 
i  faster  than  that  of  light  are  also  presearved  in  motion  through 
I  narrow  chaimels  and  slots  in  a  mediixffi  bj  or  close  to  a 

i  mediuja  or  an  artificial  decelerating  system.  Secondly,  of  even 
I  greater  interest  is  motion  in  a  magnetically  active  plasma  /" 6 
1  7 y,  when  the  losses  are  small.  The  above  also  pertains  of 
I  course  to  Cerenkov  radiation,  although  in  this  case,  as  is  well 
j  known,  the  effect  can  also  be  observed  when  charges  move  in  a 
1  dense,  continuous  Bsedium, 

i 

I  1,  The  analysis  of  various  problems  connected  with  the 

jabsoi'ption  and  amplification  of  electromagnetic  waves  during  the 

i 

j  movement  of  charges  or  various  "systems"  in  a  mediuB'i  is  greatly 

1 

} 

(helped  by  elementarry  quantum  considerations.  This  also  applies 
I  to  oases  where  the  problem  is  essentially  of  a  classical  nature 
[and  consequently,  given  the  accuracy  assumed,  the  final  formulas 
j  do  not  de|>end  on  the  quantum  constant  "K, 

I 

!  The  starting  concept  in  applying  qtsantum  consideration© 

I 

I  is  the  idea  of  quanta  in  a  medium,  the  energy  of  which  equals  ; 

and  the  Homentum  "fik  »  (li  <a>  /c)  n  (  £t>,a)s,  where  k  =»  | 

is  the  wave  vector  and  n  is  the  refractive  index  for  a  norraal  j 

.wave  of  the  given  type,  propagated  in  the  meditua  under  consider-  j 
|arion(in  the  general  case,  anisotropic  and  gyrotropic).  In  the  j 


-  4  - 


1  case  of  an  ard.so'tropic  medium  the  quantisation  has  heen  made  in  | 

I  r ^  J\  getieraliaatioa  of  the  result  to  apply  to  ajiy  arbitrary  ; 

nsediuiB  is  re?«.dily  obtained  toy  plane  ■wa.ve  expansion  9f  j 

It  ie  understood  that  such  an  approach  is  correct  only  in  the  i 

region  of  applicatoility  of  phenosaeaological  theory.  It  should  j 

■  ,  i 

also  toe  remsmtoereS  that  in  this  case  the  momeatuEj  of  the  quantum  ! 

*  ! 
in  a  medium  is  a  total  momentum,  comprising  hoth  the  field  \ 

momentum  and  the  momentum  connected  with  the  motion,  of  the  isaediumj 

in  the  field  of  the  wa-re  (eee  f  ll^7)«  I 

I 

Prom  the  quantum  point  of  view,  of  the-  radiation  j 

kinematics  i.e.  the  conditions  applying  to  frequencies  and  diractj- 
lon  of  radiation,  are  determined  toy  the  laws  of  conservation  of  | 
energy  and  moaentum  (the  same  applies  to  the  8,toeorption  condition^. 
If,  for  example,  prior  to  emission  the  “systeffi,"  (electron,  atom,  j 

I 

antenna)  had  an  energy  and  after  emission  its  energy  is 
and  the  corresponding  momenta  are  p  and  p, ,  then  in  the  emission 

~0  “  i  ' 

of  a  quantum  the  conservation  lawss  j 


/To  —  £■,  ft  O)  ; 


hmn  k  ft  w  n  s 


Po  —  Pi~  •— - T'  ™ 


{should  toe  observed. 

For  a  "system  *'  moving  uniformly  in  a  vacuma  (i.e.  when 
n  =  l),  emission  without  a  change  in  the  internal  state  of  the 
"system"  is  impossitole  (for  example,  an  electron  moving  Tiriiform«» 
[ly  in.  a.  vacuimi  cannot  emit).  This  well  known  fact  understand¬ 
ably  follow.^  from  (4)  -  (5),  since  when  n  »  1  these  equations 
for  particles  without  internal  degrees  of  freedom  only  have  the 
solution  ~  0.  In  the  general  case  (when  n  l)»  substituting 


5 


r 


;  iG  (4)  »  (5)  F.  , 

.  Q  »  S-  ■'  vj  *  ju  ft 

I  '  r  ^7 

^  jis  tluj  coadition  for  fes.is35.on  we  get  /,  8  j  ; 


l/«  c  +  0  r:„.i  -  • 


H  tu:;:  ... 


1  + 

fc'.ti  (ff  -  —  1) 

V^TU 

ir"  /r®  1  ' 

■ro 

'2nfC^ 

^  ('6) 

2(tf^r/«)(%cos0 

•-  g/«) 

V  r 

!/«*) 

1 

this 

condition 

.  becoi; 

r;e.3  the  cla.ss,i  cal 

na 

turs.] 

.  (if 

«.  1,  ther;  the 

th,^ 

e  enii 

ssion  o,f 

a  cursj 

■;.tii;a  is  3160.11'*. 

■'^cutpTit'’  oonneoted  vritli  the  em: 

|It  is  clear  frot^  (6)  that  emission  is  possible  (i^e^  cos,,  1  ; 

I  and:  4:-  '>  O)  only  when  >  1«  : 

When  the  resiilt  ooes  not  contain  the  quantum  caicvO..-  ' 
ation  has  only  a  metb,odo^l ogical  valrxe*  Essentially,  the  • 

question  reduces  to  the  i:it:ilii?.atio]i  of  oonserYatioTi  la^s  which  ; 
IhaYe  a  wider  significance  in  the  sense  that  they  can  also  be  usea* 
I  without  introduc.lna  qafxntiisi  considc^rations^  Let  us  consider  that 
hhi.e  ratio  P  B  (n/o)u  is  obtained  fixnv.  the  classical  fheor^^  of  ■ 

I  -vlH  ‘  ^ 

Ian  ectromamnetic  field  in  a  medium  as  the  relationship  between  » 

I . 

j  ener^^Ci  c  and  the  total  momentum,  of  t'ne  radiaticn  and  the 
lii^ediCTt  P*  Farther,  for  frse  motion  of  the  charge  /iY:  ==  v/ip, 

s.iKce 


p'  If  n  is  veiq/  lar^^Cj  theni^  a,s  is  clear  itrom  (&)f  c  Ins. si  cal 
Icondition  should  be  written  sOGie?'fhat  differently^  namely  in  the 


[cono.i. 

"orm 


6 


fe&nae,  and  from  the  conservation  3,aw3  (4)  ~  (5)  (exchanging 


- - 1 

(exchanging  f 


.JKf 


for  &  )  A 


-jr J  p  K  S{n/o)ez  ®o® 


I 

1 

?  ■ 


i,Q»  condition  (l)  is  oTatained*  Howsvex-,  the  direct  intrody.ct- 
ion  of  quanta  feus  is  simpler'*'!*-  and  quite  natural  not  only  i:ft 

the  quarstum  but  also  in  th®  olaasical  caeca  We  shall  proceed  | 

i 

accord'ingly*  I 

If  'a ''’system”,  not  a  particle,  is  in  motion  and  the  ! 

1 

iaternel  energy  of  this  syatem  can  change,  then  1 

'S  »  VCra  +  ®  .)s^  +  E-,  “  V(a  +  ,  where  i 

(m  4'  ^  mo  +  le  the  total  energy  in  the  Initial  state  | 

and  (m  4-  m.)c^  =»  mc^  4-  6,  is  the  total  energy  in  the  final  state] 
'It  is  obvious  that  -*  6\  «  "fi  fei «  is  the  difference  in  j 

energies  of  the  two  levels  of  the  (atom^  eto#)  under  | 

ooBsideration^,  .  i 

I 

Applying  the  ooneerTation  la;we  (4)  -  (5)t  when  j 

%  «  1  we  obtain  £^12  J  the  Doppler  oomU^tion  (5)  «  But  1 

«•  ^ 

at  the-  sa.®s  time  light  is  thrown  on  a  very  important  oircumstance  j 

which  completely  escapes  Goiisicleratio-n  in  the  classical  (iex’ivatioxi 

,4  '[ 

/“ 3  y  of  fornmla  (5).  In  the  regi..on  of  the  normal  Doppler  effect^ 

il.e*  when  ! 

'  gft(*)c0s6  < '1  ,  (7)  I 


ea?i.ssior!.  corresponds  to  transition  of  tha  system  from  a  higher 
level  with  the  enargy  to  a  lower  level  with  th©  energy 


ffiee  it  to  say  that  the  relationship  P  »  €(n/o)i  follows 
a'irsetly  on  qusatl’zation  while  in  the  classical  theory  of 

.  field  this  prohlsas  is  quite  complex  and  has  been  finally  cleared 
■P  only  recently. 


*<’  C]  (the  direction  of  transition  is  determined  from  the  | 
rsQ'airersent  that  the  energ;/  of  the  eraitfced  q^nantut;;  he  positiTO 

fonuallvj  frojs  the  re‘5uireiEent  However,  if  the  I 

! 

qnantns.  is  eEaitted  inside  the  Cerenkov  cone,  i.e*  if  an  anomalouej 
Doppler  effect  is  px'esents  | 

^«cosO  >1,  (®)  ! 

i 


I  eEdssloE,  of  the  quan.t'OK  is  aocoisipanied  by  &  transition  of  ths  ! 

**£!ystejG”  fxo;p.  the  lo??er  level  6  to  the  higher-  one  v  The  ! 

0  i  I 

energy  of  a  quantum,  as  well  as  the  energy  us©d  in  exciting  the  | 
:  '  i 

Remitting  ‘'eystOBi''  is  then  drawn  from  the  kinetic  energy  of  ■ 

I  '  .  I 

I prcgressive  motion  of  the  “system'*,  i 


It  is  evident  from  this  exasi-ple,  that  ta  quantum  theory,  j 
!e,s  distinct  from  the  olnsEioal,  finding  the  conditions  of  emissio:^i 
gives  e.t  the  seme  time  the  direction  of  the  prooestj  ( transition  | 
:Up  or  down).  This  cireumatauce,  together  with  the  possibility  | 
lOf  simply  a.ccoij.Rtiiig  for  induced  emission  (see  below),  constitf  j 
jtites  the  v&lue  of  quantum  eeleulations  for  obtaining  the  I 
|condltlon&  of  emiesion  and  aiBplification  (instability'')  of  waves  j 
|in  a  of  particles,  etc,  i 


If  the  ’'system"  has  only  two  disci'ete  levels,  0  and  1, 
|the!i  when  n  <1  (motion  at  spieeds  less  than  that  of  light) 
{gtatlonary  state  of  the  emitter  corresponds  to  its  being  at  the 
iowsr  level  0  (it  is  aBsumsd  that  the  “ajetea”  is  moving', let  us 
say  in  a  canal  in  a  sadium  and  that  there  are  no  extraneous 
jf^onrees  of  eseitation) .  In  other  words,  if  level  1  is  excited, 
fchen  wi'thin  a  certaiK  time  th©  ' "system"'  will  be  de~exclted.  with 


3.  transition  to  the  level  0,  Howevar,  if  >  X  (aotloa  at 
speeds  faster  than  that  of  light),  then  it  is  probable  that  the 
"’system,''  will  bs  fotind  at  level  1  even  under  stationary  conditions 
'fhiie  ocatiriuously  radiating  both  norffisl  and  anomaloiis  Doppler 


j  The  population  of  levels  1  and  2  and  the  intensity  of  | 

I  emission  of  the  normal  and  anomalous  waves  are  evidently 
determined  'by  the  ratio  of  total  probabilities  of  emission  of  ; 
these  waves*  In  the  case  of  a  '’Byetem**  with  many  levels  /!"  13.j^  , 
emission  of  anomalous  Doppler  waves  with  an  upward  shift  of  the  j 
system  can  result  in  the  building  of  "transverse  oscillations"  ! 
and,  for  instance,  ioniaation  of  the  atom.  More  precisely,  two 
cases  are  possible  hers  first  case  the  mean 

energy  of  the  transverse  oscillations  of  the  "system"  decreases 
with  movement.  This  means,  that  for  a  wave«paeltet,  composed  of  i 
wave  ftiiictions  with  different,  but  nearly  etjual  energies  (lor  i 
example,  the  energies  of  transverse  oscillatory  motion  of  an  j 
electron  moving  along  a  magnetic  field) ,  the  center  of  gravity  j 
of  the  packet  in  the  energy  scale  is  depressed,  ’In  this  case  j 

the  difference  between  speeds  less  than  and  greater  than  that  j 

of  light  consists  in  the  different  rate  of  change  of  mean  energy  j 
and  e-iso  in  the  character  of  the  spreading  of  the  packet.  Thus  | 
at  speeds  slower  than  that  of  light,  the  states  with  an  energy  i 
greater  than  that  represneted  in  the  initial  epectrum  o,f  the  I 
packet  will  never  prove  to  be  occupied.  However,  at  speeds  ; 

faster  than  that  of  light,  a  decrease  in  mean  energy  notwith-  | 

standing,  there  is  a  finite  probability  of  finding  a  "system"  ; 

(asstffiiing  of  course,  that  we  are  dealing  with  an  ensemble  of  | 

systems)  on  any  level  however  bight  attainable  while  ohseri?ing  | 
condition  (8),  In  th©  second  case  of  motion  at  speeds  faster  j 
than  that  of  light,  the  "system"  is  already  unstable  "on  the  | 
average",  i.e.  its  mean  energy  increases  with  time,  not  to  j 

mention  the  spreading  of  the  packet# 

The  decision  as  to  ^^hioh  of  these  possibilities  we  are 
dealing  with  r©q.uires  concrete  calculations  of  transition 
probabilitiee.  Hers,  generally  speaking,  the  application  of 
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qixant^isa  ealcnilations  offars  no  advantage  end  it  i«  natural  to 
uss®  cl&esieal  theory.  We  ehall,  return  to  this  question  later, 

f 

C>uantam  (jowoid&ratio’ns  of  the  type  adduaad,  aboT«  ar^T;  no  j 
less  useful  in  the  analysis  of  the  previously  mentioned  problem?  | 
of  ahsorption  and  aiapiifiaatlon  of  uaves  in  a  flux  of  particles,  j 
In  the  ease  of  wave  aaplifioation  the  flux,  is  essexice,  hecomes  | 
tmstahle.  In  this  way  it  is  easy  to  obtain  a  orltsrioa  of  the  1 
instR'bllity  of  a  flux  of  particles  aiovi.ng  in  an  isotropdo  plasma  j 
Z  X5„7*  Furthermore^  it  is  clear  that  in  the  case  of  KOtibn  at  j 
spsc^cla  fastfsr  than  ihtvt.  of  light  of  a  fltix  "eyatcuas'-  with  tuo  | 
Sisrs  levels,,  aaplification  (negative  absorption),  and  not  j 

^  i**"  *  i 

absorption  (reabeorptioa  of  «aioaalous  Doppler  waves  /  16 _/  should j 
gansrally  tat©  place,  This  is*  oonnected  with  the  fact  that  in  | 
til®  absorption  of  a  qusjatua  fro®  the  region  of  anosnleus  Dopp^ler  j 
|'5/fV~vos  (is®,  one  traveiling  at  an  angle  ^  ^  to-  the  velocity 

(of  the  '■'’systoaf*} »  transition  of  xbe  '* system”  will  be  not  from 
I'below  up  (aa  in  the  case  of  a  normal  effect),  but  from  ahove- 
Idowir’,  Ko’rever,  s  transition  of  the  "eyetem”  .frora  balow  up  now 
porresponds  to  induced  end.,  as  ion,  which  in  the  region  of  normal 
effects  oorreajioada  to  a  tran-Sitioa  of  the  ''ajBtea*'  from  above 
down,  Thfirsfors,  if  all  th©  "systems'*  (atoms,  electrons  in  a 
mignetio  field)  in  a.  faster  -  than  ■«■  light  beam  are  cn  the  lower 
lovely  for  esaonple,  norsial  Doppler  waves  emitted  by  one  of  the 
By\tte®.s  will  be  absorbed  In  this  beam  and  enorialous  waves 

and  th-oy  will  t-vanalate  othe^r  systems  in  tb©ir  path 
epxaraa  fros'  below  with  inducsd  ©Biisaion,  i,e,  with  the  ciaiasicn 


f'  Ibsor-ption,  is  a  proc^sss  cpposit®  to  emission  and  fhere.fore  the 
s-boTO  follows  directly  from  caioulatiGna  mad*  for  emission. 
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!  of  one  more  anomalous  Doppler  quanta^  If  both  the  uijper  and  the 
lower  (0  and  1)  levels  are  occupied,  then  the  coefficient  of 
absorption  in  tb.@  beasi  for  normal  Doppler  waves  is  equal  (see 

/15,  l6jMo 

«  ik  ^  ^0  ( 9) 


w^ere  1®  {&)  is  the  prohality  of  a  tmasition  1  -^0,  referred  | 
to  a  unit  solid  angle^  with  the  emission  of  a  quantina.  at  an  ; 

angle  ^  to  the  welocity|,  and  are  the  conoentratioas  of  | 

particles  in  the  beam  at  the  levels  1  and  0  respectively  a  is  thej 
rsfraotive  index  of  the  mediua  for  the  frequenoy  under  coaside:!? 
atiOH  when  the  waves  are  propagated  at  an  angle  ^  (for  the  sslce  | 
of  siaplioity  we  shall  consider  that  the  dipole  moment  for  th©  j 
transition  1  -v— foj«  gn  the  particles  is  parallel  to  the 
iveioclty).  If  amplification  of  normal  Boppler  waves  is  to  take 

;  .  4 

placse^  the  aimber  of  partisles  at  the  upper  level  1  should  exceed  j 
th©  number  at  the  lover  level  0  (in  this  case  ^  ®)? 

A  similar  distribution  according  to  levels  is  not  fotmd  at  therma!^ 
ecuilibriUE  and  its  creation  is  generally  connected  with  certain  | 
difficulties.  The  situation  changes  in  the  case  of  anomalous  ! 
Dopx-l^-r  wavesj  in  which  emission  of  waves  (QUEOit'orai)  occur  with 
the  transition  0  and  absorption  with  the  transition  1 


'll  this  o©.g© 


8^c^NANjN^~~n 


Lnd  M  <  0  mhm  I./K  <  1«  Hence  It  is  clear  that  in  the  presene^ 
\  /  1/  o 

hf  an  e.noaalous  Doppler  effect  (i,e,  if  0n{  )  >  l)  a  beam  of 

particles  at  just  one  lower  level  0  has  negative  absorption  and 
|:'h@  leaves  emitted  by  the  individual  particles  are  amplified.  This 
Ijirouffistanc®  apjssars  to  be'  very  favorable  from  th©  point  of  view 
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of  the  poasihility  of  utilizing  heasa  of  particles,  moving  in  a 
I  dielectric  slot  or  a  decelerating  system,  for  the  generation  and  i 
affiplif  iCE-ti  on  of  microwoves  /Tyf  J > 

.  As  mentioned  pre’.’-ioiui'iy  the  rols  of  a  eyateia  (particlo)  ! 
emitting  anomalous  Doppler  waves  can  he  played  hy  an  electron  I 

OBcillatiag  under  the  influence  of  an  applied  field  or  by  one  ! 

1 

ffioVing  along  a  helical  path  down  a  magnetic  field  parallel  to  the! 
arris  of  the  heam.  At  small  amplitudes  such  electrons,  neglecting! 

t 

Cerenkov  radiation,  emit  in  a  manner  sitsilar  to  corresponding  | 
oscillators  moving  with  a  velocity  v  equal  to  the  projection 

i 

ps.rallel  to  the  axis  of  the  heam.  of  the  electron  velocity  .  : 


The  transverse  velocities 


1 


in  an  electron  flux  are  * 


usually  distributed  so  that  the  distribution  function  f  (  ! 

decreases  with  increase  in  if.  (this  occurs,  for  instance,  for  ! 

O  .  ^  1 

a  distribution  f  (  -  const  exp  (  -® 'l^/2x'T) ; .  Under  similar! 

condj.tions  norma],  Doppler  Tfavea  will  be  attenuated  as  a  result  | 

t 

of  xeabsorption  in  the  heam^  on  the  other  handj.  anomaloua  Dopplerj 

i 

waves  are  a»apii,fied.  Amplification  of  waves  in  an  electron  flux  ’ 

i 

m,eans  that  the  amplitude  of  the  oscillations  increases  and  the  ! 
flux  loses  stability.  In  such  cases,  generally  speaking,  a  j 

grouping  of  electrons  takes  place  and  we  get  coherent  emission*  i 
The  quantum  condition  for  instability  of  the  flux  (the  condition  | 
/I  n  {  )  >l)*  coincides  with  the  condition  which  can  be  | 

obtained  by  solving  the  classical  problem  of  the  stability  of  an  i 
electron  flux  in  a  magnetic  field  £  ^(>7*  This  inatab,ility  of  | 
electron  fluxes,  which  is  encountered  in  particular  in  magnetic-  j 


*  For  the  sake  of  airaplioity,  we  limit  ourselves  to  the  case 
where  the  velocity  of  all,t.he  electrons  along  the  field  is  the 
same  and  is  equal  to  V-®-  /Sc  for  fast  elc-cti'ons  and  for  small 
amplitudes  of  transverse  motion  the  difference  between  uA  and 
is  also  urdffiportanti  for  details  see  /"  16 J/, 
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,1 


i 


ally  active  plasmas,  Is  of  interest  from  the  point  of  view  of  | 
the  theory  of  aporadio  solar  radio  emission  £  18  ,,/% 

•To  concl'ude  this  section,  let  ur,  note  an  interestiTuj  , 

point  connected  ^■rith  the  non-coincivience  of  the  dirsetions  of  j 

the  phasfe  and.  group  wave  valoeitiee,  which  jsay  occur  in  an 

anisotropic  medium  or  when  spatial  dispersion  is  taken  into  i 

! 

aocount*^  If  the  projection  of  velocity  d  /dk  on  the  ■ 

direation  pexpendicular  to  the  particle  velocity  (i^e*  the  ! 

I  qvantitj  where  k  the  projection  of  k  perpendicular  * 

I  to  "V- j  negative^  then  the  erierijdV^  it  would  is  not  given; 

I  out  by  the  source^  but  ie  a'beor'bed  ’by  it,t.  Howaverj  imder  these  j 

j  conditions  one  must  not  the  retarded^  but  th.e  advanced  ' 

j  potentials  /  19*  If  the  vector  k  la  alv?ays  chosen  in  the  ' 

1  direction  o,f  the  phase  valocity*  then  when  d<o^/dk  <0  this  ’ 

I  vector  k  will  be  directed  towards  the  particle  trajectory  i.n  ; 

I  both  Gerenkov  and  Doppler  waves  and  ener*g;?y  as  it  should.^  is  td.ven‘ 

! 

I  out  A;roia  tht  trajectory.^  In  the  case  of  Cerenkov  eirisoion  the  ; 

!. 

I  differeiicc  between  the  oas«s  d  <:-</dk, ,  >0  and  d  <■« /d.k. 


ol  es. 


,  <  0  ia 

r  "  r 

.g.i  2«  For  d  /dk  <  0  the  an^:le  6?  is  firct 
I  ...  *  r  ""  o 

I  dete:rn;ined.  by  oojadit;ion  (l)^  as  is  clear  fro^  the  choice  of  the 

j  direction  of  k  from  interference  conalderatioi).s  and  froiis  the 

I oonservation  laws  (k)  -  I'he  foregoing  follows  froio  the 

jfact  that  we  are  using  plane  waves  of  the  type 

jwniet;  the  i^omentuoi  If  Uia  corresponding  quantum  in  a  medlvim  is 

jegual  tc('H  n;:^n/o)k/k|  using  Bxxch  waves  there  I0  no  difference 

jbetween  the  tliroction.s  of  k  in  Figs,  2a  and  2'b^  since  in  term^ 


-it) 


See  /S-y/^artd  B.lm  £‘20  J  (Figs.  1  and  2  in  {^20  J  sho-n 
unctions  a  "  (a,-)  tor  which  in  oerta'In  i-egions  <1(r  co  <  0 

mr^a^  consequen tlj  for'  which  the  signs  of  the  phase  and  group 


jve'Ioc i  t:l  es  are  di f  ;rerent ) « 


of  plane  waves  the  (disposition  of  the  wave  fronts  is  identical 
in  both  case® 


<0 


(ordinary  ease) 

(we  have  in  mind  ell  wave  fronts  with  veotor  k,  lying  on  the 
Cerenkov  oone)**»  Formula  (5)  when  d  /dky<  0)  also  remains 
valid* 


It  is  understood  that  if  vootor  k  is  always  directed  away 
fx'ora  the  pg.;rticle,  then  at  d  ts^  /dk.  <  0  the  angle  between  k  and 

"w^  will  he  determined  hy  the  condition  cos  &  “  "c/n 'if" 

wave  front  patterji  dees  not  depend  on  the  choice  of  the  sijgn  of 
k)*  'Ih®  choice  of  vector  k  used  in  the  text  is  more  consistent, 

MO 

S3.:ao«  it  correspond®  to  the  usual  relationship  between  k  and  the 
direction  of  phase  velocity* 
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!  2,  -For  electrons  Eoving  in  a  aagnetio  field  at  speeds  | 

I  faster  tb.a.r*  that  of  iight  in  a  plassa  or  in  a  dsoelera'ting 
I  syfetfem  8.n!S  laso  is  analogous  cases  of  oscillatory  motion  of  i 

electrona  ueuallj  only  the  classical  region  is  of  interest  (in  i 
this  ease  large  quantua  rramhers  correspond  to  transverse  motioa)*; 
In  such  6&SBB  the  prohlea  of  the  radiation  of  weaves  and  of  the 
damping  or  huild-up  of  transverse  electron  osoillations  may  and  • 
^  in  praotice  must  he  solved  \j  classical  oalculation-s,  Essentlal-'i 
I  these  calculations  reduce  to  finding  the  radiation  reaction  j 
I  i?rhan  a  charge  movee  to  a  Let  u®  examine  this  problem  in  i 


somewhat  greater  detelle 

Since  the  presence  of  a  laedixia  can  radically  alter  the 
character  of  emission,  of  ©leotroffiagnetle  waves  by  moving 
particles,  It  is  obvious  that  the  radiation  reaction  in.  a  medium 
will  also  be  chariged,  sometimes  in  a  most  substantial  ma.nriere 

Ab  an  tllttstration,  we  may  point  to  the  fact  that  an  oscillator 

% 

with  a  freQt?eacy  in  an  isotropic  medium  with  a  refractive 
I  A  ft  e%/ij)!  eCi  ^  does  not  in  general  emit  for 


I  | 


2 


2 


when  n‘  <.  0|  in  a  magnetic  plasma. 


in  e,  non«relatlvistlo  apprixiaation,  there  is  no  emission  from 
an  electron  rotating  in  a  laaignetio  field  E  with  a  frequency 

V 


eH,/ma  (see  ["'^3  Jk  Xu  both  these  oases  the  radiation 

1.^.  O  ^ 


fore®  will  obviously  vanish,  whereas  in  i 
equal  to 

»  2e®  d'^t} 

;  ^  3r»  de ' 


vs,ou.um,  it  will  be 


(11) 


I  Cm  the  ether  hand,  in. the  esM&  of  uniform  motion  in  a  medium,. 
^^,.f  for  certain  frequencies  the  veloeity  o/n(«a),  we  get 

k  radiation  .force  fi|j%  ,  the  work  done  by  which  in  unit  time 
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fy^v-  «  awup’/dt  . 


Thei*e.fore  it  is  evident  from  (2)  that 


c^v  r 


t/rt  <  V 


J 


it)  dm. 


In  view  of  the  above,  there  arises  the  problem  of  j 

I 

calculating  the  radiation  reaction  in  the  case  of  arbitrary 
motion  of  a  charge  in  an  arbitrary  medium.  However,  to  the  best  j 
of  our  knowledge,  this  problem  has  so  far  attracted  no  attention.! 
Apparently  this  is  due  to  the  fact  that  the  radiation  force  for  ; 
motion  in  a,  medium  is  considerably  smaller  than  the  retarding  i 
force,  connected  with  ionizing  losses.  Thus,  the  losses  for  j 
Cerenkov  emission  which  could  be  considered  radiation  losses,  1 
even  in  a  transparent  but  dense  medium,  constitute  only  a  sms-ll 

‘  I 

portion  of  the  total  loss.  The  situation,  generally  speaking,  is 
not  changed  in  the  case  of  non-uniform  motion.  However,  as  was 
said  before,  there  exist  interesting  and  practically  important  , 
oases  in  which  the  inclusion  of  the  radiation  foi’ces  for  motion 
in  a  medium  is  essential  (motion  in  canals,  slots  and  near  a 
medium,  motion  in  a  magnetically  active  plasma). 

An  expression  for  the  radiation  reaction  in  a  medi'oia 
has  been  obtained  iii  /  Here  we  shall  introduce  only  a 

brief  survey  of  the  calculations.  For  a  point  charge,  the  field 
Quatiorts  and  the  equation  of  motion  have  the  forms  , 

! 

I '  fol  ™  ^  evt  (r  —  fi)  -f-  ;  div  D  “  4s'd'>  R)  ;  f  1 

t  c  c  dt  ^  ' 


iot£-« 


c  dt 


:  dlv//  — 0 ; 


d  /  n 

\  Pr: 


•f-  [®/f(r)j!  h(r~R)dr. 
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Where  (t)  iB  the  raditiss  rector  of  the  posl.t5.o5a  of  the- charge  | 
(  •£-*•  «  ill/4t)  and  as?®  the  ®xt®raai  fields  and  E  and  1 

fields  formoi.  'b.'f  the  ehsTife  itself  (the  is  ooasidsred  noa-l 

!B.agra.eti©  .for  tfes  sake  of  siaplioity)*  I 

In  the  ©as©  of  an  &rMtr&.Tj  msdim,  th®  only  effective  | 
solution,  of  the.  prelileis  la  to  expand  the  fields  into  normal  plan©! 
waves  /*"7s  9?  10 A,®  e  result  w®  have?  .  1 


/>!“>  ST  (tf»)  {«*  p  K=  1 , 2, 3) ; 


1. 


A  n  y4n  c 


' — ff;  #l‘-r^rot 


~f-  s;.  C.  =  0 


{where  the  sumation  is  over  th®  indioesi  w.hich  oecur  twice  the 
I  index  SJ'  shows  that  Fourier  soaiiponent®  ar®  taken  a.ad  the  .materiel 
|fieM.3  are  B  B  +  2*  1  “  1  S’’*'*  equations  (15)  ”  (1?) 

In^  j  is  the  rofmetive  index  and  a  is  the  complex 

1  polsrisati os.,  vector ,  correspondiag  to  th.®  norsel  were.  | 

tTii®  followteg  are  the  ®tuatioae.  fo.r  obtained  fro®  I 

(15) s  (I5)j  '(ins  ,  ,  1 

{  .  . - . . . . . 1  I 


A /I  ■  grad  ?liv  A 


!  V  /‘Hf. 


c  ^  did.XA 


4*  K.C.S 


^wvaw*:#-  ^  ^ 


•SWtf^UtRKP 


1 


!  where  is  the  unit  vector  of  the  (H.  -  exia« 


Kig  substitution  of  (16)  in  (16)  gives  a  system  of 
oscillator  equations  foi*-  amplitudes  of  the  field  »  Its  i 

solution  is  elementary.  The  fields  determined  in  this  way  must  j 

f 

be  substituted  in  the  equation  of  motion  (1^0  •  ^  result,  ws 

obtain  (see  C\^J\ 


d 


V  f  f 

'-“pf*/  J 


la 


(if  {'in 

‘ 

i  j  k^A  { sin  (/ 

nji^/  ' 


ffi 


V  u 


rosi>iy(/-~  i')-~ 


(19) 


where  £^'®'  -f-  c  ’  fi> //'*)}  1  . 


The  method  adopted  for  the  calculation  of  the  radiation  | 

t 

reaction  is  convenient  for  a  number  of  cases  even  in  an  isoti'opioj 
medium  or  in  a  vacuum.  Thus,  for  the  radiation  friction,  acting  j 
on  a  particle  moving  in  a  vacuum  with  a  non-relativistic  v^elocity!, 
expression  (ll)  ia  easily  obtained  from  (19)  (see  also  /"24, 

On  the  other  hand,  for  particles  moving  uniformly  in  an  isotropic'' 
ffi&ditiK  with  a  refractive  index  n  >  c/v~  ,  formula  (19)  yields  j 
a  foimmla  for  the  retarding  force  of  Cerenkov  radiation. 

An,  examination  of  an  oscillator  moving  at  speeds  faster  j 
than  that  of  light  has  been  made  In  /fl4_/.  For  an.  oscillator  | 
in  an  isotropic  medium,  oscillating  parallel  to  the  pi-ogressive 


velocity  ,  we  haves 
0 


R  /?oSin 


0;  0;  V(,  4-  ^'-.,cos  47 


(20) 


«2  =  (1;0;0J;  =  {OjcosO;— sfnO)  ;  kcosOj, 
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for  the  Doppler  effect 

0  <■  B  <  arc  cos 


lPo«\ 


and  fo3:  the  normal  Doppler  effect ^ 


arc  cos 


|J««\  / 


<  ©  <  , 


The  fjcautit?  W  -  A  is  equal  to  the  energj"  radiated 
hy  ‘the  partic^le  (see  /  3  .J^)  ^  The  work  of  the  radiation  fields 
expended  on  increasing'  or  diminishing  the  oeoillatioi'^  of  the 
particle  in  agx'eement  ’ss^itls  (22)  ^ 


A. 


a  e  r  f  r 

I  J 


i?  (‘»-7  e  i 


^  Jftt*  ♦*  >  i 


/ 

<■>  \*  1  \ 

( 1  ~ 

-*  *. 

V 

\ 

/  J  ) 

d 


(27) 


2k  t’fte  case;  (Sr5) 


arc  cos  [(s,;!,  ni(!  4-  v/v,.  )j 

n,^-  - - j  i  - - - 

•ik*  i  j  {‘i-ri.M7COSH)‘ 


sn:  cos  |n  » (S/(V)! 


Sin”  0^0 
( 1  —  P  COS0)* 


(28) 
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Thus  rsdiation  propagated!  outside  the  Cereukov  cone, 
corregpo?iding  to  the  second  integral  in  (27),  (28),  leads  to 

t 

damping  of  the  osclllatioBS,  if?h©rsas  radiation  inside  that  cons  | 

(anomalous  Boppler  effect),  corresponding  to  the  first  integral  1 

! 

in  ^27),  (28)  is  greater  than  the  first  orsee  This  means  that  | 
dastpiag  of  ths  oscillator  "slll  always  bs  obserred  in  an  i8otropi<| 
medium,  and  O  only  if  /B  ^  the  essential  1 

oaterial  region  of  int-egration, .  i 

?7©rk  £  also  contains  an  examination  of  the  motion  j 
of  an  oscillator,  oscillating  perpendicularly  to  tis  progressiTC  j 
Yeloclty  .  Here,  as  well  as  in  the  preceeding  case,  damping 

O  I 

of  the  oscillations  is  always  observed  in  an.  isotropic  aediujue  i 

i 

In  order  to  explain  certain  .pesuliarities  of  charges  ! 

moving  at  speeds  faster  than  that  of  light  in  an  isotropic  media,! 

It  is  ccmrsnient  to  examine  the  motion,  of  an  oscillator  along  | 

i 

the  optical  axis  of  a  uniaxial,  non-gyrotropic  crystal}  an  i 

eleotrcn  is  then  considered,  fts  oscillating  in  the  same  direction*! 
Then  i 

j  i 

i  xs' f  0; Hite §j  .ICO* @|l  i 

i  1 1  #5  Q 1 ;  iSi  a?  1 0;  w  ®  +  Ki  sl«  §;  —  m  B  -f  A'j  B  }i  I 


^  2  t»OT<  ®  -M^oatnw  ,3KSS  ♦tSwAw.w.M'U*.  vtCm 


m 


<1 


whers  n.  is  the  refractive  index  for  the  extx’aordinary  wave, 

..i. 

which  is  the  o.nly  one  to  be  radiated  in  the  preseit  (jase*  The 
quantity  ,  is  the  ratio  of  the  components  of  the  electric 
field  intensity  in  the  extraordinary  wave,  paralled  and  per¬ 
pendicular  to  the  vector  k}  this  elootrlc  vector  is  parallel  to 
the  polarization  vector  ,  the  modxilus  of  which  satisfies  the 
condition  (see  /  2_7)i 


mmufifpO! 
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-..I  *  Jk  ^2 

$[[  -I-  S  ;  /Ji  . 


Then  it  is  easy  to  get  exprsssions  corresponding  to  fomulas 
)  and  (27): 


f 

■4c*  pr  j 

Li  -f-  X.J 


fi®,  («i)  sift*  8  rfo 


[s  i  («)s8n*0  4-  *j|  (ui)c:OS*0 1  *  [  i  — {ctg0//Jt^  d«i/^  j 


f 

«/ 


6*  (»>)  s!n*  Oiii* 


(29) 


+ 


4f’*pa  (  ,1  ■  i2A,(«‘)s^«*8+f.|if«>)cos*8|*i!~-(ctg8/Wi)<5’/Jj/d0j 

''  (::») 


J 


■4''  I  w»' 
lu 


(*•>)  sint^^^<3? 


«) 


4^.('‘’)shrH 'j-Jji  ( '>X‘OS*Hi* ji— (dgH//i,)fi>/jj/dH  |  ‘ 


Here  the  moans  of  integrating  L,  and  are  determined  by  the ^  | 

JL  ^  I 

Doppler  relationships  | 

i 

i 

I  —  po  n  ('.08)  cos  %  --  2/«i 


for  normal  Doppler  frefiuanoies  and 

po  n  (wO)  cos  B  —  i  =  S/<» 


(31) 


(32) 


for  anomalous;  Doppler  frequeriCAec;*  It  ia  readily  seen  tnat  | 
both  integrsils  in  (30)  are  always  positive.  This  means  that 
the  radiation  of  norfflixl  Doppler  frequencies  (the  first  integral 
in  {30})  f  corresponds  to  dareping  of  the  oscillations,  while  the 
radiation  of  anomalous  Doppler  frequencies  corresponds  to  the 
build-up  of  oacillationK. 

It  shoxild  he  noted  that  such  a  division  in  somewhat 
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I 


t 

i 

.  ,  _ _ _ _ _ nrn^ - - - - - --T- - - - T—  . . ^ - : - ’ 

arliitrary,  and  of  coixxse*  only  the  force,  eq,ual  to  the 
difference  between  the  two  integrals,  has  a  physical  significance. 


In  contrast  with  the  isotropic  case,  in  the  probiem 
under  discussion  there  may  occur  not  only  &n  attenuation  but 
also  a  build-up  of  oscillations.  Let,  for  example 
€-il  <  0,  ^  »(<!“)  '*5®  given  by  step  function  (25) 

and 


(53) 


where 


£li 


/3  *■  1)"*  is  the  highest  possible  value 

of  the-  Doppler  freq,u6ncy  (  'Ve.j  yS  ^  '>  !)•  Then,  passing 
in  (50)  to  integration  with  respeot  to  d  ,  with  the  aid  of 
(31)  and  (32)  and  taking  into  account  (53) »  we  obtain* 


l/‘x 

e^Q*jff0T  j  r  _ «Me)stn^«0rfe 

I  J  sfj  |Po«{0)CO3  0--lj* 

arcSg|/JI|]77J7" 

C  ff“(0')sln’*0'</0'  \ 

J  e?iU+Po«(e')co"s0'r*r 


(34) 

i 

! 


where  ^  ^  ^  iff  6 

It  ia  eas^y  to  see  that  the  first  integral  in  (5^^')  is 
always  greater  than  the  second  one*r  This  means  that  a  huild- 
up  of  the  oBOillations  takes  place  in  this  particular  case# 

Hote  that  In  this  case  there  is  no  Cerenkov  radiation j 
since^  when  *1/  ^  i /&  ^  equation  (l)  has  no  real  roots# 

The  question  of  the  motion  of  charges  in  a  magnetically  active 
plasma  is  dealt  with  in  There  it  is  shown  that  \mder 

certain  conditions  there  may  occur  a  build-up  of  oscillations. 
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5 


Th®  following  concrete  csaes  are  exaieined  in  detail 


&) 

h) 

0,017 
h  ==  0,01, 

0,0ll  ^ 

JQ; 

i 

{ 

\ 

®) 

d) 

pi!  r:  0,S9s 
jp6^^0,9Si, 

™  i.O, 

! 

■  1 

where- 

i 

i 

; . '  ■' V 

m  * 

. em . ^  • 

mn—  — ;  : 

me  .1 

E  is  th® 

0 

bosc*e’6:a«iOTiS  imgnetio  field,  in  which  the  pl&staa  ic  placed,  K  is 

the  sleetron  density  of  th®  plasma.  It  pro*<rod  that  In  esses  a,  h  . 

and  d  a  b'aild~up  of  OBcillstions  takes  place,  whereas  daisipiag  is  | 

encottfstered  in  case  c  .  Differenoas  in  the  sign  of  the  force® 

acting  OK  the  oscillating  motion  of  a  particle  in  normal  and  anoa 

alouB  Boppicr  radiation  are  ohriously  in  full  agresaent  with  th® 

UH-molusions  reached  in  asetion  1,  In  the  iaotropie  case  this  leadj| 

fto  a  weakening  in  th©  "friction”  or  even  to  its  virttxal  dissppoar-j 

jAaoo  blit  it  ofcinnot  oa.xiae  a  huild-up  of  oscillations  (the  quantum  | 

k-'if®et  of  the  latter,  connected  with  spreading  of  th®  packet  in  t}i.@ 
i  '' 

spavse*%  is  clvServsS,  of  oour-s^y  in  the  ease  of  radiation 

f 

sp®8ds?.  faster  than  light  in  an  isotropic  medium  also  (see  section  | 

t 

1.).)  In  an  anisotropic  medium,  in  particular  in  a  magnetoactive  j 
pi&SBsft,  a  butld»up  of  osoilletiona  is  posaihlo. 

Clearly,  the  instability  of  beams  of  particles  at 
eps«-i@  faster  than  light,  found  in  &  classical  approsiiaation  even 
jin  an  isotropic  meditisi,  is  related  to  the  radiation  reaction 
simmin©'!  above  for  a  Blrigis-  particle. 
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ON  SOATTEIiinQ  Of  RAI)IO-WA^ ES  IK  THE  IONOSPHERE 


Pagea  544o«35^"^  By  E*  A«  Benediktov  Mityakov 

The  quoetion  of  the  eoattering  of  radio-waves  in  a 
plan€!’-S'tratlfied  medixm  with  a  heterogeneous  dielectric 
eonotant  is  exa^iiiined.^.  An  expree^ioxi  has  been  obtained  Tor 
scattered  m^ergy  in  the  case  of  the  normal  incidence  of  a 
plane  The  problem  has  been  solved  for  the  case  of 

8Md.l  angles  of  scattering  for  the  oblique  inc-idence  of  a 
plane  wave  ami  the  normal  Incidenae  of  a  spherical  wave 4.  T'he 
results  are  used  to  6stim.ate  fluctuations  of  eleotx'on 
density  In  the  ionosphere^ 

FIuctnatloBa  in  the  amplitudes  and  angles  of  incidence 
of  radio  TJ-avos  reflected  from  the  ionosphere the  flicker  of 
^"rfidlo  starc^%  and  also  the  long-ranga  propagation  of  short 
radio  waveo  are  due  to  the  presence  in  the  ioX‘.osx>here  of 
irdiomogeBel ties  in  electx^on  density^  which  are  partly  char-' 
aoterii^ed  by  the  mean  values  of  fluctuations  in  electron, 
density  and  by  the  dimensions  of  the  ionospheric  inh.omogerr- 
eities.  In.  this  oonte:itt  there  arises  the  queotlor  of  the 
scB.ttering  of  radio  wevcB  at  inhomogeneities  in  the  dielectric 
constant  e  ,  the  mean  value  of  which  changes  elowly  ^ith 

Ab  it  applies  to  the  ionosphere,  this  question  has 
been  tackled  by  Al-pert  /  1  /  and  benlsov  /  by  th,e  method 
of  entail  perturbationSf,  In  deriving  the  effective  scattir^r- 
ing-  Aiametex  in  /  1  it  waa  considered  that  the  dleleotx'ic 
c 031c  taut.;  when  averaged  along  the  whole  path 5,  is  clone  to  rail  ty 
(hov&Terji-  the  altitucle-dapenderice  of  (  H  was  taken  into 


T" asootmt#  1  stricter  ®s:s®ination  of  the  case  of  small  aagles 
of  seatterirxg  and  Korml  inoideaoe  of  wares  on  th®  l&jtT  has 
been  carried  out  in  C J •  there  th®  refraction  of  scattered 
waves  wag  taken  into .account  in  the  approximation  of  geo- 


~1 


saetr-io  optics^  and  the  sffeetiv®  cross-section  of  aoatteriag 
was  calculated  by  averaging  th®  energies  of  scattered  wave® 
after  their  egrese  from  ionospher®* 

k  general  solution  for  the  norms!  incidence  of  a  plane 
war®  and  an  approximate  on©  (  for  small  angles  of  scatter  ) 
for  ohlioue  ineldeno®  bare  been  obtained  in  the  present  work*. 
An  approximte  solution  for  the  normal  ineidenc®  of  a  epher- 
leal  wave  has  also  been  obtained*  In  ealcxilating  scattered 
energy  w@  have  utilised  th®  ©ffeotiv®  cross  section  of  soattei* 
for  6  homogeneous  mediuiEis  with  a  subs®q.u6nt  aXlowsace  for 
rofraotion  of  scattered  waves,  which,  in  th®  approximation  of 
geometric  optics,  is  equivalent  to  th®  method  used  in,  /”2  _/* 
fh©  rosults  thus  obtained  w®r®  used  to  estlRat®  the  values 
of  electron  ooneentr'ation  fluctuations  in  the  ionosphere® 

1*  bet  «e  revisw  the  general  espreesioa  for  scattered 
energy  at  th©  point  of  obeervetioa*  Assume  e  medium  with, 
r'a.tidora  deviations  of  tfe,@  di@l®ctrlo  constant  £.  fi'ca  its  mean 
T&ltte  €  ,  which  depends  only  on  one  coordinate  a« 

Assume  also  that  the  characteristic  scale  of  random  in- 
homogeneities  is  far  smaller  than  the  scale  of  regular  changes 
in  iT  ,  and  that  random  deviations  A&  B  ^  In  calculat¬ 
ing  sesttered  aaargy,  it  is  convenient  to  ua®  effective  cross 
ssotion  of  scatter  cf  ,  determined  by  the  relationships 


Pi  {*,  !|j) 


(1) 


1  wli.er@  Pg  Is  the  energy  fins  of  scattered  waTse  ia  the  solid 
eagle  4  in  ,a  dix*ectioa  which  forms  atirgle  with  the 
direc-tion  of  the  iaeideat  waves  P  density  of  the  energy 

flax  of  the  inoident  weve*  d¥  is  an  element  of  Toiiinie  and 
i.B  the  sagl®  hstween  the  vector  of  the  electric  field  of  the 
'  inoideat  wave  end  the  direction  of  scatter. 

In  order  to  simplify  the  oalculations  we  shall  assume 
the  'ahseaod  of  absorption, 

*W®  shall  aesnae  that  the  wav®  falls  on  the  layer  at  an 
angle  to  the  axis  of  z  (ee®  Pig,  i)*.  We  shall  dcaoto 

by  the  angle  between  th®  direction  of  scatter  of  the 

incident  wave  and  the  8- •-axis  at  the  point  of  scatter,  arid 
by  t?'2  angle  between  the  a*axis  and  the  direction  of 
propagation  of  the  scattered,  wave*  In  this  case  the  engle  • 


of  scatter 
where  and 


and  V^-t  sin  »  Vs 


+  'zy'g  ana  '^  ‘^X  “  **^'0  01* 

ere  the  values  of  the  dielectric  coasiaxit 


4?- 


X  0 

at  the  point  of  scatter  end  ixisido  the  layer*  let  us  singl® 
cnit  an.  area  at  th®  point  of  obeesvation,  which  is  per- 
j^endiciulsa’  to  the  a«azis,  fhe  density  of  the  flux  of  scattered 
fe-nsrst  through  this  area  from  the  scattering  volume  dV  will, 
in  eoaformity  with  (l),  be 


p<i4V  dQ^  /  #i%, 


where  d  SI  ^  is  the  solid  angle  formed  by  a  coxie  of  rays  based 
0X1  the  ej-ea  fLu^c  Consequently,  the  total  den,xd.t,T  of  the  flxix 

1  T^S^TB  to  the  case  of  scattering  of  a  spherical  wave,^ 
which  will  he  examined  helow*  In  the  caee  of  a  plane  wa.Te^  it 
should  he.  coriaidared  that  the  solid  angle  c/XZq.^  «  Oo 
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Fof  soattered  energy  may  'be  written  in  the  form 


"1 


(2) 


where  integration  is  carried  out  with  respect  to  the  entire 
scattering  volume.  We  shell  consider  only  a  medium  in  which 
the  region  of  existence  of  inhomogeneities  is  limited  vertical¬ 
ly  by  the  planes  K  «  2^^  and  a  =»  Sg*  Since  d  ^2  «  sin 
where  ^  is  the  ealmuth  angle,  then,  assuming  that  in 

(2)  d¥  a  dSgds,  we  havej 


J”  If  th@  rsgioK  ia  nrhieli.  iii,b.cmog«Keltifes  exist  is 

also  in  tiis  horiaorttal  direction^  or  if  it.  i@ 
Tiaa®®Rftr;f  to  take  i:ato  s^sooiiat  the  dix*e?stlor.al  dla^rrass  of 


t  S '  a  rj  S  ®  i '  r  C  T  SQ/%  t  esi  3  f 

prop&g-atl&s  of  u'av-Gs 


as  he.pp®r';s  is  the  oass'  of  loag-'' 
do.®  to  ecat-tsriag,  th&ix  .fomala  (  3) 


will  TbesoJiio  ssEiswhat  mora  eosaplioated.  W®  ehall  not 


ooKOOxiwd  with  tbes®  ^usstioBS  ia  th®  present  ehapter. 


Be.fore  pasaiag  ©?i  to  tfee  oalcal&tion  of  integral  (3)» 

Wi  sfesil  ©ertain  energy  relationships  ofetaisiag  in 

tfc®  scattering  o.f  &  plane  tf-ar®.  Lot  the  'eraTS  fall  on  th® 

layer  fet  an  angle  »  ^hesi^  -srithotit  inoluding  scattariBg,!, 

rt  '  c 

cosef  j/ooB^  ,  whf>y© 
ie  th©  density  of 
eaexvxf  flt}.x  of  the  inoidsut  ■ffave.  If  w®  can  neglect  energy 
soatter-ed  into  the  hsif-simce  g  <  the  wava  is 

th®n  in  ths-  path  ds  tHa  density  of  the  energy  flux  , 
of  th®  iiicident  Trfrv'S  P  the  s-axis  varies  acoording  to  the 

Hiagaitnde  of  the  scattered  energy,  i»e* 


dmsitjr  of  ener^f  finx  at  8,iiy  point  p  »  Pq 
ooss  1.  -  ^1*  ^0 


—iP  ™  {i/>  P  COS"*  6j  /  (*)  dz , 


’!f;her®  i:o  8,®e.ox-danc©  tfith  (j) 


W/S; 

['  I*  5  Sit!  d%~ . 


lle'KSiffi  w®  hay® 


wher® 


P|;5)  r;=  P.^  exp  [  -.j  /  (S')  COS"’  ]  , 

i 

Ps  “  Pe  COS  ^01  coa^-t  - 
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T  Ik  aocordasice  wi  th  the  l&w  of  conservatioii  of  energy* 
after  egress  froa  the  layer  *  ^8  ^  ^  ratio  of 

ecsttersd  energy  P  to  tuascattered  energy  ^  will  'he'  efu-®-! 

S' 

to  8  - 

*8  , 

PJP  -  eKp[  J  f{z)  C0S-5  4z\^  \  . 

Xi  (5) 


If  g^eattering  is  ssiall^  P  then  exx^anding  the 

®3£poa®nt  in.  series*  we  obtain t 

=  |/  (2')  COS""  &i  dz  .  ( 6 ) 


Sine®  dg/co»  ®’dl  is  an  eleaent  of  the  propagation 
path  of  the  wave*  integTation  in  (5)  will  naturally  b®  carried 
out  along  this  path.  Kote^that  the  calculation  of  scattered 
from  each  segment  of  integration  of  dl  is  made  as  for 
a  hoKogenotie  medium*  while  the  scattered  energy  does  not 
depend  o-u  the  properties  of  the  medium  along  the  path  from  the 
scattering  ■wolinsse  to  the  point  of  ohserwation* 

Pu.rtb®r,  in  calculating  the  funotion  f  (®),  it  is 
necessary  to  eonoretis®  the  dependence  of  cf  on.  the  coordinates* 
Th®  form  of  the  f(c»’ )  depends  essentially  on  the  selection 
of  the  oorrelation  foinction  of  the  random  quantity  A  £-  . 

As  has  been  remarked  in/”  1^  in  the  case  of  the  ionosphere 
It  is  most  appropriate  to  use  a  correlation  function  of  the 
gaussisn  typ®. 


“1 


T”  where  ^  is  the  characteristio  dimension  of  the  inhomogen- 
eltles**  Using  the  knom  method  of  finding  </(see,  for 
example.^ /"l„/ ) ,  it  can  he  shown  that  in  s  medim  with 
dielectric  eonstent.  ^  the  effectiTe  diasister  of  cross 
eeetion  is 

3  («,  8,  i|i)  t=c.  (A®)s>  fi*  sin* •>  exp  I  —  6 «  sin  j  |  ^  ( 7 ) 

where  a  «  2?T^/A^  and  Xq  is  the  wa-v&length  in  a  vacuum. 

It  is  n0esssa,ry  that  the  point  of  ohservation  he  located  at 
a  snffioient  distance  from  the  scattering  ■volume  so  that 
'S/ where  R  is  tbs  group  path  of  the  scattered 


wav®., 


In  the  case  of  normal  incidence  of  e  plane  wave  the 
C  n  ^^2.  ,  .  2  ^6  .2 


angle  of  soattering  sin"^'  »  1  -  sin  ain  ^  . 

Substituting  these  values  in  (7)^  and  (?)  in  (^)»  we  haves 

„  2'  »/2 

m  - 


8>.„ 


(fc)>  J’Joxpf~.(«,„t)-j>, 

0  0  ^  ' 


X  (5  -  s!ri*  0,  sii.*  9)  s!n  8,  4/9  . 

whence,  having  d  out  the  integration,  lee  finds 


/(?■) 


}?  £ 
0 


1 . 


a: 


'T 


h+  “ 


iVt 


l<r* 


\  / 

jexpf 

2  ). 

m 


*■  In  hia  diploras  'thesis  B»¥*  Bssi'i.ikov  (Gor.’kiy  University, 
1959)  Mghee  a  similar  derivation  for  a  correla-tion  function 
of  the  type  _.,/t  , 

!•(/■)»«  u  p(r)rr - ! - 

ii-h  (rW’ 

Ifi  the  case  of  small  angles  of  scattering  the  final  results 
coincide  acc’rrately  except  for  a  multiplier  of  the  order  of 
unity. 
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Substitution  of  this  relationship  in  (5)t  taking  into 


!  aoconnt  the  fact  that  cos  «  1,  gires  a  general  expression 

for  the  Tfitio  of  the  fluxes  of  the  scattered  and  the  unscattersd 
! .  - 

j  Tf/aves  at  the  point  of  observation  for  nori:;al  indlcende  of  a  plano^ 
ffS-ve  on  the  layer; 


p  ‘  U5  J  ®  I 


ah  '  a*s* 


>'  exp 


ah  \  1 

Tl  j 


+ 


(9) 


It  ‘Bhould  be  noted  that  the  ratio  Ps/P  has  no  singularity;  • 
when  B  0  or  when  integrating  with  respect'  to  the  finite  part  j 
of  the  T&.rlatlon  in  RoweYer^  it  should  he  reiriembered  that? 
g-en eral 1 5!*  speaking^  when-  0  geometric  optica  beooKje  inappiior 

!  able  and  the  condition  that  the  disturbance  in  the  medium  be  smal!l.. 
(  /I.  e  )  Is- not  fulfilled^.  ; 

I  I 

1  Er.p;reBBion3  (8)  and  (9)  ^tb  aubstantially  8ii:rij>lified  in  j 

1  '  ; 
i  t'Vfo  ca0es»  If  1 

(which  ccrreapondB  to  ac-attering  at  large  inhomogeneities)  then  , 


and^  ooneequently 


P, 


,  / 

•  exp  I  *  ■ 


^  J  ’  ~  1  - 1  • 


(10) 


Ilf  P„  <rf.  F  (scattex-ed  energy  small),  then 


P  x|  j '  s 


(11) 
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^  IMch  colRcides  witli  results  obtained  in  woi'k  jl  1 J , 

In  the  cs-se  of  scattering  at  small  inhoBiogsneities, 


2 

tyhen  a  e,  1 


4  v?*'i 


V.J 


n  i  VrV 


and  <3^  would  fee  expected,  we  obtained  a 

Rayleigh  law  of  scattering 


Let  us  oaloulate  the  expression  for  Pj,A'  fo^r  the  case 
of  obliii'ae  incidence  of  a  plane  wave.  In  this  case 

sin*  If'  ---  i  -—  sin*  %  sin®  sp' ; 
cos  8  ~~  sin  &,  8sn  cos  f  +  cos  cos  &* , 
where  Is  the  aaiaiuth  angle  in  the  plane  perpendicular  to 
the  direoticn  of  propagation  of  the  incident  wave.  Let  the 
angle  of  scattering  fee  small  (  «  l),  and  the  angle  of 

inclination  of  the  tx'8.;ject03[^' of  the  ray  to  s-axis  significant 
ly  different  from  aero.  Under  these  coaditicnis  it  can  fee 
considered  that 

s!n*  iji  =5^ ! ;  cos  f  I  —  ?*/2; 

1  -  cos  8  =  I  -  cos  (8,  -  8,)  f  {®*/2)  sSa  sin  &,  ^ 

^  +  (9*/2)  sin  8,  sin  8* . 


Substituting  these  relationships  in  (?),  and  (?)  in  (b-),  ws 

obtaini 


i  i  '  ^  (15) 

__  slo  §2  sin  8*  ®*  I  sin  h  • 


1 


'i'  L 
^  • 


^  Under  the  integral  there  are  funotione,  the  valiies  of  which 
rapidly  diminish  with  change  in  the  variables  <jp  end  -  '2^ 
Therefoi'e,  on  integrating  these  variables  from  0  to  a 
osrtain  sufficiently  high  value^  oiib  can,  exchange  the  upper 
limit  of  integration  for  infinity.  Prooeeding  in  the  above 
manner,  w®  haves 


"1 


J  exp  /7,-^-^i;  •  (14) 


In  the  integral  obtained  after  substituting  (14)  in  (13) 

is/l 


[ 


m‘ 


exp. 


\  I /il!!!* 
j  V  s5n  t, 


(15) 


we  have  the  product  of  rapidly  diainl siting  function  and  the 
slowly  shangiag  function  l/sin -t^/sin Exchanging  the  Var¬ 
iable  fox*  and  considering  that  wbea  -t-^g  « 

A/fdin  .i-^g/sin  *  1,,  we  find  instead  of  (15)8 

2j-p{-’7r}<^=|^.  (16) 

S’abstituting  the  values  obtained  in  (13,  and  (13)  in  (5),  'w® 
finally  find  that 


(17) 


where  integration  is  carried  out  along  the  path  of  wwe 
propagation. 

fh®  above  derivation  was  made  for  an  angle 
sign,lfioantly  different  from  aero.  On  the  other  hand,  at 

V  Of  ratio  (17)  passes  at  the  limit  into  expreseioa  (XO) 
which  is  true  for  ®  0»  For  this  reason  it  can,  evident- 


-  55  „ 


"1 


I  bo.  oonsidered  that  formula  (l?)  is  true  for  any  given 

Let  UB  pass  to  the  scattering  of  spherical  waves.  We 
shall  limit  oxirselves  to  the  particular  case  where  the 
radiating  point  and  the  receiving  point  are  on  the  z-axis 
(Fig.  l).  At  the  point  of  scattering  we  shall  choose  an 
area  ds^^,  perpendicular  to  the  direction  of  propagation  of 
the  incident  wave,  and  by  d  il^l  we  shall  designate  the  solid 
asigle  FJ.t  the  point  of  radiation,  formed  by  a  cone  of  rays 
based  on  the  area  dSj.  Then,  without  taking  into  account 
the  loss  of  energy  in  scattering,  the  density  of  energy  flux 
at  the  point  of  scattering  is 

p  ~ p^d^oi/dSi ,  (is) 

where  is  the  flux  of  energy  from  the  source  per  unit  of 
solid  angle.  Substituting  (18)  in  (5)»  we  have* 

2*  »/a  /, 

p,—  r  r  r 

0  6 


Let  r  dssigTtate  the  distance  from  the  point  of  scatter  to 
B«axis,  Then 


dSi 


sin  &ft,  d(^  1  «  r  e  /5»  ^ 

r(dr/d^^ijd»ai<^9  cos»,  [  ® 


(/?,sln»04)cos*» 


where  Bq  is  the  value  of  E  at  th®  point  where  the  primary 
emitter  is  located,  and 


dz  _ _ r _ 

V  *  (l  ~sln^)  V~ t  sin  ft, 


L 


I 


is  the  group  path  from  th®  sottroe  to  the  «oatt®riag  Tolum®® 
Stthstitutifig  the  radueed  expreseions  la  (19)  w®  fiadj 


.fff. 


} .)  J 


ssteig^f 


0hmvr%  that 


whfstr® 


is  the  gx'oup  path  from  th®  poiat  of  scattering  to  th®  point 
of  ohserratioHs  Further,  let  ms  limit  oureelvss  to  th®  ©as® 
of  small  ea.gles  of  soatter,  when  ^  1,  ia 

this  ©aa«i 


Suhstitutiug  th@s€>  ezpressioas  ia  (20),  and.  taking  into  ooa-".- 
elderation  (?),  w®  ohtaias 

K| 

J 

SJ-soe  s,t  small  sagles  th®  ralues  and  Ig  are  waakly  depoadest 
OE  “s/g  them  hj  replacing'  and  Sg  -with  their Valmea  at  ■  .v-'i 
■tf^2  “  ohtaia  after  integrating  with  respect  to  j^acd 


r 


/>« 


(R,+R 


_  I* 

Ry»f>'4  J 


(25) 


ill©  ratio  |»/(R,  -  E^)  case  Is  tb.e  density  of 

the  energy  fluz  of  the  •ondisturhed  -wave  at  the  point  of 
ohsenratioa*  Consequently,  exchanging  this  ratio  for  P,  ee 
oh tain i 


Comparing  this  formula  with  expraseion  (11)  ohteined  for  the 
plane  wave,  we  see  that  in  the  case  of  scatter  at  large 
inhofflogeneities,  the  ratio  of  scattered  and  uascattered 
V  energy  is  expressed  in  the  same  way  for  hoth  the  plane  and  the 
spherical  wares, 

A  certain  analogy  can  he  continued  further.  At  small 
angles  of  scatter  on©  can,  as  a  first  approximation,  consider 
that  at  the  point  of  observation  the  decrease  in  the  density 
of  the  energy  flux  of  the  basic  wave,  caused  by  scatter,  is 
numerically  equal  to  the  density  of  the  flux  of  scattered 
energy,  Tlien,  by  analogy  with  the  case  of  the  plane  wave,  it 
can  be  shown  that 


(25) 


However,  it  mast  be  noted  that  the  angular  spectrum  of  the 
soattered  wave,  as  is  seen  from  (22),  differs  from  the  ease 
of  plane  wave,  where  2^, 

The  formulas  obtained  show  that  the  contribution  by 
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different  regions  to  the  energy  of  scattei'ed  waves  depends 
on  the  \‘’al*ae  of  ^  {  A  B.  )/ £■  for  each  region.  Apparent- 
ly  in  the  ionosphere  all  three  values  8  <£  ,  {  A  €.  )  and  B- 
vary', with  altitude?  however,  only  the  change  in  S  is 
reli&hly  known,  yfeerefore,  in  concrete  caloulatiohs  oe,rtaisi  - 
supplementary  assumptions  haver  to  he  made  with  respect  to  the 
change  in  ^  and  (As,)  with  altitud,©. 

2,  Let  us  utilise  results  obtained  so  far  to 
calculate  electron  density  fluctuations _in__the_  ionosphere, 

(  A  Tile  BSthod  of  determining  (  A  from  the 

fading  of  a  signal  reflected  from  the  ionosphere  was  proposed 
by  Al'pert  Kumerieal  evaluations,  obtained  on  the 

basis  of  this  method,  are  given  in  references  /i"l. 

Let  us  examin®  the  effect  of  the  change  in  E  with  alii 
tude  on  the  value  of  (ZIh/k)',  calculated  fi*©®  experimental 


data.# 

It  wo,s  shown  above  that  in  the  oas©  of  normal  incidence 
of  &  spherical  wave  on  a  scattering  layer,  the  ratio  of 
scattered  to  undisturbed  energy  at  the  receiving  point  is 


.  (is)* 

e  43;^ 


In  the  case  of  an  ionised  gas 

6  =  1—4??  , 

where  e  and  ss  are  the  charge  and  mass  of  an  electron,  , 

S'  is  the  electron  density.  Hence 

(li)s  =.  (I  -  ®)»  (&NI7^^  ,  ( 26) 

If  it  is  assumed,  as  in  £"l_/,  that  the  values  of  (  A  K/H) 


rfc. 

and  &  change  little  altitude,  then  expression  (24) 

ca,.B  he  rewritten  ±n  the  following  wajt 


a 

p 


4 

^8  ,1  £ 

■  ii 


i  J 


Helationships  (<?4)  and  (27)  are  true  under  the  follow- 
in&;  conditions?  l)  the  angles  of  scatter  are  small,  i,e. 


1,  or  for  angles  aftei"  egress  from  ionosphere  ^4"^^  J 


2!  the  approxiffistioB,  of  geometric  optics  is  fulfilled 


1  q/2  rr  ) 


(d  £'./ds)  £  <‘i:  i|  5)  fluctuations  in  the 

dielectric  constant  are  srasill,  i.e.  Ah  c  j  4)  the  poiiit 
of  observation  is  located  sufficiently  far  from  the  scatter¬ 
ing  vol'ime,  so  that  "\/AnR  4  >  where  R  is  the  group  path 
of  the  scattered  wavea^  5)  scattered  energy  is  Brr.s,lis 


V  P. 

B 

let  us  e>^araine  a  paraholic  model  of  the  layer 

e  1  ~  » 

b  X^J  /{  e  X  the  critical  waTelength*  ^  is 
the  half-’' thickness  of  the  layer  and  z  ia  rend  from_  jhe^  3na,ximu:ii 
of  the  layers  In  order  to  CTaluaie  the  ratio  (  let 


us  consider  a  n’jnieriaal  example,  using  some  typical  values  of 
parameters  of  the  layer  Ft  ^  ^  62*5  m,  -  50 


z  «:  iOO  kmf 
c  '  *■  m 


the  altitude  of  the  begimiirig  of  the  layer  ==  200  1m 

dimensions  of  inhomogeneities  t  200  m,  and  the  ratio  P  yp 

s 

-  Of.  At  these  parsu^ieter  \^alues  conditions  4)  and  5) 
fiilfilled  throiighcmt ^  and  conditions  i)  -  5)  are-  violated 
only  near  the  point  of  reflection,  where  is  sufficiently 


It  ia  known  from  experiment  that  the  angle  of 

scatter  after  egress  from  the  layer  does  not  exceed  2  4 
hence  it  is  necessary  for  the  fulfiliment  of  condition  l)  that 
I  £  3  «  10  '4  B^’or  the  selected  model  condition  2)  also 


«  40  * 


gives  £  10'^.  Fluctuations  in  the  dielectric  constant, 

when  €  is  close  the  *ero,  ar®  nimerically  equal  to  th® 

corresponding  fluctt.iations  in.  electron  density  (26),  and 

condition  5)  can  hs  rCTrittea  la  the  foj'jaj  £ 'Y{Al^/S)~. 

Thus,  If  the  Talu®  of  '\/i  A  K/lO^ClO"^,  then  expression 

-2 

(27)  Is  true  up  to  the  level  z  -  a*,  where  «  10  .  For 

th®  total  scattered  energy,  taking  into  account  the  entire 
path  of  wave  to  th®  point  of  reflection  and  back,  we  can 
consequently  writei 

I  ii-ljr  +  /  I  .  (  26) 


irh«&re  J  takas  into  aooount'tfaa  contribution  of  tbcs}  region 
S  <1  10*'^  to  the  Boattered  energy®  If  we  limit  ourselves  to 
the  first  componant  discarding  we  shall  still  obtain  o^ily 
the  upper  limit  of  (  A 


2,^1.  r 

K  J 


(! 


*>» 


For  &  parabolic  layer  the  integral 


ta 


-i--si‘rrrtrr>Mnrirrr  \ 


H-«1 


(50) 


b  so  A 


Sxibstitrttting  tb.6  aboT6  Ruiaeriaal  valties 


/' 


-;■'.  -5 


wfi  obtain  t ^  k/k)" 


pai'assietejrs  of  the  ionospheric  l&yer> 

'X.  10"^" f  ^.'heraas  for  the  sanie  starting  data  l.n  / 

'Yi  A  l/f)^  t*.  7  X  iO"*.  Similar  large  differsnoes  are  also 
obtained  for  other  values  of  ionospheric  parameters,  which 
testifies  to  the  faot  that  tb®  allowance  for  change  in. 
with  altitude  is  generally  speaking  right,  Thus,  for 


example,  for  a  layer  E  with  A  »“  m 


A  - 

'e 


7'5  «>,  = 


m 


V  V 

«  200  km,  C  200  ©,  it  follows  frora,  conditions  l)  -  5)  that 
the  upper  llKit  of  integration  _  =■■  x  10  then  fro®  (29; 

«  (30)  w®  obtains _ A/{A'~ij¥.Y'^'^  ^  lO"^,  whereas  according 

to  £lj  YCaW^)^  »  As  is  seen  from,  (2?),  scatter- 

Ing  increases  with  a  decrease  in  ^  ^  other  oonditions  being 

Calculations  according  to  foraulas  (29)  (50)j^ 

gshoWjT.  that  for  the  chosen  lAOdeX  of  layer  one  half  of  the 
total  amotmt  of  scattered  energy  comes  from  the  region  of 
thickness  S.  %,  k  km*  situated  below  the  loTel  55^  ♦  The 

w»,u-v,w»<  ^ 

value  obtained  for  (  A  K/h) ‘  refers  in  fact  to  a  small  region 
o.f  alt:iti,5.des  r4ear  the  point  of  refleation*  The  (question  of 
the  effect  on  tbs  value  of  the  scattered  ener^fy  of  the 
region  where  0  is  not  sufficiently  cla8,r»  Kevertheless, 

we  may  note  that  at  'fre<|u.®nslss  not  very  near  to  the  ox’itic- 
al,  expression  (30)  depends  little  on  (A  ^  sine®  6;*  ooses 
under  the  loga-rdthfflji  said  &  three  or  four  fold  change  ih  £•* 
the  expression  by  only  10  -  20%*  Further- 

to  the  upper  limit  of  integration  10  there 
corresponds  the  point  %%  which  is  3.ocated  o.aiy  1  below  bhe 
point  where  £«  0?  which ^  in  accordance  with  /  5  ,/^^  attain 
j  Yaluejg  of  the  order  of  15  ^  Therefor®  it  can  be  _ 


-  ^'2  . 


assumed  that  the  energy  scattered  hy  this  region  is 
relatively  small*  If  we  apply  formally  Eayleigh’s  formula 
for  scattering  (12),  then  along  the  path  Az  »  1000  m,|*200  m, 
-  62.5  m  and  «  (Z'STh)^  =  1»6  x  10"^  we  get  the 

ratio  P  /P  ^  lO"^,  i.e.  the  ooatrihution  of  this  region  to 
th®  scattering  energy  is  small, 

iPhe  same  conclusion  can  he  reached  from  an  examination 
of  the  question  of  the  influence  of  the  Earth’s  magnetic 
field  on  the  scattering  of  radio  waves  in  the  ionosphere*  As 
a  rale,  experiments  aim  at  measuring  fluctuations  of  one  of 
the  magneto  -  ionic  components  of  a  signal  reflected  from 
ionosphere*  It  is  also  known  /  that  on  the  average  the 
depth  of  fluctuations  of  an  extraordinary  signal  is  greater 
than  of  an  ordinary  one,  For  instance,  the  ratio  for  layer 

^  {PjPhf(PjP)^^}J, 

where  indices  1  and  2  correspond  to  the  ordinary  and 
extraordinary  components,  A  similar  effect  is  connected 
with  the  fact  that  the  refractive  indices  of  the  ordinary 
and  extraordinary  components  n^^  2  depend  in  different  ways 

on  the  altitude.  If  the  effects  of  the  interaction  of  radio 
and  waves  inhomogeneities  and  of  the  anisotropy  of  the 
dimensions  of  th®  inhomogeneities  are  not  taken  into  account, 
then  it  is  easy  to  show  that  in  quasilongitudinal  approxim<- 
ation  formula  (29)  is  true  when  E.  is  replaced  with 
-  hf  «  (  1  -  z^'/a  ^),  where 

X  ft 

I 

^,,5  „  ^ 

K  1  + 

where  /?„  is  the  gyrosaagnetio  wavelength  and  is  the  angle 

ll 

between  the  Earth’s  magnetic  field  and  the  vertical,  The 


lissit*  of  appliesbiXitj  of  quaalloagitiidiaal  approxiiaation 

for  th«i!  layer  S'  of  tbe  ioaospiier®  3  J7f  eagle  -;i 

■betTC’Sa  tha  E/B-rth^s  Eagaatic  field  sad  th®  Tertioal  ie  20®, 

it  possible  to  tisej  ia  tb.e  oase  of  sis  ®T.traordinax‘,v 

w&ve,  tha  level  %\  (up  to  which  forffiule  (29)  bolda  tru®), 

^  2  “•2 

correspaadittg  to  ft  ralue  of  xvi  «  lO”  •  la  the  case  of 

*  2 

aa  ordinary  wave  the  Talue  of  for  which  (25)  holds  trtie, 
is  of  the  order  of  0»1.  Caloulfttion  in  accord*Jio©  with 
formils  {29)  for  the  ordinary  and  ©xtraordiaaery  componcmts 


gives  tha  ratio 


P  ;*  . 


If  we  study  the  ooatri'feution  to  the  seatteriag  of  an 
ordinary  signal,  of  th*  region  Ug  ■<r  0»1  wh»r«  geoaetric 
optics  are  etill  applieable,  than  th©  above  ratio  would 
diadoishi,  and  in  all  probability  would  appr'oaoh  the  experiment¬ 
al  vSi,lue  of  1<.7«  This,  in  our  opinion  further  confirms  th® 
oonslnsicm  that  th©  oontributios  of  the  region  of  raflsction 
to  the  scattered  energy  Is  not  deoisire. 


It  is  also  of  interest  to  evaluate  the  possibility 
of  determining  .from  radioastroncmical  data  on  the 

flickering  of  discrete  emitters  of  radio  radiation.  As  a 
ynxlB  flickering  Is  observed  on  wares  in  the  meter  ran.ge,  where 
the  i&fltieno®  of  th©  Earth's  magnstio  field  can  be  neglected 
and  where'  are  so  diff isultiss  conaeeted  with  the 

trsa'isgX'OSsioH  of  th®  limita  of  appliesability  of  geemetrio 
optics, 5  Kowaver,  beoaua®  the  wa'rslsngths  are  short  (  ^'“3  ffi)f 

and  the  diiaensione  of  the  inhomogonsitiea  are  la.rge  (4*^5  km), 
the  conditions  •vTh  >6  is  violated.  Is  shown  in  £~6 ^ , 


the  scattered  energy  increases  iffith  an  increase  in  th® 
ratio  attains  saturation  at  la 

our  case,  in  which  -^0  »  5  S  *  500  ^  ®  3 

ratio  VTJi/i  » 0.4,  and  the  scattered  energy  calculated 
aoeording  to  formula  (24)  is  known  to  he  larger  than  that 
ohtainahle  in  reality.  Thus, 


Xf  the  values  of  (  A  and  4  little  with  altitude, 

then 


I’or  a  paraholic  layer,  on  oondition  that 


>0,65 


Assuming  that 
and  Pg/®  “  0.1,  we 


»  60  m,  =  5  ffi>  ^  *®  3  to®  ,  2  «  300  kna 

obtain  V(  AWt^)  >  2.5  x  10  "  2, 


It  aiuet  be  mentioned  that  if  inhomogeneitiee  ar  not 
spread  throughout  the  thickness  cf  the  layer,  then  the  ratio 
(  A  S/fi)*^  will  incroese.  Thu®  th®  respective  fluctuations 
in  ele-ictron  density  at  large  -  sosi®  inhomogeneities 
(  ^  3  km)  are  larger  by  at  least  on®  order  than  in  small 

»  scale  ones  —^200  m  ),  Therefore,  the  radioastronomicel 
aiethod  does  not  record  ©mall  -  scale  inhomogeneities,  siao® 
the  scatterod  energy  is  proportional  to  the  dimensiona  of  the 


__1 

inhofflogeneitiea  and  to  the  fluctuations  in  electron  density. 

On  the  other  himd.  in  the  method  of  pulse  sounding,  large  - 
scale  iRftomogeneitiea  cause  a  slo^'  focus-ing  and  defoc-asing 


of  the  ’«ilch  leado  to  the  disturbance  of  the 

stationery  nature  of  the  process  of  rapid  fading  occasioned 
"by  small  -  scale  inhomogeneitiea. 


In  conclusion,  the  authors  wish  to  take  the 
opportunity  of  thanking  B.L.  Ginzburg  and  G.G,  Getmantaev  for 
thsii'  interest  in  the  present  work  and  for  a  number  of 
valuable  obserration  . 
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THE  IHFLHIBCE  OF  AF  BLEGTRIG  FIELD  HJPOI  VSLGCITI  DISTBIBIITIOK  | 
OF  ELECTSOIS  II  MOLECULAR  PLASMA  (lOHOSPHEEl)  1 


Pages  355-369 


By  A.?.  G-arevich 


TLs  forr/i  of  the  velooity  distribxxtion  function  fa 
eleotrons  in  a  plasma,  in  n?.olecular  gases  (iu  particular  in 
ionosphere)  is  foxmd  for  low  electron  energies  (up  to  1  ev) 
ExpressioriS  are  obtained  for  the  mean  electron  energy  £ 
for  the  electron  cux'rent  ,j»  A  Goinxiax'ison  is  siade  'bstween  t 
jresul.ts  of  caloulating  <5;  and  j  from  formulas  of  the  exact 
theory,''  and  results  of  the  eosiiaonly  used  approximate  "elemen 
thfeojrf,  'il'ie  conditions  of  applicahility  of  the  elementax'y 
|are  also  obtained. 

Introduotioxi 


the 

, 

and 

he 

kinetl 

tary*® 

theory 


k  dt^^oislYe  infln^jnce;  on  the  Yelocity  distrihut-ion  of  I 

plasma  electrons  is  exerted  hy  collisions  between  eXectrona  and  ; 

|6fia.-stio  and  non-elastic  collision.^,  between  electrons  and  heavy  1 

partioles  as  molecules  and,  ions  a  i 

r  j 

A  majority  of  the  theoretical  works  devoted  to  the  1 

i 

subject  neglect  the  influence  of  non^elaatio  oollisionsA  This  is  i 

i^'alid  for  a  fully  ionised  gas  and  for  monatonic  (noble)  gases  at  | 

|low  electron,  energies*  The  role  of  non-^lastio  collisions  in  j 

? 

:io:oato!E.1.e  gasc^a  becoffles  significant  at  hiigher  electros  energies  j 

i excitation  of  optical  IstoIs  and  ionisation).  The  influence  of  j 

; 

mah  ^sollisioa^  on  the  valoolty  dietribution  of  electrons  has  been 
|.rjTestigated  by  Lruyvestsiuj  Saith,  Etc,  (sesj  for  instanee  / 

3).  ■ 


I.  ri*f 
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In  the  caee  of  molecular  gases  (such  as  hydrogen,  oxyge|, 

nitrogen)  noa-elastie  collisions  play  &  {leoisirr  pis.rt  even  at 

eaisrgieo  of  the  order  of  O.Oi  ev,  i.e.  st  room  tersperatures*  ,4t  i 

the  same  tisie,  n&xj  little  is  kiiovn  at  prfc'jsnt  /  2  J  about  the  | 

[oroS'S  ssetiOKS  of  rion-slaetic  collisions  between  slov  electrons 

and  aeleofiles?  therefore,  the  problem  of  the  velocity  distribution 

of  electrons  in  a  molecular  plav^m  has  not  been  solved  either* 

'The  moan  energy/  of  the  electrons  and  the  current  in  a  molecular 

Ipslasma  are  ucuaily  calculated  by  iaea.ns  of  the  Bimplifisd  kinetic  j 

jtheory,  ea,llcA  the  "oleaenterj'*’  thsory  (see,  for  inatarioe,  3  ,/»  i 

jpart  2)  s  it  ne-gleete  erstirely  the  spread  in  electron  vslocitiee  | 

I  la,  the  plasms.  Therefore  the  values  of  the  overages,  calculated  ! 

jwith  the  aid  of  this  theory  are,  generally  speaking,  approvimatSe 

Hov  accurate  are  the  averages  calculated  with,  th.e  aid  of  tVie  j 

elemcntar-y  theory  ?  In  whet  eases  ere  these  foraulaa  Iruipplioable 
I  I 

land  Tfhat  axpressiona  ahould  be  used  instead  ?  fhe  iuiswars  to  | 

jthSBc  querjtiortE  can  only  be  obtained  frem  a  full  kinetic  invest-  j 

ligation'^,  I 

! 

I  k  eolutioa  of  this  problem  is  the  aim  of  the  present  j 

|work.  It  iG  shown  in  the  first  s?©<stion  that  the  kinetic  j 

Seoua.tio:n  ean  be  Biieplified  by  using  the  peculiarities  of  a  { 

I  j 

poieeula.r  plasma  (in  analogy  with  the  practice  in  the  case  of  | 

(purely  elastic  colll.^ion^^) ,  The  auhaeqnent  twe  sections  give  the  | 

kerivatlon  of  the  kineti.e  equationi  it  is  analy^jed  for  the  oaaea  j 

J  )i 

{of  hydroge,R,  oxygen  and  nitrogen.  Katitrally,  the  experimental 


*  A.  considerable  amount  of  research  has  been  devoted  to  the  j 

investigation  of  tnolecul8,r  plas,mae.  The^results  (up  to  19^0)  are 
susjanari?:e-d  by  Healy  end  Reed  (see  also  /  bj)*  Kota  that  the 
ionosphere  is  else*  e  raolecular  plasma. 
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data  allow  tJie  deterainatioa  of  th®  fimotion  d(V)  which 
©.haracte-risseg  the  rol®  of  E.ori»®lasti0  collisions  in  the  final 
exprS'SaioB  for  the  distrihutioa.  fuaotioa.  In  eonel'uBion^  the 
tu.estion  of  th®  aociaracj  of  the  elementary  theory,  forsulas  and 
th©  lisaits  of  their  applleahillty  ar©  dlsoussedl# 

le  Basi©  ee'uatioa.Sf 


'ie  shall  exasiti®  an  un'beunded  plasma  plaeed  in  an  | 
electrdo  and  &  Biagjiatie  field.  The  haairy  particles  of  the  plaexsai 
8.r©  asswisefi  to  hav®  a  Maxwellian,  distrihutiOB.  ■  The  ©lestron  | 
distrihutios  funetioa  f  (vj,  t)  la  of  coarse  determined  by  | 
Bolt$;m.am  *  s- kinetic  esuatloa*.  I 


(  E  +  "i-  i®/#l  ]  f 

nz  ““  S  , 

( 

\  c  ! 

where  a  and  sj  are  the  charge  and  mass  of  an  electron,  c  is  the  [ 
speed  of  light,  E  and  H  am  th«  intensities  of  the  ©lectrie  and*  I 
|ffia.gn®tio.  fields  and  S  the  collision  integral.  j 

I  Whex-@  only  el®,8tio  coilisions  oeenr,  eq.uation  (l)  can,  } 

las  is  w'ell  kneirn,  h©  simplified  by  expanding  the  angalar  part  of  j 
|the  distrlbxitlen  f-unction  in  the  epae®  of  the  Trelooities  as  j 

jgfpherleal  ftiaotions.  This  series  conTerges  very  rapidly,  since  | 

I 

the  ©ffeoti?e  parameter  of  the  eacpansioE  is  the  ratio  of  the 
imaeses  of  th®  sleetroa  and  the  heary  particle  Therefore  it  j 

fis  usual  te  take  only  two  terms  of  th®  expansion,  i.e«  to  present  [ 


*  The  aiiplieability  of  Boltsmann'e  theory  to  a  plasma  is  limited 
by  the  kT  (potential  energy  of  a  particle  shotiXd  be 

rack  less  tb.s.n  its  kinetic  energy)  and  kT  -C  (h^/6m)(?S/ "/T 

(oondition  of  riOr*«d®generatioa  of  plas®,a)»  It  is  also  necessaz’j 
that  plasma  should  be  in  a  etate  close  to  equilibrium. 


the  dietrihution’  function  in  the  form* 

f{v,  r,  t)-^U{v,  r,  t)  +  ~-Uv.  r,  (2)  j 

} 

the  fuaytlon  X  subaeq,uently  neglected  .  Eq.  (i)  then 

xeduoss  to  e  system  of  equations  for  the  funotions  and 

Z^67. 

It  is  natural  to  attempt  to  present  the  distribution 

fujiCtion  in  th®  form  (2)  even  in  the  presence  of  non-elastic 

collisions#  'fhen  equation  (l)(if  the  function  X  is  negligible  in 

2  2 

comparison  rtth  f  ,  and  f.  in  comparison  with  f  )  reduces  to 

w  V 

the  following  system  of  equations  for  the  functions  f^  and  f^^* 

^  +  -%i  V,  /,  +  ~  “  iv*Ef,)  =  -  SM<)  -H  “  f  X 
Oi  3  3mv^  dv  2v^&v\ 


m  dv 


•f  )  j  -  1'  J  j  { Uv)nv,)  -h(v')F,(t\)\dv,d^-, 


f  -  tJgradr  /o  -h  — -  |/f/  K  —  ~  Vj-„/,-v,/, 

m  ov 


The  first  term,  in  the  right-hand  member  of  equ%tiona  j 
(3)  "  V^) t  describes  collisions  between  electrons}  it  is  ! 

presented  in  detail  in,  for  example,  is/* 

The  second  term  in  the  right-hand  member  of  equations 
(5)  -  (^)  describes  elastic  ooliisiona  between  electrons  and 
heavy  particles.  In  this  case  the  collision  integral  is  presents^ 
as  is  known,  in  differential  form  (due  to  the  fact  that  in  elastic 
collision  an  electron  transfers  to  the  heavy  particle  only  a 


small  part  of  its  energy).  Here 


is  the  portion  of 


energy  lost  on  the  average  by  an  electron  in  one  elastic 
collision  end  yxi  frequency  of  elastic  collisions 

between  an  electron  and  molecules  or  ions  (for  details  see,  for 


r3j§59) 


I  MbsIIjs  tii®  third,  tfeirs  .isEori'Is^s  soB.«®l.©.etic  eolligioas 

I 

®l.©sts?rm8  and  hs®T|”  pa-rtieSes-^'e  Isr®  5;%  xl  Jt  1-j  \ 

a.x®  ths  T©'i©«iti®@  ©f  ©l^etrba®  m.d  kea^'-y  pErtielee  reepsetiT^Iy  | 
■fe®,for@  ®M  af  t®y  (or  F^)  is  tfe®  Tsleoity  die*.  I 

!■  tidbatlba  fmatioa  of  hmrf  fai'tiolss  ia  tk®  etat®  i  (or  k)  aad  |  ■ 
As  'Hs®  diff®r«atial  0©®tt®riag  erbss  ®eoti©K  ©f  an  | 

la  tk®  ssfj®  @f  K©a“"®lastie  solliaioRs  with  h®®Ty  partielf??:S 
I  &viC'3Rpa.fii@4  hy  a  tr.8a8iti0a  ®.f  tfe®  latter  froa  i.li®  stats  i-;to  th©* 

I  ®t©,ts  k,  fh@  iat®|p?eti®®.  is  with  reapset  to  the  welossitiss  ©f 
!  the-  h^mf  partislas  aad  th®'  angles,  dH;  ga®n>.eti©a  j 

I  is  ©Ter  ftll  th©  Irrel*  i^k*  **« 

I  I 

I  As  was  stated  ia  deriving  eqmtioag  (5)j  (4)j  we 

|feaTS  asgieetsi  tli®  fiHietioa  .X  coapared  with  *,  f  (aad  al^o.^  is  { 

1^'  9  '  ;  I 

®©lXisi®a  iat®g5f«l  th«  fimetioa  f*  ia  coaparieok 
I'rith  f^)®  la  ®rtex'  to  ®®tahli,sh  whsa  this  ie  f©ssi1blej  it  is.  1 


I  } 

l^'  Th^  t%Tm,  dtsarlMBg  mlllBioM  in  #qmtiom  (l)  is  I 

I^^OTO  .that I  tie  iamfe"  of'  ’ ttet  witl'Vfelcfe 

(5),  (4)  tb;^H§0.€iT0^  hold  it  ^Bn  fe#  preeent'Sid  ‘ 


tfee  form,  fj  , ’Mu^ro 


r  p  ^  /r  ■ 
U  ^  V  ^ 


txoi^.S...  that  for  r^iasoBsg  of  ^impltloitj  w®  Ekall  mot  | 
5^xt4'‘ilntv  b.0T0-  ^©llisiotis  E000^p^;?:.mi@d  'hf  &  im  tk(S| 

of  triTOtTOnfi  In  th%  pl«i»sa  at1.1:te^s5io^$ 

iisaocdstieiTif  pelBt  is  that  in.  tko  s’affioiomtly  }. 

M^.rified  p-la»^m  t^Mer  ordimrj  in  a  disofearg® 

ru'bt'  as  wJl  m  in  tha  aeoticm  of  ! 

is  aiKl  ImTt  aay 

m.  S'leotTOB,  dlsiriMt,i0ii|  ih%j  omljr  | 


^wtfrn^ 


necessary  to  sake  a  complete  expaasion  of  the  diatrihution 
fiincftion  with  respect  to  spherical  functions.  Let  us  examine, 
for  the  sake  of  simplicity,  the  case  H  «  0  and  disregard  inter- 
electron  collisioriaf  1st  us  also  assume  that  the  space  gradient 
of  the  distribution  function  is  directed  along  the  z-axis 
parallel  to  E<,  Then,  expanding  the  distribution  function  of 
e«iuetion  (l)  in  Legendre  polynomials s 

/(r.  t'./) 

(6)  is  the  angle  between  v  and  E),  we  arrive  at  the  following 
system  of  equations  for  the  fimctlons  f  ,  f 


» 


2 


'df  3  i  W  L  ^  ^  ’ 


Ifi 

di 


M? 

dt 


(  M  +  +  A^o  .  _2.  i.  ,  J  ,  y  . 

{  3  dz  ^  7  dz  J  ml3  dv  / 


rher®  the  collision  frequencies 

rder.  Hence  it  is  seen  that  we  can  restrict  ourselves  to  an 


and 


^2  ®f  same 


ixamination  of  just  the  first  two  functions  f^  and  f^^  (as  we  did 
n  (5)  and  (4)  above,)  if  the  function  fg  is  far  smaller  than  f^ 
|.rid  if  at  the  same  time  the  derivative  ^  z  is  far  smaller 

Ihan  f  /  Expressing  the  function  fg  in,  terms  of  fg,  these 

necessary  conditions  may  be  presented  in  the  form 


\  mv^  J 
dt 


(6r) 


(6b) 
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I  dz^^dz 

I 

( 

jChfsre  1  =  v/V”'  is  the  length  of  the  free  path  of  the- elec ti'on). 
If  TTS  proceed  to  average  values,  then,  the  first  of  these, 
joonditions  is  identical  with  the  reijuirement 


•  ^ 

1 

piere  <S"  is  the  portion  of  energy  lost  on  the  average  hy  an 
electron  a.?,  a  result  of  one  collision  with  a  heavy  particle,  fhis' 
condition  is  always  well  fulfilled  in  a  molecular  plasma  (see,  fori 
instance,  Table  1  in  section  2  of  the  present  article J  The  secondj 
p.nd  third  conditions  (6b)  and  (6c)  require  respectively  that  the 
Llectroa  energy  should  not  change  significantly  during  the  free 


irua.  of  the  electrons  and  that  the  electron  current  should  not 

shange  significantly  over  the  length  of  that  run.  Taking  into 

I 

Eccoxmt  the  rengrietic  field  and  inter-electron  collisions  does  not 
bhaiige  these  eondition.3  of  applicability  of  the  system  of 

fequJatiOTiS  (5),  (^)*, 


Let  us  pass  to  the  analysis  of  eq,i^ations  (5),  (4),  First 

I 

|>f  all,  observe  that  non- elastic  collisions  have  been  accounted  I 
I'or  in  the  equation  for  th®  directional  part  of  distribution  j 

I 

anotion  f^  sitaply  by  replacing  the  frequency  of  elastic  collisions 
■*'4e  total  collision  frequency  V  =  Therefor^ 

|he  expressions  for  function  f^,  obtained  for  the  case  of  elastic 


f 


I*'  The  same  conditions  (6)  are  necessary  when  only  elastic  oollisicms 
letween  electrons  and  heavy  particles  occur,  in  the  plasmaf  then 
S  should  lasrely  be  replaced  by  S  “  2m/M.  The  case  of  elastic 
CiOllisio.a8  has  been  examined  in  detifl  by  Bavydov  ^  J  *  However, 

it  should  bs  noted  that  condition  (6b)  was  omitted  in  that  work 
and  (6c)  w.as  written  in  the  for®  1  d  f,/  b  z  <t  f  t  which  is 
ineorreot,  i  o 
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■? 


icollisionB  alorie  (e,g.  see  [  J ^  fully  preserve  their  form  even 
’after  taking  non-ela?>tjc  collisions  into  account,.  Thanks  to  that,^ 
Itho  task,  rinding  the  otlectron  di striburion  function^  in  fant^  | 

I  I 

Ireducee  to  ,  integrat.rng  one  eouation  for  the  functicn  f  «  ! 

I  i 

I  The  first  teriti  of  the  right'-hand  m6ii,mber  of  this  equation 

^?!OTe3::^ned  by  inter-electron  collisions*  is  o,f  the  order  of  ^  f  ^  i 
sphere  ‘O  ia  the  frequency  of  inter-electron  collisions*  The  ] 

irernaitdng  terms^  describing  collisions  bett^een  electrons  and  j 


|.xeav^!'  particles j  are  of  the  oi'der 


.  It  ia  clear  that^ 

0 


yccondlrur  on  the  value  of  the  ratio  V  t  the  forii^  of  functiob 

j  -  e'  ^ 

f  will  he  determined  either  bv  the  inter-electron  collisions  (if  | 
0  j 

V  5"  V  1)5  or  \ij  collisions  with  heavy  pa, rticles  ; 

if  1)  /.  1^^  case  of  colJ  isionB  with  | 

ona,.  examined^  for  instance,  in  /  7  y,  this  ratio  is  always  i^ueh  ^ 

Inreater  than  unit*.-  (i5iriOo  V  and  V,  are  of  the  Ban-e  order  aud  ! 

^  ^  ^  ■  e  X  j 

d  l)*HowCTer^  in  the  case  of  collisions  with  ruolecules  i 


3^ 


N 


In 


io^AL-]- 

la^  dl  ( .M.  V  / .  I 

V.,  n  /'  '>  ^  / 1  y 


(?) 


Thia  ratio  cs-n  be  both  greater  and  smaller  than  luiity,  depending 
4x5  the  degree  of  ionisation  of  the  plass^a'^# 

In.  this  Ciormeotlon  two  essentially  different  cases  inay 
ije  distiuguinhed  ix;  Bolving  eqiiatioB  (5)*  case  in  which  the 

4egree  of  ioni^iation  of  the  plasma  ie  significant,  so  that 
y  ^  the  case  of  a  weakly  ionised  plasKi,a,  when 


In  the  ionosphere  4  v  ,4'  1  in  layer  I)  and  in  the  lower 

part  of  layer  E  (up  to  altifudes  of  the  order  of  90  -  100  km)* 


tn  higher  lerela^  on  the  other  hand 


1 

m 


I 


%.  /  Both  theso  cases  will  he  esamisiied  helow, 

First,  howeTsr,  let  us  note  another  peculiarity  of  the  j 
[BOlecular  plasma,  thanks  to  which  equation  (5)  oan  he  significant”; 

Ij  siaplifieil.  When  electrons  with  energy  of  the  order  of  less  j 

1 

than  1  eT  are  in  non«>®lastlc  eolllsioii  with  the  molecules  of  a 


plasffia,  generally  speakiB.g  "both  rotational  sjid  vibrational  levels 
of  the  ffioleoul'es  ®ay  be  ©roited,  E^owever,  an  analysis  of  j 

'txperlsental  data  shows  that  when  £  1  ev  the  main  part  of  thd 

I 

losses  is  ocoaslcned  by  collisions  leading  only  to  the  ©rcitatioa  j 
iof  rotational  levels*  ,  Let  us  now  take  into  account  the  fact  tha|t 


I®'  As  a  matter  ©f  fact,  in  the  ©wperiuaental  meeaurement  of  S'  the  j 
p.®an  electron  energy  varies  fro®  0,05  ©v  to  1  »  2  ev  and  more*  ■ 
|i*he  energy  of  excitation  of  rotational  levels  is  then  always 
pmall  in  comparison  with  th®  energy  of  the  electronsi  therefore 
|t;he  losses  for  the  excitation  of  rotational  levels  can  depend  only] 
Irery  slightly  on  <5  «  fhs  energy  of  sxoltation  of  vibrational 
p.evel8,  on  the  other  hand,  ie  of  the  order  of  0*2  «■  0,5  ev.  It  is^ 
luiderstandable  that  et  minisal  values  £  0,005  ev  the  losses  fori 

|bhe  ©xeitation  of  vibrational  levels  are  insubstantial.  They'  ! 
oegin  to  exert  a  serious  influence  only  at  high  electron  energies sj 
n  this  region  S'  should  Increase  sharply.  Experimentally  S  j 
aries  only  slightly  up  to  enargieg  of  th©  order  of  1  2  sv  and  i 

pnly  subsequently  does  it  inore-as©  sharply,  (see  /”^«5„7)o  "th®  i 
esia  of  the  above  it  has  been  concluded  that  at  electron  en,ergleal 
i>r  less  than  1  ev,  the  main  part  is  clayed  by  losses  for  the  | 

xcitation  of  rotational  levels  /  9,/*  This  assumption  has  j 

rabEemjontly  been  confirmed  by  a  special  experiment,  conducted  by  | 
all  £  Of  course  It  needs,  further  proof.  The  most  con™  I 

inoing  proof  would  be  a  direct  measurement  of  cross  sections  for  | 
xeitation  o.f  the  vibrational  and  I'OtetionaX  levels  of  molecules  | 
y  slow  electrons.  There  is  also  the  possibility  of  an  indirect  ; 
i^heck  by  comparing  th®  results  of  an  experimental  investigation 
f  aleotron  velocity  distribution  in  a  molecular  plaEma,  with  those 


f  theory  (s®e  seetiea  5) 


55 


jth®  ensrgi’'  of  th€?  rotational  quanta  is  siaail  ia  comparison  with  | 

j the  aj'&ft-n  ©n.ori'v'  of  the  eleotroas-,  Shis  mes,ns  that  in  a  aolecmlar 

plasma  eleotr-cns  with  low  energies  (0,01  &v  ^  1 

only  a  small  portion  ef  their  energy  even  in  non*'®lastic  collisions 

Utilising  this  "basic  fact,  it  is  easy  to  convert  to  Gifferential 

:foi*5R  the  lategml  term  which  in  equation  (3)  dascrihes  non* 

filastio  collisicms  "between  elestrone  and  heavy  particles, 

j 

In  poifAt  of  factj,  it  is  obvious  that  in  the  case  in 
:??b.ioh  eleetTons  lose  in  one  collision  only  a  small  part  of  their  ! 
SBergy'ii  the  collision  integTal  for  the  sysmetrioal  part  of  the 
distribution  function  f  can  be  put  in  the  foms 

v^(H> 

'khere  J.  is  the  flux  of  pax-tiolsa  through  unit  area  of  &  epherioal 
''  y, space 

eaTrface  r  in  the  vslooityx"  caused  by  the  corresponding  collisions 


J)"'  Ih  th©  case  undei"  discussion  S  is  the  integral  term! 
In  ©ej,mtion  (5)s>  dcaoribing'non^elaetic  oollisionsi  the  following! 


Kpression  is  valid  for  tha  flux 


Z  \  f  %)v  (V'  -  v){fd.v)  ■ 


|[oro^  as  in  th®  utmal  Boltsmann  collision  integral^ 

th©  cross  section  fox*  a  non^elastic  oollisionj,  leading  to  the 

I 

Emission  of  a  quantum.  "15  ^■5.^'®' 3.^  ir..oleoulsr  velocity 

4.i£‘t:tlbut;los.  furiotioRf.  The'^integration  is  with  respect  to  the 
Koleoular  velocities  dv^  and  the  scattering  angles  dQ.  }  the 
|ur®a.tior!,  is  ovex’  all  the  levels  i,k.  Taking  into  account  the  | 
isot  that  an  electX'on  loses  only  a  small  part  of  Its  enex'gj^  in  one  | 
tjollisicrn  (i,e,lv  •«  v'|  <g.  v),  the  expression  in  curly  brackets  | 
alay  be  modified  gomewhats  ! 


5.6 


+Uv)[Fav.)~~W)]. 

Let  us  also  take  into  aocotmt  that  in  a  aoa-elastic  collision  an 
eleotron  loses  energy  only  in  exciting  a  molecule}  in  consequenc 
(v*-.  v)  a  h  .  The  expression  for  the  flux  and 

consequently,  for  the  non-elastio  collision  integral  also  is  now 
converted  to  the  differential  form  sought* 

\\  rnv  f  2  (iv  mv  \  A-1  ^ 


Eere  (or  is  the  number  of  molecules  in  the  state 
i  (or  k),  is  the  total  frequency  of  excitations  of  the 

level  h  as  a  result  of  collisions  with  an  electron  having 

a  velocity  vt 


I  giAv.  H)sln9*/e 


Let  us  now  assume  that  the  moleculfes  are  distributed  with  respeetj 
to  level  in  accordance  with  the  Maxwell  -  Boltzmann  law*  j 

{  “^  ^  (i*e«  collisions  with  electrons  do  not  I 

substantially  alter  the  number  of  excited  molecule^ and  let  us 
also  take  into  account  the  fact  that  at  room  temperatures  not 
only  the  electron  energy  but  also  the  mean  energy  of  the 
molecules  in  a  moleoular  plasma  is  much  greater  than  the  rotation- 

I 

al  quanta  (kT  ^  Then  the  expression  for  the  non-  ' 

elastic  collision  integral  in  a  molecular  plasms  will  finally 
assume  the  following  form* 

i  j, 4-,,/  11  (8'b) 


2‘y*  dt< 


v'Q^iv) 


tn  tk) 


+ 1'/„ 
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... 


(v)  is  tlis  portion  of  enorgy  lost  'b;y  ejs  elootroa.  in 

Jm 

wait  tis&  in  oollisiansi 


QaV‘^1  ^  '*«; 


Kk 


2H,'f 

\ 


K,  \ 

Al-  / 


'««t 


i<k 


(9) 


in  fi.  ffiol^aular  plasm,  for  oonditiona  nad®r  which  tixe 
eleotroxi  energy  is  amll  (  £  1  er),  it  is  possihl©  to  use 

the  siEple  ej^praesion  (Sh)  for  tb®  KOK-elastic  sollisioa  integral 
Is.  what  fello;'?®  these  eonditiona  are  asousasd  to  be  fulfillsd*"* 

<*  fhe  e&se  of  &  algaifioant  dagra®  of^  •  ;■ 
ioaigatiott  (Maarwelliaa  dtstribTitiOia)  * 

In  the  cas®  in  which  the  degree  of  ioaiaatioa  of  the 
I  plasma  is  osssidemblen  it©*  Sv  *  tbs  form  of  th® 

,fimcti0:a  ought  to  bo  dc^te:rmin©d  by  inter-eleotron  collisions)!* 

tjf 

IheTOfor®,  as  a  first  approrimationC expanding  in  powers  of  the 

ipsmBeter  Sv  /  )  the  fuactioa  f  is  Maxwellisai. 

I  Br  ©  '  O 

!Cons®g,'e.®ntly,  tb.o  probles  raduose  to  finding  s&erely  th®  electron 
|te!ap«Tataire'^'*«  fb®  latter,  as  is  readily  seen,  is  determined 


frojs  the  e^aation,* 


£L 

dt 


'i"'  ^ 


IkN 


F  § 


(10) 


*  It  eb.<)i?.ld  ba  ©aphasiaed  that  the  sb-ov®  gimplifieatioa.  of  tbs 
©eXlltilWi  iatsfjgral  (to  forsaula  (Sa))  utilises  oiily  the  esisiraass 
&f  .ibss  fcrtiOK  of  energy  lost  by  an  electron  in  one  noa-olastic 
tea'll isioue  In  tb.ts  ocratort.  it  sbonld  be  sj^ntio^ted  that  the 

Crxperifieatss  of  Eimisia,  lar:r.tos  ejnd  Harts  /.  llJ7  show  that 
los®®®  of  el®crt.rcii  ennr£:y  in  hydrogen  end  nitrogen  st  higher 
■*fP%r^;lee  (td"*'  5  •”  7  e'^)  ar®  goTsmed  by  the  excitation  of  only 
fthe  lc--m<X'  osclllsting  lerolsf  consequently,  th®  portion  of  energy 
|l©gt  by  &E  electron  in  eueh  colliaions  is  ala©  aa&ll  (of  the  or>ie;i:| 
|).f  0*03  "  0®l)*  Shex'efors  it  is  possible  that  the  method  adopted 
p.ar6  is  not  only  up  to  2.  ew,  but  ale©  for  higher 

insirgi®®;, 

V 
f 

"'*■  Ofily  ih.&  eass  of  a  hosogenous  piaEma  is  examined  below- _ _ _ _ _ J 


5S 


I 


Here  3  are  th®  effective  frequency  of  coHisions  and 

the  electron  currant,  defined  by  the  relationships s 


t/T  /  jn  y/i 

aj/ri  krj 


f«(.Kexp|-«V2*7',J..; 


•• 

y  5=  r  J*  ©  f{dv)  ^  e  J  v^f^dv 


(11a) 


She  expressions  for  and  5  are  the  same  as  in  the  case  of 

elastic  collisions  only.  They  have  been  analyaed  already  (see, 
for  instance  /”5»  7»  8J^)» 

Further  in  equation  (10)  is  the  portion  of 

energy  lost  on  the  average  by  an  electron  in  one  oollisioa*. 


-0  +  r 


m  \*l* 

JrJ 


tst> 

J  Q»(©)©‘exp|— ^2,115) 


where  the  value  quantity  Q|^(v)  is  determined  in  accordance  with 
(9),  This,  of  course,  should  be  known  in  order  to  be  able  to 
loaloulate  ^^^4  •  However,  the  fraction  of  energy  (v) 
cannot  at  present  be  fotuid  fro®  (9)*  because  the  cross  sections  j 
for  non-elastic  collisions  between  slow  electrons  and  molecules  | 
are  not  known  (see  /”2j7). 

The  quantity  dapcndence  on  temperature 

have  often  been  measured  experimentally.  The  results  for  hydroger., 

*  Hot®  that,  as  is  mad®  clear  by  equation  (10),  is 

strictly,  the  mean  fraction  of  surplus  energy  of  the  electron 
’3/2  k.T.  -  3/2  kT*  The- value  is  connected  with  mean  fractioa 

of  the®  total  eIectron...ensrgy  by  the  relatioh'ship  “ 

“  7^e/(™e  “  -.1  high  electron  energies,  when  ^  T,  the 

lvalues  of  S' 3,^  and  coincide.  Talxies  of  ^  are  commonly 
Used  in  experimental  work. 
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oxygen  aad  nitrogen,  are  given  in  Talble  1*. 


Tati  I  e  1, 
fe.lues  of  S 


.  t  j 

j 

j 

H, 

o. 

h. 

ri033VX  1 

j 

cm  i 

1 

KM  j 

ft'-K  j 

ftu3.3tX> 

2,3 

■ 

0.f!6  ^ 

1 

-- 

i 

2.5 

3,7 

101 

(t.89 

0.08 

iim 

2 

2,2 

•  6,? 

l)..36 

i.2 

1.2 

0,12 

0.06 

3 

2,2 

3,6 

0.33 

1.6 

i.5 

0,16 

OjK) 

4 

t>.32 

K7 

1.6 

0,t« 

0,(«) 

5 

3.0 

j  H7 

0,34 

\J 

!,(> 

(».22 

(M!6 

6 

3.4 

8,2 

I  0.3B 

1.7 

1,6 

0;26 

0,07 

7 

3,9 

7J 

0,4;. 

1.7 

1.6 

0.32 

0,07 

r> 

4.4 

7,2 

0,00 

1.7 

1.0 

0,43 

o,(m 

4,8.7 

6,H 

1.8 

17 

0,60 

0,00 

10 

6.6 

1.15 

2,0 

2.0 

0,H5 

0,11 

i2 

6.1 

7.7 

2.40 

3,2 

3,1 

1,8 

0.23 

lib 

7/2 

1  2i 

9,8 

n 

!1>.6 

7.7 

1.13 

1 

*  ®e  values  of  ^^-4  given  here  are  fro®  the  data  of  Crompton 
and  Sutton  /  b  J i  subsequently  confirmed  by  Hall  /Ts*  10  J7. 

The  oharaoter  of  the  dependence  of  on  T  ,  according  to 

these  datay  essentie-liy  coincides  with  the  dependence  obtained 
by  earlier  authors  although  the  d.i.screpancy  in  absolute 

values  is  quit®  sigr.if icant.  The  temperature  of  plasma  in  the 
experimetst  wasT-is^^  2$0'^'l  a  special  check  at  lower  T  did  not 
reveal  any  change  in  /TlO^n 

It  should  be  eaphaeiaed  that  the  Introduction  of  the 
qua.niity  iE  meaningful  only  in  the  case  in  which  the 

electron  velccity  distribution  is  Maxwsllianj  i»e.  when  the 
condition  -p  is  fulfilled  in  the  experimental  work. 

Therefore  the  authors  calculate  for  two  oases}  for  Max¬ 

wellian  and  Druyvestein  distribution.  The  discrepancy  between 
values  of  'S' proved  to  be  small  (up  to  10  -  20%), 
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When  the  gas  is  a  mixture  of  twofor  ©ore)  gasss^  the  values  of 
)  j  ,  as  is  rtfadily  seen^^  can  he  calculated  in  the  following 


^>44 

Bis-nner  t 


^*1?#  —■  - - — 5jrt.4)2 - -5’^"- -  . 

•■’sM!  "T '’»44>2  +  v,^4,2  (12) 

Here  portions  of  energy  lost  hy  aji 

electron,  and  the  collision  frequency  for  gss  If  correspondingly, 

ras\j.lts  of  calculating  fo^:' 

air  fx'OBi  formula  (12)  are  given  in  Table  1  and  in  Fig«  1.  The 
aaais  figure  contains  the  results  of  experimental  deterBiinatlons 
of  -‘i^p  fox  air  (Huxley,  Crompton  and  Sutton  /  Huxley 

and  Eaasou  £  5, ..7)*  evident  from  the  figixre  that  the 


Wig,  1«  Dependence  of  on  T  for  airj 


x,  <z> 


are  the  experimental  results  £  5„7‘ 


the  mea-sured  values  are  in  good  agreement..  Table  1  also  contains 
values  of  ^'..^44,.  for  the  ionosphere  at  altitudes  of  100,  200  and 
JGO  km,  calculated  fro®  formula  (12)  (composition  of  the  ionos¬ 
phere  at  these  altitudes  is  assumed  to  be  in  agreement  with  the 
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j  moiel  proposed  In  /-ppj  „n  thP  i,a,ia  of  data  obtalnod  m 

I  r-ooket  esperiments* ) . 

geakly  ioniar;<i  - 

Ik  the  oaee  of  &  «reakly  loniged  plasma  (  v  ^  Sv  ) 
interelectron  colUaiona  ara  unimportant  and  can  be^eglectsd  in 
equation  (5).  If,  moreover,  we  bear  in  mind  the  tmasformation 
I  of  i6b)  for  the  non-elastic  collision  integral,  it  U  eaa’.^  to 
I  aeo  that  equation  (5)  In  fact  coincides  with  the  usual  equation 
I  f«:a.  the  function  in  the  case  of  elaatic  collisions  alone*  one 
need  merely  exchange  6'^^^  «  Sk/m  for  6\y}  ,  where 


S(u)^-:j  V-vfi04-Q..{t‘)  ]v- 


,  Tie  solution  of  equation  (5)  also  coincides  with  the  solutions 
I  of  the  equation  for  the  case  of  elastic  collisions  alone,  obtain- 
jed.  in  ^  6,8,14,157,  again  it  is  sufficient  to  exchange  S 

I  for  5“(v),  Proceeding  in  this  manner,  we  find  that  in  the  case 
I  of  a  strong  steady  elecitric  field  | 

i'*  ^  ! 

fo^C  exp  j  —  I  V  v-(  t')  ^v)dv  I .  ( i4)  | 

0  ! 

r 

where  the  constant  Cie  determined  fey  the  normalization  conditionj 

.  .  .  I 

Lntir  approximation  of  values  of  the  pro-  I 

per&tureaV^for-  Se  electron  to®- 

cross-.odulatlon'of  ;a1;: 

value  for  d:w,  o.Q  x  10-3  *1  +v  we  get  a 

on  cross-asodulatlon  T Vi  1  apoea-*^  to  experimental  data 

lvalue  of  ,  or"th8  ordfr  of  K  ja-f  ^  ^ 

experimental  deteminaticm  of  S.J  Ur 

temperatures  (f  <''t000O\  ,,  ^  electron. 

6  '  )  would  be  a  particular  great  interest. 
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In  the  ahsenes  of  noa-elastie  colliaionSj  when  ^(v)  «  Syf%  t 

'  thi®  dtstriVation  faxictioa  naturally  coinoides  with  the 

Brruyvestein.  distribution.  £  oaee  o,f  a  variable 

i  eleotrie  field  E  «  E  cos  «  t,  the  frequency  ca  of  whieh  is 

0 

much  greater  than 

/„  =  Cexp  { -  J  j .  (X5) 

,  In  the  absence  of  aon-elastlc  collisions  (15)  ooinsides  with  the 
distribution  fttnotios  obtained  by  Margenau  £"15 £* 

fhe  fora  of  the  diatribxition.  function  f  in  a  molecular 

o 

I  plasmaj  as  is  clear  from  (l^)  -»  (15) »  depends  essentially  on  the 
I  form  of  the  function  B  (v) *  The  latter,  as  has  been  shown, 
above  j,  cannot,  at  present  be  calculated  from  the  (9),  because  the 
oroas  seotions  for , oollieions  between  slow  electrons  and  molecul' 
;  are  unknown*  However,  the  fxmotion  S (v)  can  be  found  in  a 
different  way,  vis«  by  using  the  results  of  experimental  measuh©' 
:  mmtB  of  the  dependence  of  on  T^»  In  point  of  .fact,  in 

accordance  with  formula  (llb)s 


j  S('ft)  V  exp  I  —  inv^l2kT^  j  rfy  ■=  | 


3  V'Ti  ^TM 


£¥  \  m 


^!j)^  If)  • 


;  The  function  in  the  right-hand  member  of  this  expression  has 
been  daterained  experiffifmte.lly|  the  Kem.el 

E.(v)  «  exp  ■|'-■ra.T^/2kT'^|  i 2  also  knowHtf  Sonsequently  express¬ 

ion  (16)  08,n  be  considered,  as  an  integral  equation  with  respect 
to  the  fisnction  S(v)j  as  is  known,  its  solution  can  be  fomid 
by  reducing  equation  (l6)  to  a  eystsm  of  linear  algebraic 
!  equatiOBSi 
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f 

i  _ ^ 

Note  that  In  our  case  it  is  nearly  always  poesihle  to 
simplify  equation  (l6),  by  converting  it  into  differential  form 
(by  the  Fokker  »  Planok  method) «  the  solution  sought  (assuming 
that  V  is  proportional  to  v)  is  then  written  in  the  form 
5(t;)==e,^,HT;)-o.o86r;s;^^(r:)--o.i73  (17) 

where  n==={'C)(^)  =128  /«u-/225  n*  IIH®  (^'/l07^  » 

oomiiticn  of  applicability  of  solution  (l?)  is  the  smallness  of 
the  correction  terms  compared  with  the  main  (first)  term. 

The  results  of  calculating  the  function  S'  (v)  for 
hydrogen,  oxygen,  nitrogen  and  air  are  given  in  Table  2,  and, 
graphically,  in  Pig.  2, 


Pig,  2  Bependence  of  S*  on  v  for  ^2*  ®2  air. 

In  the  case  of  nitrogen  values  of  ^ (v)  x  10”^ 
are  plotted  along  the  ordinate  axis. 

Substituting  the  function  (v)  .  thus  found  in  (14), 
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il3)t  OT  in  ether  ©sprtssioM  fer  t  ^•®  t©| 

I 

:  ciftl®\ilate  the  ele'etroii  distrihmtiOK  fmEetioa  In  ®.  aslecular  ; 

I  plae«a«  Fig«  5  shovs  th®  r^s'alts  of  a  coTrsaponding  oaloulatioa  | 

I  ! 

fehl©  2,  ! 


Sir 

^  i 

•  a»>  j 

'  I.;©  -  i 

1,S  1 

..„  1 

[  '  ■  i 
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‘i.S  1 

2.T  - 
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6,?S 

6.8S  j 

s.e  . 
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1 

4,S 

&,9A  1 

4,0 
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:i,4 
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!  4.S 
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5J 
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41 

” 

■1.2 

'  i 

of ..  th®  eleotroa  dietri'butiea  ftaaetioa  ia  ijjdrogaa  i®  &  high 


SA^  V.JL.  t 


fresittsaoj*  eleotrio  field  (s®@(15)  for  V*),  la  f  is 

g  g 

plotted  alorxg  th®  ordiaat®  ant  y  /t  along  tlx®  abscissa,  ■where 
T  '2  €,  ivi  is  the  mean  Bq;m.T®  «?leotrori  velocity.  She' broken 
reprasesit®  th®  fearwellias  distribwtioa  funetioa*  It  is 
lntTldeat  fres  the  figmre  that  ia  th®  ®aa»  xiader  coasideratioji,  the 
I f p.  f  dees  not  deviate  mxt.itb  fro®,  the  laxwelllaa  functioai 

S’" . "0 

I’fetes  derrieiici'm  irters-aee  with  iaore&s®  ia  the  mean  electroa  energj 

[flife  resnlfee  of  m.  aiEsalogous  calculation  for  oxygen  and  nitrogoa 
I  . 

fare  gir^sa  in  Fig* 


I  t2'«ing  th®  ©xpresaioas  obtaine-d  for  the  dietrihutioa 

Ifuastioa,  it  ia  possible  to  ealeulat®  the  mean  ©leotron  ©aer^ 
I  £;  f  the  eoad-ttatiwltj  o'  aad  the  dlelao'trio  oonstmt  cf  th® 


I 


_ _ _ _ 1 

* 

plasma  £  t 


2  /-2 

Pig.  3  Dependence  of  -ln4  on  v  /v  for 

hydrogen  in  a  high-frequency  field 
for  different  values  of  the  mean 
electron  energyt  1  -  6.  -  mv  /2  = 

=  0.1  ev,  curve  2  -  C  =  0*3  6V, 
curve  3  -  ^  =  1 


For  reasons  of  simplicity,  the  expressions  for  o'  ^.d  E.  ere 
Ifor  the  absence  of  a  auignetic  field.  In  the  preaenoe  in  the 
IplESKta  of  a  steady  magnstic  field  they  may  be  transformed  in  the 
lutmal  ■way  (see,  for  instance,  /  5^)*  components  of  the  tenaors 
I  cr  and  e.  in  the  direction  a,  parallel  to  H,  preserve  the  form 
[of  (18) s  in  order  to  calculate  necessary  to 

[replace  l/(  +  V^)  in  (18)  with  . 


2  i  {<»—»*)*+  ^ 


/ 
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If?*  f  __ 

J6k*^  r  v^fifdv 

“i  J  ■* 

0 


s 

} 

f 


« 

f 


] 


-Fig,  4  Dependence  of  ~lrif  on 
r'/r  for  oxygen  (l)  and 
nitrogen  >,,2)  in  a  high™ 


frequency  electric  field 
for  £  -0*3  ev* 

Ab  an  iliaatration^  Fig*  5  shows  the  resxilts  of  the  corresponding 
oalaulation  of  If  and  e*  for  a  hydrogen  plasma  in  a  high-fre- 
queney  electric  field  (solid  euryes)*  _ _ _ _ 
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Cur'!i'‘0!''i  ;■  RT'C  'th':;  rr'iOr.T'  f;ViC*T-TT  r^.f  tV'.f^  ^  1  v,  C  t  C'f;  S  c 

In  the  si^i'jplej^rb  case*  w^ien  tbe  freinxency  oh  collifilon 
of  the  eleetroTi  and  the  fraction  of  energy  lost  \rj  it  iu  onn 
collision  do  not  d?}pe?'i  d  on  its  velocity  (v  f-  'v{v)^  o  -.yi^  S'iy)) 
the  eoiiitS on  of  the  systen  of  oq\;iat:lcns  (y)^  (f)  ha^  the  folio'v?' 
ing  fcrsu 

,/;, C  ex  j’  |  --■  mz‘^l2k  C  i  ;  n  "=  —  u  dfjih. 


Kere  T  is  the  tomnerature  of  the  electrons  and  u  tneir  mean 

B 

directional  velocitv^  defined  hy  the  equetioris? 

dt  Hk 


du 

(it 


I  t  (4  1 
\  -  / 


'^u  —■  1:  f  ~  ^  . 

t  r  1 


Mean,  electron  ^n^Tgy  a.nd  electror  Ci:rrent  arc  related  to  T  and 
|u  hy  the.  eypreesj  one  $ 


(r^O) 


2 

Lb  ra  have  seen  above^ir  a  /nclecular  plaso:ia  V  a.nd 


idepend  on  Therefore,  the  airaple  exyroeivioXiB  [1^)  and  (20)  fNDr: 

1  lihe  energy  of  the  electrons  and  the  eleot:ro):i  curj’ont  are  ^  I 

1  ^  ! 
fgeno'rallv'  eoeaklnro  j naimlloahle  in  this  c-ace^.  Hovever*  in  the  ! 

5 .  ..  .  j  ..  ■ 

ioane  cf  only  e  '^^eak:  dependence  of  ^  and  o  on  v,  the  l^^tter  niay  ; 

i  '  .  i 

h'prory^  ho  be  not  verv  Imnortent^  Jr.  sach.  caseB.  by  rei.lecing  'V  i 

I”  .  .  '  .  ?  .  .  .  I 

|a...ud  1'  in.  eevinid  oits  (i5M  witn  their  iriaan  or  effective  valnco  | 


i  \  ...  r  ^... 

A  .  .  T'’’  ) 

•"  f'r'i  » 

laoocj'ianoa 

wi  tv.  I  orr.va 

i 

ieouatioiia 

for  T  G.nd 
e 

i 

lappTO:'^:xme.t 

&  -vr.ai’j.c"  of 

f 


i 


Fig»  5  Dependence  of  €/£  £  ^ 

on  i’/feJ  in  hydrogen  in  a  hig'h«"freqxi»ney  { 

fields  Broken  lines  represent  the  results  | 
of  calculations  in  accordance  ifith  the 
1  foraulas  of  the  eiemeatary  theory, 

Lqmtions  ea,n  "be  arrived  at  direotlj  hy  starting  fro®  the  eleiasnt- 
lery  kinetic  theory,  without  hringing  in  the  question  of  the  dis-«  | 
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trlTbutioK.  of  electroH  velocities  (see,  for  instance,  /*5^§55)* 
this  is  wh;f  they  ere  eossvaonly  called  "eleraentary" « 

Afi  was  aentioned  above,  solving'  the  elcffiCBtaJif  equationfij 
only  gives  approxiraate  values  of  ^  and  In  order  to  eva.lT;i£te  j 
the  admissible  error,  it  is  necessary  to  cciEpare  them  with  the 
results  of  an  accurate  kinetic  caloulation?  where  the  error  is 
j  large,  the  elesientary  theory  is  inapplicable,  A  corresponding 
I  examination  shows  that  the  results  of  oaleula-ting  £  and  j  by 
I  the  elementary  and  the  accm’ate  kinetic  theories  do  hot  diverge 
S5lfnificantly,  if  the  following  conditions  are  fulfilleds 


n  _ j  . 

"T 

I 

(218,)  1 
j 

1  7'f  ^  1  , 

2  "df, 

i 

(21b)  i 

_l  ..lx,  _ _ ^  ^ 

where  2  dl ^  ^ e 

(21c) 

_ d  0*^  2 

dTg  '  dfg 

i 

and  B  j;  is  the  relative  d3,sp6rsios,  of  the  collision 

frequency? 

D, 


=  .ici 4_ f  (< 

S/«  ^UA.kTj  . 


«dexp  I  -  miftZkT,  j  dv . 


In  the  ease  of  Maxwellian  distribution  (a  significant  1 
legrse  of  l^oniKation  of  the  plasnsa),  only  the  first  condition  in  j 
|21e.)  need  be  fulfilled*  In  partic-alar,  it  ia  always  Eatisfied  | 
|s.t  b,i,5;h,  fr<>%qttenc}ies  of  the  electric  field  (  !%>■  )®  | 

khfe  case  of  a  low  frB«\:tenoy  (*:>  ,  it  is  necessary  that  shouldj 

i'lOt  depend  strongly  on  ths  electron  temperaturst  if  j 

l-hon  only  when  •»!  C  csC  ^  1  ia  the  error  in  the  elementary  oaleuL 
Istion  small  ^  50%,  ^der  5^%)  •  should  be  noted  that  | 

|:he  ^TTOT  Ae  ,  generally  speaking,  is  considerably  larger;  it  I 
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!  is  small  only  trhen 


0.5  <  <0.5 


In  a  weakly  ionized  plasma  eonditions  (.ilb)  and  (21c)  j 

*  .  i 

should  also  b©  fulfilled,  .  It  Is  also  necessary  that  ana 

S" he  weekly  dependent  on  T^|  the  error  in  oaloulating  cf  and  | 

<S  is  small  if  «  0.25  «fi<  4  1,  It  is  important  that  the  errors 

i  admissible  in  the  elementary  calculation,  increases  rapidly  in 

I  th®  region  where  S' decreases  with  increase  in  this  is 

j  also  evident  from  conditions  (21h)  and  (21c)*'*'. 

For  the  molecular  gases  examined  above  (Kg,  Og,  Hg,  air) 

when  the  electron  energy  is  small  ia  proportional  to 

^0  (see  5j^  and  depends  even  more  weakly 

on  T  (see  Table  1,),  Conaequeatly  in  these  cases  conditions 
0 

(21)  are  fulfilled,  so  that  the  elementary  theory,  oan  be  used  to 
calculate  <5-  and  j.  However,  it  should  be  mentioned  that  at 
low  fre^usncies  (a>  ^  )  kinetic  corrections  can  be  signif¬ 

icant,  particularly  so  in  calculating  £  ;  at  high-frequencies' 


*■  It  must  be  mentioned,  that  conditions  (21b),  (21o)  are  strictly 

valid  only  in  th®  region,  where  the  dependence  ofV;,^^  and 

OB.  f is  monotone.  In  the  vicinity  of  points  where  t.he  monotony 

I  is  disturbed,  it  is  necessai'y  'that  additional  conditions 

4:  1,  Hif*  4.'  1,  where  By  and  are  the  relative  dis- 

jperaions  of  v  acdifCse©  (22)),  should  be  fulfilled. 


'*"*  In  cases  in  which  or  fall  sharply  with  increase 

in.  (if  OC.  <  -  1/2),  the  elementary  and  the  exact  kinetic 

theories  even  lead  to  qualitatively  different  results.  As  is 
shown  by  the  exact  theory,  th®  effect  of  instability  and 
electron  temperature  hysteresis,  obtained  in  the  elementary  theorj 
loccurs  only  where  the  degree  of  ionization  of  the  plasma  is 
considerable;  in  weakly  ionized  plasmas  there  is  no  instability 
(see  £16  J).  . 
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Fig:  5  teoken  cm-m.®,  r«pr«e 


<5  aiid  o^  in  a  kydrogan  plaam  fo?  i  oaleal-^ 

I  a'^ea  is,  afecoraanc-s  with  the  sleir^entary  theory  forsiulas  (the  eolid'^ 
iOT/seare  th®  rs-sults  of  rxeet  kins  tic  ealculatiose).  It  ie  | 
ident  froffi  the,  firar®  that  tr.  ths  ®ta®pie  reviei^ed  the  'broken 

Et!.d  solid  ox^XT^J?.  di.¥0r§e  at  the  2tos?.t  "by  1;?^* 

In  .conclusion,  the  authors  txpress^t^  his  ind^btednsee 

to  1M>.  Gins;hurg  for  hi&  interest  in  the 
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OH  BACK  -  SGATTFj^iHG  OP  SHOHT  RADIO-  j 

WAVES  IH  THE  LOWES  lOHOSPEEBE  I 


Pages  J70-375 


3j  O.I.  Yakovlevd;  V»I.  Bocharov 


The  theory  c.f  the  scattering  of  radio  waves  at 
statistical  irHiomogeneltioa  in  lasdia  is  applied  to  the  problem 
of  baok  -Eoattering  of  radio  waves  in  the  lower  iorAOsphere.  The 
dif;8ipa.ted  power  and  the  correlation  coefficient  of  signals j 
i-aceived  by  spaced  antennas.?  are  calculated?  The  results  of 
I^reliminary  es;perimental  investigations  of  back-scattering  of 
radio  waves  s.t  a  frequency  of  12  Me  are  pireeented* 


! 


I 

It  1.0  knoTO  that  the  lower  ionosphere  is  a  statistically 
inhomogeneo'ua  medimn  whicli  scatters  radio  waves*  Apparently ^ 
i  the  fir0t  detailed  investigation  of  the  soB^ttering  of  short  waves 
I  by  the  lower  ionosphere  was  carried  out  by  Eckersley  J * 

,  .kBBimUifs  that  the  scattering  of  radio  waves  can  insure  long- 
I  distance.  USW  co^OTiunl cations  Bailey  /  made  a  detailed 

I  study  of  the  ionospheric  scattering  of  meter  waYes*  Booker  and 
G'Ordon  /  5  and  later  ¥illars  and  Weisskopf  /  have  develop* 

;€-'S.  tho  theory  of  the  scattering  of  radio  waves  at  atmos>pheric 
irdtomogenel tiea^  These  variants  of  the  theory  are  based  cTA'de-- 

aseumptiens  about  statistical  regixlarities  of  the  scatter- 
ling  m.edi.R^  The  cpaestlon  of  the  validity  of  the  regularities 
assumed  recJD.ains  open#  A  comparison  between  theory  and  the  ex- 
:;perimer}.t3  of  Ecker^^iej  and  Bailey  is  difficult,  because  these 


j  experiment  a  perrfiit  the  determination  of  the  effective  scattering 
|dlameter  for  only  a  limited  x*egion  of  angles  of  scatter#  Under 


7^ 


j  theBe  conditions  different  variants  of  the  theory  of  aoa-ttexnlng  i 

f  f 

i  cars  'be  made  to  oorrei^pond  ?iith  'by  the  0n>propriate 

■  i 

ohoioe  of  the  pa.ra^seters  entering  into  the  trieorj^  | 

^  In  this  context  it  is  of  interest  to  observe  and.  to  | 

;  inTeat-lgate  the  back-acattering  of  short  waxes’  by  the  lower  • 

I  ionosphere^  Ib.  rertieal  sounding  of  -the  ionosphere  at  frequenci^’ 

}  above  the  oritioal,  It  ia  nosaible  to  reoeiro  signals  governed  i 
i  ^  ^  : 

I  fey  at  least  three  meehaBlsms#  In  the  first  place ^  there  is  the  j 

P0ij?3ifeil.ity  of  the  ra-fleotlon  of  radio  wavea  from  | 

irrafmiarly  occurring  regions  with  a  Is^rge  elect.ron  density  i 

/  gradient^  secondly 5,  the  appearance  of  signal  ^^splashes'S  caused  | 

1  b;f  iBetevoric  ioiiiBation^  andjp  flnally^i  there  sbxatld  be  signals  | 

I  due  to  the  baok*^^  seat  taring  of  radio  waYee#  bigria,.ls  of  tiie  last  • 

!  .  -  .  .  j 

I  ±rp^  should  fee  characterised  by  their  regular  presence^  a  j 

I  rapidly  flucti^ating  weak  lexel  and  non-correlation  of  the  I 

i  insxant&neouB  values  of  the  signals^  received  fey  spaced  antemiaafi| 

:  ] 

I.n  order  to  cnalculate  the  dissipated  power  at  the  i 

\  reoaiver  input  and  the  eorreiatlon  coeff icierits  we  shall 

I  examine  the  ideallsi’Sd  sche^iie  o.f  scattering  six  own  in  1« 

I  A.  plane^  s'tatistioally  inbomogenecii^s  layer  of  thlckneas  b 
j  at  altitude  h  xb  irradiated  fey  a  spherical  wave*  Let  a  trans-^ 
jsiitt.er  of  power  T  generate  pulses  of  d lira t ion  XI  and  let 
i  th€^  antenna  syetem  have  an  amplification  factor  K«r  •  It  is  eaeily 
I  shown  that  at  the  rsi'CexTer  input  the  power  of  the  scattered 
i  BlgnEl  in  equal  to 


PK^>^ 


? 


. . .  iiupw. 

wbar®  J  «  c?  is  the  effective  diameter  of  back-scatter- 

inff  of  the  radio  vavss.  By  aseuraing  the  direotionai  diagrams  of  | 
th®  antennss  to  be  sufficiently  broadj  «re  disregard  theij-  part  j 
In  expression  (l),  fh©  ijategration  in  foimula  (l)  is  with  j 

reapsct  to  the  volume,  important  in  back-scattering.  This  i 

voiiiffi®  is  defined  by  the  intersection  of  the  plane  layer  and  a 
spherical  sons  of  .  thickness  a  »  c  'tf/2?thig  voMime  is  shaded  in 
Fig.  l).  J  has  the  following  values* 


>vy/777/  TJ7777777irri 

>?  5 

Fige  la 


j  '  It  ie  BTident  from  the  aheve  ^xpreB^lon^  that  for  a  puls^ 

k'uration  T-  K  2b/c  the  power  received  is  proportional  to  the  i 

bfj-aar©  of  the  duration  of  the  pulsej  when  the  condition  tr  >  2b/« 
is  fulfilled,  the  signal  received  depends  little  on  the  duration 
of  the  pulse.  It  ahoxild  be  noted  that,  in  contrast  with  the  css® 
of  wav®  scattering  at  small  angles,  the  power,  scattered  back, 
depends  on  the  duration  of  the  puls®.  Formulas  (l)  and  {?.)  give 
a  simple  relationship  between  the  power  received,  the  effective 

. I  f  I  I  1 1'  '  .  I 
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aisst.ete-X'  of  back" scattering  and  tb®  parameters  of  th©  layer* 

In  det-snsining  th©  signal  eorrelstion  coefficient  we 
ab-all  oonsiEler  tliat  the  pnise  duration  is  sufficiently  great  so 
that  there  is  bo  lisitatioa  of  the  ralvjm  important  for  haok- 
eoattering  &ad  that  th©  antennSvS  haw®  broad  directional  d'iagraas. 
The  oowelation  coefficient  for  the  ioaospherio  hack- scattering 
I  of  short  TadiO"War©s  can  ha  calculated  followiEg'  th,®  method  used  j 
1  in  analogous  calculation  of  tropospheric  scatter-*  | 

!  ing  of  ultrashort  mwes.  In  onr  ease  the  correlation  coefficient  | 
I  1®  determined  from  th©  expression 


(3) 


in  which  s  «  ABj  the  sense  of  the  angle  is  clear  from  Fig.  1. 
It  fcllo'srs  from  foraula  (3)  that 


Vi  Vt*  -*»*■  J  (|J®  -f  //')-2  p  exp  Uks  p  I  ]/~f  ^  /(»  ) 


(4) 


Eer©  f  is  th®  distance  ci)  (see  Fig.  l).  We  ohtain-the  express¬ 
ion  for  the  Qorrelation  eoeffic.i®nt  directly  from  (4)s 

R{s)  s=  ^2  "f-  —  2a  slna—  2 cosa)  'A .  (  5 )  , 

I 

Ib  ft5rffiula;  (5)  «^  *=  Zn^fA  ®  kg  .  Numerical  analysis  of  expresi,- 

ion  (5)  shows  t.hat,>  when  th®  distance  a  is  increased,  th©  correli 
ation  coefficient  decraasea  rapidly  ao  that  when  a  >  4-^  th© 
YQltagss  T.j  snd  considered,  uncorrelated.  In  the  ease 

j  of  baek-soattering  the  correlation  ooeffici®nt  R(s/‘  does  not 
depend  on.  th©  form  of  the  expression  for  the  ©.ffcctira  diaroetor 
of  hack- scat terinf  and  is  detoralned  only  hy  the  geometry  of 
th®  prohle-re, 

Back-soattsring  was  observed  a»,d  investigated  with  the 
aid,  of  6  transmitter  with  &  power  of  tbs  order  of  30  Kw  in  th® 
pulse?  the  duration  of  the  puls®  was  50  ffiicrosees  and  th©  work- 
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ing  fr6(iu®ncy  12  Me,  Tb.e  transmitting  antenna  oonsisted  of  five 
wave  dipoles  at  a  height  ^ /4  above  the  ground;  the  area  of  the 
antenna  array  was  25  m  x  50  m.  Measurements  of  the  altitudes  of  ; 
sos.tte.ring  regions  aixd  a  dete.raii'iation  of  the  degree  of  regularity 
of  the  ooexirrsnee  of  scattered  -signals  were  made  in  August  and 
September,  1958.  Observations  lasted  two  months  aro’ond  the  clock, 
for  a  period  of  20  minutes  at  the  beginning  of  each  hour.  It  was 
found  that  a  scattered  signal  may  he  observed  regularly  at  any 
time  of  the  day.  Throughout  the  period  of  observation  the  critical 
frequency  of  the  E'-leyer  of  the  ionosx'here  did  not  exceed  k  Me, 
i,e,  it  was  at  least  three  times  smaller  than  the  working  fre- 
gueney*  The  scattered  signal  had  a  low  level,  constantly  fluctu- 
ated  and  was  easily  distinguishable  from  the  irregular  meteoric 
"splashes".  The  scattered  pulse  was  sometimes  strongly  eroded; 
often  the  signal  was  observed  from  two  or  three  regions  at  once. 
This  shows  that  scattering  occurs  not  just  in  a  narrow  segment 
but  in  an  extensive  region  of  the  ionosphere. 

Pig,  2  shows  histograms  giving  quantitative  character- 
istios  of  the  altitudes,  at  which  8catte;r5.ng  of  radio-waves  was 
observed.  In  these  figxtres  we  have  plotted  along  the  vertical 
ax5.8  the  time  in  which  the  scattered  sign.al  ari'ived  from  a  defin- 
!  lie  interval  of  altitudes  (as  a  percentage  of  the  total  signal  j 

time).  Pig.  2a  refers  to  the  daytime  (1100-1400  hrs)  and  graph  j 
2b  refers  to  a  nocturnal  period  (OOOO-O50O  hrs).  Analogous  histo- 
;  grams  were  obtained  for  other  intervals  of  time.  It  follows  from 
the  experiments  of  Pineo  C ^  J  that  TJSVi/'  are  scattered  most  eff¬ 
ectively  by  regions  of  the  ionosphere  sitiiated  in  the  interval 
:  75-85  km,  Eckorsley*s  research  on  short  waves  gives  altitude 
values  close  to  those  shown  in  Fig,  2,  Such  a  difference  in  the 
altitudes,  obtained  for  ultrashort  and  short  waves,  can  be  ex¬ 
plained,  if  it  is  assumed  that  the  mean  scale  of  the  inhomogen- 
eitiea  increases  with  altitude.  Thus,  the  regions  which  scatter 
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i 


Ub%  most  €’ff eotiTely  will  be  $lti,iated_^Iower  fhaB  the  co^rTaapond«‘  ^ 
ing  ragiona  for  short  waYes,, 


i'‘'oM.ulas  (l)  and  (2)  permi't-us  to  evaruat^  the  effective? 
diameter  of  bacd:;"*sisatterin.g«  In  these  experiirients  the  power  W  | 
i  of  tne  S'oat tered  aigiial  at  the  reoei^er  input  never  fail  below  j 

■  the  noiee  ieTel  (according  to  our  figures  W  >  watte) «  | 

oabati  tuting  the  values  of  the  apparatus  parameters  in,  (1)  aind  1 

(2)  and  assuming  that  h  --  120  k:a.  b  10  k;nu  we 


«*  "ij  R  ’1  *«  i 

«>  -  ■'"  m  for  -4  25  M.,  On  the  baeis  of  th.e  abOTe  \ 

preliminary  results  it  may  be  stated  that  the  back-acatterijD.g  j 
I  cd.  raOi,xo-i^avte  by  the  ionosphere  is  a  regularly  obserYahle  phen-  | 
ome3ioai  and  that  the  acattering  occiura  in  a*  religion  whose  thlcknes^i 
is  of  the  OTd.BT  of  i0f20  km,  situated  at  mi  altitude,  of  901140  fei 
Measureia^fBt  of  the  magniixid.^  of  th,e  scattered  signal  al¬ 
so  Ti^aKc-S"  xt  po^>sible  %o  detoxTdiiiio  the  effecvtlTe  dlajirieter  of  back 4 
seat -taring,  whi.ch  is  of  great  sipnif  icanee  in  eomparlBg  exper 
mental  raeulta  with,  the  various  Tensions  of  the  theory^.  An  ex 
perii'ijental.  Terification  of  f omuls  (5)  is  importasit  for  oorrofcord 
ating  t.ha  meohaniam  of  seattering  in  Tertleal  ionospheric  sound-  | 
ing  at  f'requeno:ies  abore  the  03ritioal»  Moreoverj.  a  oompariaori  } 


■] 
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between  the  fluctuationfcl  chai’aotexistics  of  the  scattered 


and  the  speed  of  the  wind  in  the  E-reglon  of  the  ionosphere  may 
help  to  explain  the  part  played  by  turbulence  In  the  foiuiation 
of  ionoepharie  inhomogeru'^itieB. 
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ON  ESTIMATING  TEE  ACCEHACI  OP 
AN  ADIABATIC  INYARIANT 

Page  374-  376  Ibj  I.G.  Deni  sot 

The  Eotion  of  an.  electron  in  a  uniforiii  and  time-depend¬ 
ent  aagnetio  field  is  examined.  The  accuracy  of  the  adiabatic  in¬ 
variant  is  evaluated  on  the  basis  of  a  single  rigorous  solution. 

¥hen  &  charged  particle  moves  in  a  sloirly  varying  magnet¬ 
ic  field  H,  thoT’e  exists  an  adiabatic  invariant  ( 

**  i 

«  const  :  (1)  | 

! 

(t|  is  the  component  of  th®  electron  velocity  perpendicular  to  j 
the  direction  of  the  external  magnetic  field).  Yarious  evalu-  | 
ati#as  of  the  accuracy  of  this  invariant  are  to  be  found  in  the 
literature.  If  a  small  parameter,  characterissing  the  rate  of 
change  of  the  megnetic  field,  is  introduced,  then  the  adiabatic 
invariant  is  observed  oarrect  to  the  square  of  the  small  para¬ 
meter  [  ij-  In  C2J  it  was  shown  that  for  the  particular  case 
of  the  motion  of  a  particle  in  a  uniform  magnetic  field,  slowly 
changing  with  time,  the  adiabatic  invariant  is  observed  with  an  ^ 
accuracy  proportional  to  exp  (-A/a)  (A  «  const.,  a  is  the  small 
parameter  of  the  problem  characterising  the  rate  of  change  of  the 
magnetic  field) . 

In  th©  present  note  it  is  shown  that,  using  the  particuia 


r 


example  exa!'ftine<3  it)  /  ]^  these  evaluations  do  not  couiradic 

each  other  hut  refer  to  different  conditions. 

flis  iiifvtior;  of  an  electro.n  in  a.  ursiforTK  T!if:i|5vri,Et:ic  i.  ield  is 


desorihod  hy  the  e^'uatlon  (son.  fer  instanc 

r  4  ikr  +  hr  0, 


■  i  1  s 

5  .J^ 


(?-) 


‘ffhere  h(t.)  ®  en(t)/ac  is  the  gyrosiafrnetio  frequency  of  the  | 

electron,  r  x  +  iy,  x  and  y  are  coordinates  of  tne  electroji  in  | 
ithe  plane  perj.6ndic.ular  to  the  external  rBags-otic  fie-ld.  The  origiri 
:i'r  ==  O)  coi;icid:fc.5  'frith  the  axis  of  Byrnnietry  of  tl'ie  j.rooleB’.  (me  ! 
laxl  fy  of  the  solenoid)  ^  xhe  motioxx  of  an  electron  in  u  i  ^ 

I  i 

Lagnetic  field  ie  described  by  the  aolution  ^ 

I  r  ^  ^e-'-  ,  I 

:ue^  the  electron  goer  through  a  moTes^ient  arouna  a  c..LX-cle  0.1  s 

iradiuB  «.  The  magnetic  MoifCht  of  the  ciiTi'ent  'will  then  i 

e-rr*/2eh  ==  eh  const.  In  order  to  iirvestiyate  (>)  j 

in  the  case  of  a  variaol-e  raagnstic  field  h('t),  we  £.:)a.!.  1  t.uo-  I 

stitutcf  r  a  ezp  [  «  |  J  hdt  ]  and  bring  it  to  the  .forni  /  tV  I 

:  z  )  ! 

i  4z  4-  h^(f}  ^  -■  f*.  ' '  '  I 

i 

I'fit  UB  asnxrDc  that  for  the  int^r'^ral  of  time  from  t  to  t-.  vbe 
|f%mctiori,  }"X(t)  chanses  from  a  value  i'llt)  to  hj^(t).  'The  solution 
of  fjcuation  (3)  up  tc  the  mojAsnt  of  time  t^^  c.ari  be-  written  in  thc 


,f  orm  s 


z  =  ,4,  frsp  (f  ^  t )  -t,-  /( ,exp {-i  -1- 1  j  , 


(^0 


|tbe  c.:vf:f,ficj.en.t  A..  bei,n,g  put  equ-aJ.  equs.l  to  zero.  This  msaiis  tluat  ; 
initially  the  elcetron  t'arns  thremgh  a  circle  of  radius  trie  j 

center  of  which  lies  on  the  axie  of  the  solenoid.  In  euen  a  case  | 
solution  (d)  will  de-scribe  the  motion  of  a.n  electron  in  a  steady  j 
raagnetlc  field.  Here  it  is  convenient  to  introd'ace  tne  quantity  j 

ir  -  ’:2=h.V‘„-  I 


I 

\ 


Fto®  (4)  ve  finds 

\  ^5) 

In  the  interval  of  time  (t^,t^)  the  magnstic  field  variejs 
and  when  t  »  it  attains  the  eonstant  valua  h^.  When  t  >  th^ 

solution  of  (3)  is,  generally  speaking,  written  in  the  forsas 


c,  exp 


•f  r^exp 


{ 


(6) 


Her©  c,  /  0  and,  consequently,  when  t  >  t,^,  the  eleotron  will 
turn  through  a  circle  of  radius  Cg,  the  center  of  which  doss  not 
coincide  with  the  axis  of  the  solenoid.  Tlie  quantity  ^  will,  therj 

(7)  I 

Tbs  variation  may  he  cha.raoterized  hy  the  expreasron  i 


(8) 


Thus,  the  calculation  of  th©  change  in  the  magnetic 
moment  of  a  rotating  electron  for  a  drop  in  the  aagrietic  field 
reducss  to  finding  the  relationship  between  the  ooefficients  of  } 
solutions  (4)  and  (6).  Similar  problems  must  he  solved,  for  | 

instance,  in  Galculating  the  reflection,  of  plane  waves  from 
j  inhomogeneous  layers.  In  this  case  equation  of  type  (3/ 
deasrihee  the  propagation  of  an  ©lectromegnetio  wave  in  a,  layer, 
the  properties  of  which  vary  with  the  coordinate  t  ,  The  funotion^ 
b.(t)/2  represents  the  wave  nmher  and  is  proportional  to  tb^ 

;  en©r|?y  flu-i:  carried  by  the  wave.  Thus  the  coefficient  B  charaet-^i 
,  eriESE  the  leaking  of  a  wav©  through  an  inhomogeneous  layer. 

Consequently,  a  ohang®  in  occurs  when,  in  the  analogous  prob- 
I  lem,  there  is  reflection  of  waves  from  th®  layer. 

I  Let  us  find  the  relative  change  in  th®  magnetic  moment 


=  (9) 
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(where  the  reflection  coefficient),  baairxg  ourselves  on  the 

solution  of  lcnov?n  problonis  on  the  reflection  of  waves  fron  an  in** 

:  homogeneoTia  layer  /“3,7*  exa^xine  the  simplest  case  of 

a  txansitioaal  reg'lTns,  in  which  the  external  Biagnetic  field  varie^ 
I  according  to  tha  law  (transition  layer); 

(10) 

The  reflection  coefficient  for  such  a  layer  is  equal  to  /  5»§757 

(i~/ir)rijsh-2|--i(i4-]/T-7 )) :  (in) 

I  2.'*  I  {2a  ) . 


Since  h^  =  hf  -  h'^,  for  a  small  drop  in  the  magnetic 

O  n  1  . 


2 


2  ,.2  ''.2 


field  b^’  =  h!!;  -  h^  -<»=!»  2h,  /Ih,  Consequently,  the  parameter 
■a 

field.  When  p  1 


1  “0  '  -'1 

p  ■»ss2Ah/h-  characterizes  the  relative  change  in  the  magneuxc 


(12) 


However,  if  rrh^p/4a  4  1,  then  R 


(vrhj^p/^a)^.  In  this  case 

the  accxiracy  of  the  adiabatic  invariant,  for  a  small  change  in 
the  magnetic  field,  is  determined  by  the  square  of  the  small 
paz'amster. 

However,  if  for  a  given  drop  in  the  magnetic  field  the 
time  of  the  drop  increases  (a  ■— vO)  and  if  it  can  be  considered 
that  7rh^-p/k&  »  1  (p  1),  then  from  (12)  we  get; 

exp  (-  pTfh^/a)  (p  !•)* 

Thus,  for  a  small  drop  (p  «  1) »  when  TTh^pAa  «  7723  h/2a  «  1, 
is  observed  correct  to  (7rAh/2a)^  aiid,  when  zrAh/aa  >>  1, 
correct  to  exp  (-2  7fh^/a).  But  if  the  parameter  p  »  b'Ai 
not  small,  then  when  (rfh^Aa)  x  (1  -  Vl  -  p)  ^  1  the  accuracj^ 
of  the  invariant ,  in  accordance  with  (ll),  is  determined  by  the 

factor  exp  (jTh^/a)  "V 1  "  vj  • 

In  conclusicn,  note  that  analogous  evaluations  of  the 
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aeo^aey  of  th®  aiiatetio  iavEiriaat-  couIA  'bo  olstaiB®t  from  a  oal- 
jottlatiOB  Of  ibe  ooeffioieisli  ©f  r©ri®etion  tr-HTsy  imhomogeaeous 

I 
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TliE  EFFECT  OF  SPONTANEOFS  kADIATTOF  OF  'lAIF 
3PECTPAL  LINE  WIDTH  OF  A  M 
PBjreB  377-333 

It  IE  shown  thfjt  the  opectr&l  line 
a  moleci^lar  generator  is  composed  of  a  wa 
of  the  generator  c  ire  nit  arid  a  width  coni; 
from  spoivtaueous  molecular  radiatioiu  In 
is  equal  to  the  line  width  of  the  spontan 
molecule  in  the  generator  circuit  and  is  the  uaturat  tnrenhoid.  oi 
monochromatic  ooci  11a ti.on , 


In  /f' "  1  y  tne  author  found  the  natural  spectral  I  rue  wi.  d.ih  of  ; 

,  the  oscillaticno  of  a  molecui.ar  generator,  tak:Ing  into  account  lOermal. 

I  noise  in  the  cii^cuit  o.nd  the  slier  efioct  of  the  moIecuJar  iinr.  Thos 

t width  still  does  not  give  a  complete  ropresentotion  of  toe  1: muting, 

[naturaJ,  stability  of  the  generator,  sxx\ce  it  dlsrega^-'ho  nclso  aue  to 

spontaneous  molecular  rahiation*  It  taereforo  seems  apTU'OTiri  a  to  to 

determine^  within  the  framework  of  the  same  theory,  rho  effeo t  of 

spontaneous  radiation  on  fluctuations  in  the  arnpli.tude  and  f;requen*:;y  of' 

1  the  osciliationr  <;  ; 

{ 

\  The  question  of  the  spontaneous  radiation  of  a  beam  of  molecules^ 

in  a  resonator  in.  the  presence  cf  an  external  field  2.3  a!  present  su..ki..: 
without  a  rirorous  qimntum--r?]ecbantical  solutior:;.  Never  the  lees ,  or  one  , 
basis  of  existing  Vfirk  and  given  certain  simplifying  assumptlors  ,  wo  I 

i 

consider  it  possible  to  make  alternative  evaluations  of  npor r.;,;neouo  } 

radiation,  in.  inolcrn.  gen.erritoro  and  its  effect  on  the  Line  vru.ii.o  cx  'ie  i 
generator  osc  11 1  a t.i. on 5 ^  tlethodologiCva.liy ,  the  caicu.i,at,ion  02  iicctuatioAvS 
Lecture  at  the  1st  /Ql-Union  Conference  on  Statist:!, cal  Nad.i.oij;;a;7oics, 


ao:r 


1938, 


86 


in  oscillation  is  based  on  a  spectral  approach  CzJ  and  the  results  | 

!  obtained  in  while  taking  into  account  the  effect  of  thermal  ^ 

and  shot  noises  although  the  action  of  the  latter  is  introdir^ced  in  a 
manner  somewhat  different  from  that  adopted  in  1 J *  Ihc  first  sec tier, 

of  this  article  is  devoted  to  the  derivation  of  general  expressions  j 
connecting  the  spectral  densities  of  fluctuations  in  the  amplitude  and 
frequency  of  the  oscillations  vdth  the  intensity  and  spectrum  of  cir¬ 
cuit  and  spontaneous  radiation  noise.  Tlie  spontaneous  radiation  is  not 
connected  with  any  of  its  concrete  characteristics  or  the  genetic  mech-j 
j  anism  (coherence  and  so  on).  The  second  part  contains  a  short  review  o:^ 
the  conditions,  under  which  spontaneous  radiation  noise  occurs  in  gen- j 
orators,  and,  on  the  basis  of  an  evaluation  of  this  noise,  gives  an  | 
expression  for  the  corresponding  line  width  of  the  oscillations.  Such  j 
an  evaluation  may  prove  useful  in  the  experimental  investigation  of  | 
the  line  width  of  a  molecular  generator. 

1*  General  expressions  for  fluctuations  in  frequency  and 

amplitude.  | 

We  shall  consider  a  generator  coupled  with  the  load  across  a  i 
circulator.  In  order  to  talce  into  account  the  noise  due  to  spontaneous  1 

t; 

radiation  shall  make  it  correspond  with  a  certain  equivalent  emf  j 

'  ■  ■  r 

I  introduced  into  the  generator  circuit  and  having  a  mean  squarej 

spectral  density  Since  the  spontaneous  radiation  noise  is  | 

determined  by  the  number  of  excited  molecules,  still  not  undergoing 

induced  emission,  it  is  natural  that  the  emf  ^  (t)  and  its  spectral 

cn 

density  should  depend  on  the  amplitude  of  oscillation  of  the  generator 

a  (i.e.  ^  i 

o  cn  CXI  o  cn  o  I 

It  is  obvious  that  the  width  of  the  spectrum  of  spontaneous  I 
molecular  radiation  in  the  generator  will  not  be  less  than  l/rt 
where  is  the  most  probable  transit  time  for  molecules  in  the  cir¬ 
cuit.  Consequently,  the  frequency  of  the  oscillations  will  lie 
within  the  limits  of  the  spectrum  of  this  noise  and  the  spontaneous 
Irjidiation  noise  affects  the  line  width. - - - - - - 


8? 


The  equation  for  the  oscillations  of  the  generator,  taking  into 
!  account  spontaneous  radiation  noise,  is:  , 

I 

I  j  t  I  /  4  2  /**  _L.  5  » 


where  V  =  a^cos  (U^t  is  the  voltage  in  the  circuit,  is  the  natural 
frequency  of  the  empty  circuit,  is  the  average  frequency  of  the 
steady  oscillations,  is  the  emf  of  the  thermal  noise  due  to  the 

total  resistance  of  the  loaded  circuit,  Q„  is  the  Q- factor  of  the 

n 

loaded  circuit  cori’*sspo:^^ing  to  this  resistance,  £  =  -  i€.”  is 

the  dielectric  constant  of  the  gas,  depending  on  the  amplitude* and 
frequency  of  the  oscillations  close  to  the*  ti^ansition  frequency 

Let  the  natural  resistance  of  the  circuit  losses  be  equal  to 
and  the  resistance  introduced  by  the  load  equal  to  To  the 
resistance  there  corresponds  the  Q-factor  of  the  unloaded  circuit 
and  to  the  resistance  a  Q-factor  attributable  only  to  the 
loads  The  Q-factor  of  the  loaded  circuit,  corresponding  to  the  total 
resistance  of  the  circuit  r  =  r  r^,  is  equal  to  » 

O  ic  n  O  c 

Since  the  load  is  coupled  with  the  generator  across  a  circulator, 
the  emf  of  the  thermal  noise  in  the  circuit  will  be  formed  only 

by  its  self-resistance  i*e,  the  spectral  density  is  equal  to 

2  t«.  ’ 


where  is  the  temperature  of  the  material  of  the  circuit. 

The  value  of  the  dielectric  constant  £  is  a  function  of  the 

number  of  molecules  in  the  circuit  and  of  the  law  governing  their  dis- 

■tribution  according  to  velocity.  The  latter  may  be  considered  indep- 
1  , 

endent  of  time  and,  consequently,  £,  undergoes  fluctuations  connected 
with  the  shot  effect  of  the  molecular  flux.  Thus,  £  =  €  +  i4£(t);  the 
assuming  £'•  =  +  i4£(t)  and  taking  into  account  that  g.'  =  1  +  u^ 

where  u  =  vfe  get: 


r 


(/'I  it) {u  -■  /);  1  £  f  i  S  !*  4  2?  ^3'  it)  4  27'  &'/' (t). 


I  Substituting'  these  axpressions  irt  esquation  (l),  transfer-ing  f3.i;a'il 

\ 

I  fiuctuationaX  terms  to  -the  righ-t-hand  side  and  neglecting  quantities 
!  of  ths.  second  order  of  small.Rass,  we  get  (as.-sittirig  that  iV 


m  i  e 


\  c.  / 


j  wb..ere  for  brevity  we  ha%^e  written  ^^r(t^a-jV)  rs,  -f 

I The  emf  of  the  irniae  is  equal  tor 

I  it,  v)  —  As'’  (0  (« —  r 


t  'X  ''5 
V.  / 


I  4.  -4-  ^(t)  and  a  ^  a^(l  4-  being  fluctuations; 


Let  the  perturbation  so'lution  be  V  aco>sy,  v/here  4 

,  4-  and  a  -  a  (I  r  0- 

i,  ^  '  o 

!  then  (see,  for  example ^  /  Z  /): 

=  /^1  (f?,  «>)—  \  ?  it>  <(„  ,  (h  <-‘OS  t)  t  4*  ’ 

df  2^  ! 

j  (4) 


'Jh 


-r  ‘f  /L  w)  —  — ,  E  (f ,  , 4'io  COS  4')  COS  ‘\f  d  ^ 

dt  2  ^  ^ 


Isubstituting'  in  (4)  a.  =a  a  4  o(a  and  fUx  ss  du/Zdt  Aj  4  4  y(t)^ 

j  *  DO  <  O  1 

j  where  is  a  d^niamic  .frequency  correction  and  \l(t}  are 

[frequency  fluctuations^  after  expanding  in  series  we  get: 


ciii 


<.  P. 


w, 


p%  -4  L-t.  V  (/)  cos  ui  j  t)  Sin  d  r) : 

dt  ix^ 


2m, ^ 


{t)  =.  jri„  s  -  - - ri - i  :  ,  a„ cos  .ojO  cos  «.,?  t/ (<»,  /). 

\-~qy  2‘.a„i\-~~q,)  ,) 

0 


(o) 


I 


89 


A 


where  p  =  (<?A^/<?*a)^  ;  ^  q  -  *■ 

i  q  =  i&B.  / i>ai}  ^.J  .  Substituting  its  value  for  ^  (t,a  ,a  cos  iu,  t) 

I  JL  -i‘  W  ^  X 

I  and  integrating  /'  2j^,  we  get: 


da 


/?a  +  V  (0  —  As"  (0  -  -  ;  {t,  sin  t  ; 

df  «»  2  a. 


“rshlW 


(6) 


1-9,  2(1-9,)  rt«(l-9i) 


l{t.  <iu)cos»>, /, 


where  C(t,a  )  --  ^.J.t)  +  ^  (t,a  ).  Writing  ( o  /a  }  ^  (t,a  )sin  t4>^  t 

O  ivw  CKO  O  O  OX 

"•  ^  (t,&^)cos  w^t  =  and  separating  the  variables  in 

(6),  we  arrive  at  the  equations; 


da 

dt 

d't 


Pu® 


«>,.  As" 


»«,.  As 


( 1  U  - 

\  Co  (l-9i)/  « 

{pa  -  9a,) 


dt  2(1-9,) 


Pi 


■f 


1  -9i  1. 


Co(l--<7i)/  «0<1  -^i) 

ui(,  u _ d^d 

20^9.)  'll 

rfi, 

IV- 


in  v/hich  -  p  +  p^q/(l  -  q^)*  ! 

It  i.s  easy  to  see  that  pu  -  qa  the  shot  effect  of 

o 

the  molecular  flux  does  not  affect  the  fluctuations  in  frequency 

The  expressions  obtained  coincide  with  expressions  given  in/"lJ7»  if  ^ 

the  shot  terms ^  which  differ  in  form,  are  somewhat  transformed*  | 

By  solving  the  equation  for  the  spectral  components,  we  get  the  j 

spectral  densities  of  the  fluctuations  in  amplitude  and  frequency:  I 

} 

1 

♦  This  will  occur  if  the  absorption  line  itself  is  not  displaced 
with  respect  to  frequency  in  dependence  on  the  number  of  molecules.  In 
reality,  this  displacement  and  change  in  the  shape  of  the  line  do  exist 
:Z"3.y j  the  displacement  may  also  be  due  to  variation  in  the  sorting 
leystem  voltage*  Trie  effect  of  these  factors  on  frequency  fluctuation  may 
jbe  teken  into  account  by  introducing  corresponding  fluctuations  in 

using,  for  example,  experimental  curves  for  the  dependence  of  the 
jfrequencj  of  the  oscillations  on  the  gas  pressure  at  the  source  and  the 
jsorting  system  voltage*  - - - - - - - - - - - 


(2)  (2)  \  + 

/»o-f  4  \  •.  agil—qj  j 

+ ^  — Ts  (“»i"2)  -|~  («»,  -f-  2)  \ 

4^4  \  O0(i— *?i)  /  \  / 


W.  {2)  =: 


44  (i  -“^i)' 


4+2* 


(u*|^ii)+1KV  j  + 


{  k*42*  , 


2ggo8 

4+2* 


where 


^£'e  {®i  ±  2) «.  («>,  ±  a)  -f  («j  ^  a). 


(«>j4"0) 


If  we  taka  in.to  account  that  the  expressions  obtained  hold  true  | 

for  Q  <  C’^y  that  we  are  interested  in  the  spectrum  | 

U>^  (Hj  for  the  very  low  frequencies  SI  ,  defining  the  spectral  line  j 

width  of  the  oscillations  /T^y^  then  in  the  frequency  range  under  con-j 

sideration  SI  ^  0^  even  for  spontaneous  radiation  noise ^  it  is  suffic- j 

iently  accurate  to  put  *2^  (  ^a„  «•  iS.)  +  W  (  +  St)  s:  2  W  )•  ! 

on  X  cn  1  cn  1  j 

A  similar  equation  for  thet^mal  noise  will  be  accurate  when  ^  kT^  : 

K 

and  approximate  when^'ea  kT^.  Hence  it  follows  that  (24?/^  (  -  SI)  | 

-  ^  —  0  and  the  correlation  term  of  (8)  is  eliminated  | 

/  2^7*  Finally,  since  the  components  of  the  spectrum  pr‘oportional  | 

to  when  n  2,  do  not  affect  the  line  width  and,  moreover,  • 

41  P  ^  these  terms  may  be  neglected.  ; 

Substituting  values  of  the  coefficients  p^q,  presented  in  /"lJ7v 
;and.  talcing  into  account  that  a^'  “  where  is  the  power  of 

the  oscillations f  we  get: 


(vi—  1  —41*)®  4  {rr- 1 

_  4  M  +Hn 

Wv  ^’■rr  - - — ^ ^ — 

Cr  ■  4  rP^ 


4r 


(1  -f-  «*). 


^  In  this  term  in  /  1/  the  spectral  densities  -^)  and 

fi^re  wrongly  addedj  however,  the  whole  term  is"*‘also  dis- 
carded'^'on  account  of  its  being  small  and  vanishing  when  Jl  ««  0^. 
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. "1 

le  cross  j 


f  Here  ~  (8 « VS H Q„  is  the  excitation  factor,  S  is  the 

I  section  of  the  molecular  flux  and  the  area  of  the  circuit  ca.pacitor  | 

1  factor  equal  bo  unity)  ^  I  is  the  length  of  flux  in  the  capacitor 

I  f  circuit),  Q  ■,  -  is  the  '^Q'-fac  tor‘'  of  the  alcorLtion  j  ixie  of, 

!  '  '  .  "  ■-  .r;  o  I 

j  the  gaa  and  N  is  the  mmber  of  molecules  coming  into  the  resonator  per: 
j  second*  It  is  evident  that  in  (9)  the  quantity  is  equal  to  ; 


r  T^)  (if  the  circulator  were  not  there ^  then 

i. 


/r  k  6^(7  ,  )r  by  equal  to  the 


K‘  ■  '  R’  1 

spectral  power  density 


cn  i 

of  the  spoixtaTieoUE  radiation  in  the 


resonator  P  (  ia..  ,P  ,. )  at  the  oscillation  frequency  /if/'Ct)  - 

cn  X  '  '  : 

where  aift)  =  M(t)  -  M  is  the  fluctuation  in  the  number  of  oolecaies 

K(t)  in  the  generator  circuit.  In  accordance  with  /  Wm  spectrum  ^ 

®,(t)  is  equal  to  W  ™  12?'J  so  that 
■'  m  o 


a)  3/qJ:  h 


Taking  into  account  the  above  reasoning,  we  shall  have: 


V  3  _ 

'*'*  J  4yV  pj— 


Q.  P.  P- 


(10) 


/"i  .L'.( 

/  -y  Q 


'rhe  power  of  the  oscillations  is  determined  from  the  condition 
:> 

I 


•^pressing  J;*:  xn 
X  o  1 

In  Vae  limit,* 


u ,  wh ere  £  i s  t h e  amp  1  ?L t ud, e  o  :f  t h e  i n tens i. t y  o f 
o 

I  the  field  in  the  circuit  capacitor,  ecuaj  to  a^/ 1  .. 

^te.rD;,s  of  ,  v/e  find  that  1 

I  for  strong  excitation  (  1),  the  power  is  equal  to  Assuming 

jfor  the  sake  of  simplicity  that  the  generator  is  sufficiently  accur-* 
ately  tuned  (u  =•-  0  and  i-q  !!.v  ),  we  finally  get: 


^  a,  ^  (7k  «  • 

^  ’  N  h  Q*  4A'  n 

,,  ICPU!!*)  Si.  -1-  -f  . 

h  Qi  to  Aft'Wj 


(11) 


The  spectral  lino  v;idth  is  equal  to; 
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^  «»2)  Qm  .  Ptn  («»«  ,  /‘‘U.)  _ 1__ 

A  ..  r\  '  .a  ...  »r.-2 


Qo 


4jt  A^  % 


Note  that^  if  there  is  no  circulator,  the  ratio  Qj/Q^  i?.hould  be  replaced 
v/itlri.  ixnitya  i 


^ •  Quantitative  evaluation  j 

•  ( 

Since  there  is  still  no  accurate  theory  of  spontaneous  radi¬ 
ation  noise  in  a  working  generator,  we  can  only  make  certain  estimates 
of  the  spectral  line  width  of  the  generator,  connected  with  spontan¬ 
eous  radiation*  Nevertheless,  it  is  still  possible  to  make  certain  j 

general  conclusions  about  the  dependence  of  this  width  on  the  parameteps 
Since  the  width  of  the  spontaneous  radiation  noise  spectrum  cannot  be  \ 
less  than  1/yZ'V  ,  it  is  possible  to  show  that,  with  aii  accuracy  ! 

O  ; 

sufficient  for  purposes  of  estimation,  j 

.  2'Co  PcH 


i -I- («»*—»)* 


I 

condition  j*  Pen  (®)  Pew  3] 


:  This  expresaion  satisfies  the  normaliMtion  condition  J 
where  P  is  the  total  power  of  spontaneous  radiation  in  the  reson-  1 

CB,  ‘ 

ator*  ; 

1 

Without  limiting  the  generality  of  the  reasoning,  it  is  possible} 

to  assume  that  P  «  A?4P  "feox. ,  where  is  the  probability  of  : 

cn  o  o  I 

radiation  from  an  isolated  molecule  in  the  circuit,  M  is  the  total  | 

i 

number  of  excited  molecules  in  the  circuit,  which  there  would  be  in  j 

5 

tVie  absence  of  generation,  and  A  is  a  certain  factor  depending  on, 
ge.nerally  speaking,  the  power  of  the  oscillations,  the  O-factor  of  the 
circisit  and,  perhaps,  on  other  generator  parameters,  e.g.  the  number 
of  molecules  and  so  oji.  Such  an  expression  denotes  that  the  actual 
power  of  the  sponteneous  radiation  is  expressed  in  terms  of  the  power 
of  the  incoherent  spontaneous  radiation  M  which  the  molecules 

in  the  generator  circuit  would  have  in  the  absence  of  generation  and 
if  their  acts  of  emission  were  independent. 
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To  a  certain  extent  the  appropriateness  of  such  a  formulation 
may  be  based »  for  example,  on  the  follcvilng  considerations*  In  the  mole¬ 
cular  beams  ordinarily  used  in  generators  the  distance  between  molecules 
is  nmch  less  than  the  wavelength*  As  shown  in  fhjs  this  case  the  j 
radiation  from  individual  molecules,  concentrated  in  a  volume  of  the  j 
order  of  is  interdependent.  Tlie  whole  cluster  of  molecules  may  | 

be  in  a  state  of  coherent  spontaneous  radiation,  the  power  and  spectruip 

! 

width  of  which  differ  from  the  corresponding  values  for  independent  j 
molecular  radiation.  j 

The  intensity  and  spectrum  of  the  coherent  spontaneous  radiatioil 
of  the  cluster  are  defined  by  a  certain  cooperative  quantum  number  r  i 
for  the  whole  molecular  system  and  a  number  m  »  (M^  -  H  )/2,  equal  to  j 
half  the  excess  of  excited  molecules  in  the  cluster  concerned.  In  the  ; 
section  of  the  molecular  beam,  lying  in  the  generator  circuit,  j 

r  2K  m  M/2  (assuming  that  the  volume  is  of  the  order  of  or  less  than  j 
A  ■^)*  In  free  space  the  intensity  of  coherent  spontaneous  radiation  j 
from  such  a  cluster  is  equal  to  /"4J7:  | 


Per. 


Vo  ^  (r  —  m  4  1)  (-  4,  m)  r:  , 


(14) 


where  is  the  probability  of  spontaneoUxS  radiation  from  an  isolated  ! 
molecule  in  free  space.  As  is  kJiovm,  where  d  is  the  | 

dipole  moment  of  the  transition.  For  ammonia  radiation  at  A  c  1.25  cm 

“*7  i 

1«5  *  10  sec.  It  is  evident  from  (l4)  that  the  power  of  i 

o  j 

coherent  spontaneous  radiation  coincides  with  the  power  which  would  be  i 

i 

observed  in  independent  molecular  radiation.  The  most  intense  radiation! 

.  1  2  1-  ^ 

will  occur  when  m  0,  r  =  which  gives  P  -  fU  However,  > 

on  4  /  o  2  M 

the  width  of  the  spontaneous  radiation  spectrum  will  be  A  =:  j 

~  (see,  for  example,  /  i.e.  r  times  greater  than  the 

width  of  the  incoherent  spontaneous  radiation  spectrum  .  For 

ordimry  beams  r  =s  M/2  ^  0.5  •  10^  and  Af  —  12  cps.  However,  in 

c  n 

a  genei'ator  the  molecular  beam  is  in  a  circuit  with  losses.  Obviously, 
expression  (l4)  can  be  used,  if  we  take  into  account  the  fact  that  the 
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I  circuit  onlj  alters  the  probability  of  spontaneous  radiation  for  a 

i  molecule  lyinr.  in  it.  As  shovin  in  i  &  7<i  the  probability  of  spontan 
! 

i  eous  radiation  from  a  single  isolated  molecule  in  the  circuit 

i  in  the  absence  of  other  molecules)  is  equal  to  f  =:=  'T  /ouv 

t  '■  o  i‘-  o  n 


f  /  U  .!  }  V  ...  * 


v;here  v,,'  is  the  circuit  volume*  Th.us,j  In  the  absejice  of  oscillations  1 

•  K  •  ,  i 

the  tota3.  power  of  the  spontaneous  radiation  in.  the  generator  circuit  | 

la  obviously  close  to  P  M  T  li  ; 

It  should  be  noted  that  an,  analogous  expression  has  been  ob*-  ,  j 

tairxed  by  Poimd,  C'l  J  for  a  two-level  equilibrium  syatem  of  molecules' 

I  ix5  a  circuit*  The  treatment  was  thermodynamic ;  a  qviantum-mech.an.ioal  ’ 

}  expression  was  used  only  for  the  dielectric  constant*  This  ai-ithor  * 

j  obtains  a  cer-talrx  (ruantity  P  :::  30.^  which  shoald  be  , 

I  -  "  o  I  O'  hi  '  K’  I 

I  interpreted  as  the  probability  of  radiation  from  a  single  molecule  in  • 

I  ^ 

I  a  system  of  molecules  in  a  resonator*  For  o.rdxnary  condit.xone 

-  r 

P  Y--  Q/W  —  lOD  q'*'  *  In  generation  the  conditions  of  spontaneoua  = 
*  o  i  o "  #0  ■  "  I 

ra,dlatioT:i  change  sharply  and  it  is  natural  to  write  finally  | 


Pr 


^  Fo  h  tej  —  To  p_ 


(1.5) 


Here  the  coxiditian  of  smallness  of  the  spontaneous  radiation  .noise 
2A  T  P  !•*  on  which,  the  calculation  of  the  fluctuatlona  in  oaclll 

I  0  O  ’ 

1  ation  is  based^  is  assumed  to  be  fulfilled-. 


i  It  is  evide.nt  that  i:a  the  abaerice  of  generation  A  is  close  to 

I  uni  ty  and  that  in  generatiar*  it  may  obviously  be  considerably  greater  > 
1  thari  unity  depending  on  the  regime*  In  fact,  on  considering;  the  motion  i 
j  of  a  certain  part  of  the  beam  of  molecrules  in  the  resonator,  it  is  ; 
[possible  to  see  that,  thanks  to  induced  emissioti,  in  a  k;aDw.n  time  i 


x:ne  quantity  m  becomes  equal,  to  2.ero  and  there  ensues  a  state  of  '  | 
coJicrent  radi.atioa^  the  power  of  which  is  proportio.aal  to  the  square  • 
of  the  number  of  molecules  i.n  the  part  of  the  beam  concerned*  i 
I  'it^kiog  into  accoimt  (13)^  (15)t  we  get,  in,  accordance  with  (irH),| 


h  0*2 


Qo«A'"(T‘  ^  ■ 


(16) 


If  we  take  P  iSe  100^  =  1.5  .  10“^,  then  AF  =  0.5  .  10“^  cps. 

o  5  o  ’  on  ^ 

In  the  latter  expression  we  shall  reckon  that  the  abu^orption  line  vjidt 
f|  l/'/f:  T  and  M*  Then  we  shall  get  the  interesting  ex¬ 


pression  : 


AF  2  Ml  (4  4- iii. 

A»>2  M  Qo  z 


When  Ail  3  .  10-^  cps,  Oj^yQ^  ca:  0.05,  M  =  10^^,  300‘‘K  the  | 

"thermal'*  line  wi-dth  is  equal  to  A,F^  10**'’  cps,  i.e.  it  becomes  | 

coniparabls  with  the  line  width  due  to  spontaneous  radiation.  Ilje  i 

I 

line  v.ddth  may  be  reduced  still  more  by  coclinj:^  the  circuit  ' 
5  "  .  ' 

and  a  rational  choice  of  the  ratio  ^hen  ri  >  kly^,  then  I 

ti  toyi'  and  '  j 

Qo  Af  ?r  ; 


Thus,  the  minimum  limiting  line  width  of  the  molecular  gener¬ 
ator  is  equal  in  order  of  magnitude  to  the  line  width  of  the  radiation 
of  a  molec’ale  in  the  resonator ^ 

The  expressions  obtained  in  this  article  can,  we  are  convinced, 
soTYa  as  the  basis  for  the  experimental  investigation  of  spontaneous 
radiation  noise  in  a  generator  by  measuring  the  spectral  line  width  of 
i ts  03C i 11a ti ons • 
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m  TECHNIQUES  IN  ATOMIC  BEAM  RADIOSPSGTEOSCOPY 


Pages  3S4*»387 


by  L*L.  Myasnikov 


Starting  from  semi-claasical  theory  all  the'  fundamental  results 
of  the  theory  of  the  atomic  beam  magnetic  resonance  method  are  given 
•by  means  of  simple  evaluations* 


T]rie  atomic  beam  magnetic  resonance  method  with  separate 
variable  fields^  proposed  by  Ramsey  like  Rabi*s  method  (sea 

for  example  can  be  used  to  determine  spectral  absorption 

lines  lying  in  the  radio  range.  These  lines  may  correspond  to  trans-  j 
itions  between  atomic  magnetic  levels  in  weak  magnetic  fields,  \ 

between  levels  governed  by  quadrupole  interactions,  spin  levels  of  j 
molecules^  nuclear  and  molecular  magnetic  levels  in  powerful  magneticj 
fields  and  bo  on*  Limiting  ourselves  to  the  case  of  beams  of  atoms 
of  the  alkali  elements,  we  shall  consider  certain  conclusions  of  the 
simplified  theory* 

In  the  schematic  diagram  of  Fig.  1  an  atomic  beam,  emerging  fron 

the  oven  fl  ,  pau^.ses  in  a  vacuum  through  the  sections  A  and  B,  in 

which  there  are  formed  inhomogeneous  magnetic  fields,  serving  to  sort 

the  atoms  with  respect  to  state  (in  dependence  on  the  sign  of  the 

effective  dipole  magnetic  moisent)  and  to  deflect  the  sorted  beams. 

Between  A  and  B  there  is  a  section  C  with  a  uniform  steady  magnetic 

field,  at  the  beginning  and  end  of  which  lie  the  resonators  and  | 

excited  by  the  SHF  generator..^(jCBJlL..aiL,Jl2.a.,.^^  - 

*  Lecture  at  1st  All-Union  Conference  on  Statistical  Radiophysics, 
Gor^iy,  1958* 
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j 

For:  a,tOi^ri':^  v/ith  a  quari-tiiin  nuraber  for  tfie  electron  moment  of  mom-  j 
eutDi'n  eqnel  to  J  r  1/2  (the  alkali  elemeiit^^ ,  such  as  cesium,  1 

belong  here)  in  resonance  transitions  induced  by  a.  radiofreqaency 
field  the  sign  of  the  effective  dipole  moment  changes  and,  j 

accordingly,  there?  Is  a  coi'responding  change  in  the  direction  of  the' 
foi^ce  fAdB/^z  (B  is  the  magnetic  irid?.iCtion),  deflecting  the  atom  i 
in  the  inhomogeneous  magi'ietic  field.  In  the  case  of  uniform  orient- 
ation  O'f  the  inhomogeneous  magnetic  fields  it  is  possible  to  reduce 
to  a  minimum  the  intensity  of  the  beam,  pa£?.sing  through  the  system  I 
described  i:a  the  absence  of  a  variable  field  and  impinging  on  the 
ion  detector  I)  •  Ilianks  to  the  transitions  to  the  .second  state, 
induced  by  the  variable  field . (absorption ) ,  the  intensity  of  the 
ato.mic  beam  falling  on  the  detector  will  be  increased,.  Tne 
mothocV\  huBed  on  this,  is  analogous  to  Tepler^a  optical  method, 
in  which  tiie  optical  system  is  set  up  in  darkness  vyith  a  Foucault 
knife-edge,  so  that  when  the  refractive  index  changes  there  is  a 
7‘edi,3tribution  of  Intensity  giving  banos^  Fig*  2  shows  the  path  of 
an  atoiTiic  beam  in.  the  inhomogeneous  magnetic  fields  (the  broken  line 
indicates  transition  to  the  second  state);  the  a^xalogous  optical 
eystern  is  shown  below*  The  role  of  the  Foucault  knife-edge 
played  by  an  inhomogeneous  magnetic  field  in  C03::l jane t ion  v;ith 
sliding  diaphragems*.  It  is  possible  to  use  the  classical  anv^fiogy  with, 
^’refractlon^^  by  i.ritroducir4’;  a  certain  equivalent  refractive  index, 
characterizing  the  deflection  of  beams,  in  which  transitions  have 
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For  such.  traneitiorxB  resonance  must  occuri  the  frequency  of  the 

triable  field  in  the  resonators  must  coincide  v/ith  the  i 

! 

fr€^quency: 

»  (W.  -  Wj_)A  = 


where  is  the  gyromagnetic  ra tlo,^  fe  is  Planck constant^  1  and  2  i 

are  the  numbers  of  the  states  and  H  is  the  strength  of  the  steady  i 

o  j 

magnetic  fxeld.  ; 

Preserving  the  framework  of  semi-clasaioal  theory 5  we  shall 
introduce  the  notion  of  the  orientational  wavelength  for  an  atom 
traveling  with  a  velocity  0<  in  a  space  containing  a  uniform  steady  j 
and  a  variable  fiel.d*  This  wavelength  I 


where 
moment , 
magnetic 


is  the  reorientation  frequency  of  the  effective  dipole 
equal  to  amplitude  of  the  variable 

field)*  If  we  introduce  the 
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In  the  interva].  with  variable  fields,  having  a  total  length  2.  %  ; 

♦ 

there  should  be  a  ’^f?Lipping"  of  the  dipole  moment'  ,  i*e.  a  trans¬ 
ition  of  the  atovi  to  the  second  state,  dependent  on  the  original 
background  given  by  the  scattered  atoms  falling  on  the  ion  detector* 
This  transition  disturbs  the  minimum  setup*  It  is  therefore 
necessary  that 

2  I  ^  A/2 

Ihis  optimum  condition  leads  to  the  expression 

i  (HyH  )i/<x  =  7r/2,  ■  (1)  I 

O  1  o 

which  pr.actieally  coincides  with  the  condition  given  by  Ramsey 

2b  =  0.6  rr  . 

Here  iX  is  the  most  probable  velocity  of  the  atom  and 

b  ivl  1), 

where  (2  jvt  l)  is  the  matrix  element  of  the  interaction  energy, 

corresponding  to  a  transition  from  the  state  1  (m^  -  1/2)  to  the 

state  2  (m^  -  +  1/2).  The  quantity  b  is  equal  to 

b  <0  Hy2H  . 
or  o 

j 

Tlae  natural  width  of  the  resonance  line  of  induced  absorption  flows 
from  the  classical  uncertainty  relation 

toe  1 

where  the  width  of  the  frequency  spectrum  of  a  pulse  of 

duration  being  the  transit  time  for  an  atom.  The  spectrum 

width  /iv  n^ay  be  expressed  by  means  of  the  half  line  width 
measured  at  the  half-intensity  level:  I 

l/2t^  . 

*  Foughly  speaking,  over  the  length  the  phase  of  the  orientat¬ 
ional  oscillations  of  the  moment  will  change  by  n/2  and  after  _ 

again  by  -  -  — 


In  the  radioapectroacopic  method  under  consideration  the  intensity  | 
distribution  has  an.  interference  character-  The  interference  of  ori-  t 
entational  waves--,  oorrdni?  from  K  and  Bd  .  is  important  in  this  connect-] 
ion;  the  spectrum  ia  found  from  expanding  a.s  a  Fourier  integral.  f 
a  pulse,  the  duration  of  which,  is  equal  to  the  transit  time  betwesn  I 
resonators.  Ifeus,  ■  h/HK  and  the  width  of  the  maximum  Is  | 


2  A 


0.5  (X/L. 


This  practically  coincides  with  the  expre-ssion  2  A 
given  by  Ramsey* 


0.65  'X/L, 


Close  to  resonance  there  i.s  observed  a  sharp  interference  ; 

* 

pattern..5  giving  a  fev/  interference  bands  in  the  center  of  the  i 

co,ntour  of  the  resonance  line*  IMs  .  pattern  de'pends  on  the  shift  | 

in  the  phases  of  the  osoiilations  in  the  resoriatorsa  The  inter--  t 

.  ! 

ference  pattarms  obtainable  for  different  phase-shifts  can  be  j 

approximately  represented  as  the  result  of  a  shift  in  the  sinusoidal  j 

i 

iaitensity  distribution  close  to  resonance  for  a  definitve  vha.se  angle  | 

(in  dependence  on  the  mis  tuning  SI  V  v  (scfe  | 

^  *  i 

Fig*  3))*  This  effect  sxiggests  the  interference  of  bea.ms  from  two  j 

elements  of  a  spectrograph  (tv/o  slits,  two  plates  and  so  on)*  ?‘or  a  ! 

phase>-shift  of  the  band  is  displaced  by  ’/r/2^  The  ‘^period^^  of  i 

the  si.riusoid  is  approximateI.y  equal  to  4  «  For  aptese’-sh.i.f t  o,f| 

the  maximum  is  sViifted  by  2  A'v  •  ! 

Homewiiat  further  from  the  center  the  contour  of  the  resonance 

I 

line  has  the  Ixrrents  form,  the  width  being  determined  by  the  ex-  j 


pressxoxi: 


2  A'V 


which  coi.ncides  with  that  used  in  Rabies  method*  Thus,  on  the  contour] 
of  the  absorption  line  close  to  the  maximum  there,  is  superimposed  j 
a  sinusoidal  periodic  structure,  ma..king  possible  a  considerable 
increase  in  the  reBolving  .pov/er  of  the  radlospectroecope-,  This  co¬ 
incides  vd.th  results  of  the  detailed  theory,  v^orked  out  by  Ramsey, 
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EFFECT  OF  A  BOUNDARY  SURFACE  ON  OHE  FLUCTUATION  OP  j 

RADIOWAVES  PROPAGATED  IN  AN  INHOMOGENEOUS  MEDIUM  .  j 

■  'I 

Pages  388-39^  by  A*V*Man%  V*I*Gorbach,  S.Ya« Braude.  j 

I 

.1 

I 

Approximate  expressions  are  obtained  for  determining  fluctu-  | 

I  ations  in  amplitude  and  phase  in  the  near  and  far  zones  for  propaga-  j 
'  tion  in  an  inhomogeneous  medium  above  a  plane  boundary  surface.  There  | 

I  is  shown  to  be  an  essential  difference  in  the  dependence  of  the  in- 
r tensity  of  the  fluctuations  on  range,  wavelength  and  altitude  compared 
I  v/ith  the  case  of  free  space.  Theoretical  calculations  and  experimental 
findings  are  compared. 

I  '' 

i  A  number  of  papers  have  been  published  /*  1-7  on  the  theory  | 


of  the  propa.gatlon  of  electromagnetic  waves  in  an  unbounded  turbulent 
medium.  In  the  general  case  the  prospect  of  using  the  results  of  this 
work  for  propagation  in  an  inhomogeneous  medium,  bounded  by  a  boundary 
surface,  is  not  obvious.  In  particular,  experimental  measurements  of 
fluctuations  in  SHF  radiowaves  propagated  close  to  the  surface  of  the 
earth  show  that  the  basic  dependences  of  phase  and  amplitude  fluctua¬ 


! 

I 


tions  on  range,  wavelength  and  so  on  differ  substantially  from  those  j 
calculated.  Moreover,  existing  theory  does  not  satisfactorily  account 
for  a  aeries  of  effects  observed  under  these  corxditiona* 

These  considerationB  lead  to  the  conclusion  that  a  boundary 
surface  has  an  important  effect  on  fluctuations  in  electromagzietic 
I  waves  propagated  along  it. 
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3.*  We  shall  consider  In  the  a];'vj:jroxi?uatlon  of  gaornetrirai  o]>tic 


‘lltudo  ^nd  phase  o 

'f  l  odiowaves , 

prcr>ence  of  a  plan 

,e  born  firry  GUrfacOo 

.tai't  field  ot  thr 

roc  el  vi ‘Op  ooiiF  0  wll 

'c  (e.,  )  end  a  wave 

(e... )  reflected  froir  r 

y' 

:::i  -jj-  C*; 

th 


/:aexpf  ~/(“>^  1*i)U 


(?2  “|/?|exp( 
e  £exp  [■— y{«>^  .  '{')} 


:*exp  *—  /{>•»/?  — 

n) 


Here  P  9  are  thO'  iiiodulus  and  phase  of  the  Fresnel  r oi’ioctlor;. 

coefficient  R, 

Vh>  write  the  amrlitudes  and  phases  in  the  lollowin 


I  ox^jn : 


i  v;here 
1 

\ 

I  /  s. 


A 


£, 


/i'o,  -f-  .i£, (0;  -  X.2  +  A/:,(/);  E  ^  £,, -f  U); 

h  (0:  ”■  toi  +  “  't’c  i'  ^'1' 


'f 


ci.  ^  '"'oR 


'o’  %1  ^  V'o2  ’  9 


o 


are  rr^een  value 


n.d  A  il  and 

are  the  fluctuatlonal  conipO/Aento  of  the  cca’responion.g  quontj.ti^ 
For  the  cane  r..  (rig*.  1), 


ilffi  /-o«  *  1  ■* » 


/  ■.■■ 


en.d  introGu.cing  the  nclation 

^  ----  sp  ;  _ 


('0 


we  write  (1)  in  the  following  form  (onitti3>g  the  tire  /ouj.tiplier ) : 

/f  exp  (Ji)  (E^i  4-  exp  -  (£o,  4-  A/O  exp-  |./('fi  4  ■i'l'i)!  .  iS) 


) 

|l'i.  the  case  of  smalJ  flue  tuatiornn  wnen  ^  Ai'K?)  <iC  ^  t 

‘the  moan  aionlitude  F  ,:x:  F)  and  the  fluctua tioxis  Ah/'<  of  the  total 
I  .  -  o  "*  ^  o 

jfield  oo.tsic&  the  region  of  interference  n^irdrra  (  y.,  i 

\t  my  be  conpnted  on  tl;^_,lollvvd.ag.,approxi?na.t^- 


lOh 


»»(*?* 


j  expresaiOBB i 


Eq^.  2£<|j  sin  (ft/2): 

With  the  same  assitmptions  the  phase  of  the  resultant  signal  is 

9  =  ({(Q, -- :5r.  —  (r/2  —  <pi/2); 


2£'o! 


'I  X 

2 


(8) 

(9) 


Passing  from  rando®  variations  in  amplitude  and  phase  to  mean 
■  squares  and  considering  the  medium  isotropic  : 

•|A£,/£oj)®  =- (SC)®,  (9a) 

we  find  that 


2(A£/£,)*s&CAt,)*(!  )ctg*(f./2)  -f  (A£,/£«,)*(l  +  Rf  h 

21^)*  stc  (KEJ^ril  -»  Rb  )  ctg* (9t/2)  +■  (MT)"*!  1  +  % ). 

where  aM  are  the  correlation  coefficiente  of  the  amplituc2.e 
and  phase  fluctuations  in  the  signals: 

Re  ;  R^  = 

fi3K4ir  AjAs/A. 

( 

Note  that  in  obtaining  expressions  (10)  ve  neglected  ' the  smll  j 


terms 


A<j^j  &.B,  —  Af ,  A£i ,  Afe  A£,  —  A^, 


(11) 


v/hich  is  valid  corditicm  (3)  is  fulfilled  ^  . assuming  the.  medium 

above  the  boundary  surface  to  be  isotropic  £^3%^^* 

On  analogy  with  the  average  field  formulas,  obtained  on  the 
basis  of  an  interference  model  expressions  (10)  may  be  cob^ 

sidered  ^^eflectiDH*^  formulas  for  the  fluctuations*  It  should.be  noted 
that  these  expressions  degenerate  Into  formulas  for  ^^free  space”  when 
1*  (This  case  occurs,  in  particular,  when  the  angle  of 
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j  elevation  /y* irf/2  (see  Fig.  1)). 

In  the  region,  of  interference  minima'  23Tn)  we  have 

i  the  fol,low,ii/g  relatl-onships ; 

It  follows  from  (12)  that  in  this  case  the  relative  variations  in 
amplitude  tend  to  infinity  and  the  phase  f  may  assume  any  values. 

In  majcing  numerical  calcv\lations  as  a  first  approximation  it 
1  is  convenient  to  assume  that  the  fluctuations  in  the  amplitudes  and 
I  phases  of  the  individual  components  and  of  the  x'esultant  field 
(9^)  are  the  sMe  as  in  the  absence  of  a  boundary  surface.  Ihexi  fox^ 
a  correlation  function  of  pulsations  in  the  refractive  index  ^ 

^  of  the  troposphere  of  the  form 

—  (13) 

! 

where  I  is  the  scale  of  the  inhomogeneity  and  ^  is  the  distance 
bet'ween  points  in  space,  it  is  possible  to  get  /  2,3,/: 


('^a\ 

\  £oj 


\  £c!  / 


1.  -  V  ; 


(At,)*  ^  1  ) 


I  To  d^3*t ermine  ar-d  By,  we  turn  to  Fig.  1  *  It  is  possible  to 

ishow,  for  example,  when  s*p2)  ^  ^  ^3(2)  ^  ^  ’  that  in  the  lar 

bo;ae,  (D  1),  correct  to  terms  of  the  order  of  /  5,6_7: 


. .  . J  Vririiirifil - Tn^  '  i - 

A,4-A,  + 
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1;  Qisometry  of  the  coomunication  line 


In  this  case,  in  accordance  with  (14) 


I1S\ 
\E^i  I 


Then  expression  (10)  takes  the  form: 


'  If  )* = **^*?*^‘ [  ( ^  ^  t)  (f )  "t 


(14') 


i*e*  within  the  framexvork  of  the  assumptioris  made  for  propagation 

above  a  boundary  ^surface,  as  for  an  unboimded  turbulent  medium,  in  the 

far  zone  the  fluctuations  Ixi  ampli tilde  and  pha.se  of  the  resultant 

signal  a3:e  equal#  However,  the  dependence  of  the  intensity  of  the  • 

fluctuations  on  the  wavelength,  the  parameter  I  and  the  ra.nge  may 

then  prove  to  be  substantially  different  thau  for  free  space# 

Ib.  the  region  of  small  angles  of  elevation,  where  Vvedenskiy's 

p* 

known  ouadratic  forstula  (E  l/ri)  holds  for  the  average  field 
^  0  1 


and  when 


expression 


Ctg(fj/2)ssK{2/fj) 

[I  -  V,V2«Ai**)*>  l“h^(2/0 

(l6)  is  converted  to  the  form: 


10? 


i 


correlation  of  fluctuationvS  in  the  direct  and  reflected  waves  the 

square-law  decrease  in  the  average  field  with  distance  in  the  region.  j 

of  the  lower  lobe  may  be  accompanied  by  an  increase  in  the  intensity  | 

of  the  fluctuations  propoi'tioual  to  where  1  a  %  5  *  I 


2«  To  illustrate  the  relationships  obtFAined,  Fig*  2  shows 
calculated  dependences  of  the  intensity''  of  phase  f.l\ictuatiGns  on  the 
range  in  the  region  of  the  lower  lobe  for  different  values  of  the 
parameter  |.  v/hen  =  5  =  10  pi  and  2,  -  10  cm.  These  depend¬ 

ences  are  mormalii^ed  with  respect  to  the  value  of  the  fluctuations 
v;hen  10  km.  Bkperimeihca].  data,  obtained  from  three  experiments 

over  the  sea,  are  also  plotted  for  the  5-ake  of  comjrsrison. 


Fig.  2:  Intensity  of  fluctuations  as  a  function,  of  the  range 

F(r-,  )  =  (  )rxc  io  Vm  (h^  =:  5  m;  ~  10  m; 


io8 


la  the  troposphere  the  parameter  I  ,  an  B.Yera.ged  characteristic 


;  of  the  turbulent  processes,  varies  from  experiment  to  experiment  \>ritb,i) 

I  rather  wide  limits,  as  indicated  by  measur events  /  10,/^  From  this  it 
i  , 

follo^-rs  that  the  relative  dependence  of  the'  intensity  of  the  fluctu- 

ations  on  range  also  ought  not  to  remain  constant,  as -was  in.  fact 


observed  in  measurements  made  over  the  sea®  I 

'  i 

As  we  noted,,  taking  into  account  the  effect  of  the  boundary  \ 

surface  may  also  lead  to  a  substantial  change  in  the  frequency  depend¬ 
ence  of  the  intensity  of  the  fluctuations  compared  with  the  case  of 

free  space-?*  Fig»  3  shov/s  the  calculated  dependence  of  on  the  i 

v/av’elength  in  the  range  A  ^  1  100  cm  for  the  region  of  the  lower  | 

I 

lobe  for  h,.^  sa  5  m,  follows  from  the  figural'j 

in  the  range  meritioned  there  is  always  a  tendency  to'wards  a  weakening  j 
of  the  frequ.ency  dependence  compared  with  the  relation  (Ik)  proportion-: 
al  to  1/A^*  Ihis  is  due  to  the  fact  that  the  increase  in  the  fluctu- 


(B.tions  of  the  components  for  a  decrease  in  the  wave  proportional  to  1 

I  P  .  \ 

1,1/^  is  compensated  b;)''  a  change  in  the  angle  of  displaceme.nt  j 

Ibeteeen,  them  ( ’h-sinking*^  of  the  l.obe)«  j 

As  follov/s  from  Fig*.  5*  fixed  route  the  frequency  depend-  | 

jence  may  vary  substantially  from  experiment  to  experiment  ih  connectionj 
|w:lth  changes  in  the  parameter  I  «  As  I  inc;rea3e3,  this  dependence  | 

i  *  i 

japproaches  the  case  of  free  space  (equation  I 

I  We  shall  now  consider  the  dependence  of  the  fluctu-  i 

atioxus.  4  sbov/s  the  calculated  dependence  of  the  fluctuations  on  j 

ithe  quar<.tity  h...  for  diife;rent  I  whe:a  h.  ^  5  m,  r,  30  km  and  /!  | 

I  11.  I 

10  cm.  Fo.r  small  I  below  the  maximurr;  of  the  first  lobe  the  change  I 

(  2  ^ 
jin  the  intensity  of  the  fluctuations  is  inversely  pxroportional  to  hi  ;  I 

for  large  [  the  height  de}penderioe  virtually  degenerates*  Ho*wevci.r,  in  { 

bach  case  there  are  ^hioise  lobe”  minima  corresponding  to  the  maxima  of  | 

jthe  lobes  of  the  average  field  a.n.d  vice  versa « 

f 

j  According  to  our  measurements,  at  elevations  of  not  more  t'han  40 

peters  1  may  vary  from  3  to  30  meters  and . . . . . . 
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Fig,  Frequency  characteristic  of  the  intensity  of  the 
fluctuations. 


F{1)  -  (  1  rpaA»  I 

(hi  ss  5  Ti  30  KJ6t,  hj^  40  jk).  j 

\  I 

i 

In  the  general  case  the  space  delay  angle  depends  not  only  | 
on  the  wavelength,  range  and  heights  and  but  also  on  the  degree  | 
I  of  refraction  /  9^7*  Consequently,  a  variation  in  refraction  may  also  j 
I  lead  to  changes  in  the  intensity  of  the  fluctuations#  When  the  refract¬ 
ion  increases,  the  lobes  of  the  average  field  ’^sirJc^*  ^7^1 
perniitting  a  qualitative  explanation  of  the  experimentally  obsServed 
decrease  in  fluctuation,  with  increase  in  refraction  when  working  i.n 
the  region  below  the  maximurti  of  the  first  lobe.  Correspondingly ,  a 
change  in  refraction,  leading  to  an  interference  minimum  of  the  average 
field  at  the  receiving  station,  may  cause  a  sharp  increase  in  the 
nuctuatious  without  much  of  a  change  in  the  state  of  the  turbulent 
mediunu 

I  . . . . . 
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.  ■  . . .  'I I-  -  - IT  I  !■  I  Wl  ■  *  . ■  iw>..  I  I  '  1 

I  5,  Thus,  the  presence  of  a  smooth  boundary  surface  may  lead  to| 

*  a  substantial  increase  in  the  intensity  of  the  fluctuations  compared  | 
yith  the  case  of  free  space  for  identical  parameters  ^2  -  ; 

i 

of  the  turb'alent  medium «  i 

As  follows  from  the  formulation  of  the  problem,  this  effect  may 
be  substantially  weakened  if  the  mirror  character  of  the  reflection 
(1r!  €  i)  is  disturbed  or  if  we  use  high-directional  antennas,  capabK 


Fig«  h:  Height  dependence  of  the  fluctuations  ; 

FCh^)  *  degrees^ 

(h^  «  5  ®i  =  50  kruj  ^  =  10  cm?  straight 


lines  “  equation  (l4).) 


Ill 


X 


'  of  BCipsTB ting  the  dlr&ct  c^rid  vstV6'5*  Ir'v  particular ^  BXi  incrcaa^ 

;  In  the-  rou.giincsB  of  the  boundary  surfacO'  ,  l6-a9.airj.g  to  a  ^^educuiori  in  | 

1  ibe  iniencitj  of  the  reflected  wei'o  ((Rl  I)>  ouftit  to  be  accortp^r-* 

:  led  by  b  reduction  in  the  intercity  of  the  firctuaiionr .  efr,>ct  , 

I  itay  to  noted  in  rfiO a. curing  phane  i. i.uc tueiOLoinc  over'  tn,e  aea*  Gro^u j  i 

i  the  greatest  flue tuations  occur,  as  a  rule*  in  calm  weather  viien  the  : 
sea  ht?.s  a  mirror-like  surface*.  An  increase  in  the  state  o>f  agitation  ■ 

i 

of  the  surface  Is  invariably  accompanied  by  a  redviction  in  the  intora--  ; 
j  si  xy  of  the  tiuctus tiers « 

I  l!!  conclusion,  note  ti'.at  the  good  cuaiits-ti.ve  ^gre^ment  betweer,  ; 

i  c&i.exjlation  and  exx/eriment  confirtt;,'  the  riece-ssi'.y  ot  t&Kort;-;.  into  .acc'.'oric, 
j  the  effect  of  a  boundary  surface  ox).  flue  tuitions  ♦  katuralxy ,  tee 
results  obtained  are  imperfect  comr;o.red  w:j-.th  an  accuxuiio  suiution  Ox  ^ 
the  probleni  of  the  flue tiia lions  in  a  field  in.  the  presance  of  a  ■ 

boundarY  surface*  making  possible  a.n  evaluation  ol  the  ol  j 

a'C'p] ica bi'li t y  of  the  ajxprox.ifnaio  me'criori  aful  tb.o  a,ccuracy  ot  K.Cxt  \ 

estimates  madev  ]. t  would  be  most  desirable  to  soj.ve  the  wave  ^ 


xca. 


equation  for  a  turbulen.t  medi’um  taking  into  account  the  boundary  j 

j  conditions  for  a  spherical  earth,  eBpeciali^y  in  the  region  of  umbra  j 

I  and  penumbra,  v/here  the  geometrical  methods  used  are  iziappixcable;.  , 

yaiues  for  phase  fiuc t, nations  in  this  region  (beyond  the  limi.ts  of  the  j 
tbAxo  horizon.),  obtained  e.:<pcrir;;cnt'3t.ily ,  rcvcts.i  a  consrderai.Ly  rki‘..'.r6  i 

rapi.d  increase  in  the  fluctuations  with  distance  than  in  the  zone  of  i 


I  direct  visibility  1.  when  1  r/r. 
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ON  THR  COHRSLATION  OF  FLUCTUATIONS  IK  SMF  RADIO 
WAVES  PBGPAGATSi)  IN  AN  INHOMOSS'^EOUS  MEDIUM. 


Pages  395-399 


by  A.  *  V  •  Men  ’ 


lon.s=^'X tuLdiii5.1  corrals. t-ion  of  Hue tuatioriS  iu  tiis  neax  zoxi© 
is  det Griri.lriod ;  expressions  B.re  introduced  for  the  correlation  coeff 
icients  of  flue tuation>s  in  phase  and  amplitude  at  spaced  points  for 
arbitrary  orientation  relative  to  tne  soui'ce* 

! 

I 

1 

Ihe  propagation  of  waves  in  an  inhomogeneous  turbuletxt  medxxxm  | 
n  n(r^. t)  is  accosTipanied  by  fluctuations  in  amplituae  and  phase,  | 

the  statistical  p^roperties  of  which  are  characterised  both  by  | 

intensity  (mean  squares)  and  their  correlation  at  dxfferents  points 
in  space  *  Hesea.rch  /  1«7  y  has  mainly  been  directed  to  determin.Lng 
the  intensity  of  the  fluctuations  and  thair  correlation  along  I 

selected  directions  relative  to  the  communication  line  -  transversely 
and  in  the  direction  of  propagation:  in  the  latter  case  exp-ressions  ! 
have  been  determined  only  for  the  far  zone-  It  therefore  appears 
worthwhile  to  publish  some  results  obtained  for  the  case  of  arbxt- 

I 

vary  orientation  of  the  spaced  points  A  and  3  relative  to  the  source  j 
of  radiation  (see  Fig*  la)* 

1,  .First  we  shall  determine  the  correlation  of  fluctxiations  in 
the  near  zone  for  propagation  along  parallel  routes  of  different 
length  * 


■.MMWRacMiaMrt 


If  tha  inhomogsueity  of  the  medium  i©  not  great,  when 

¥=V4-p  if€l% 


i 

i 

i 

i 


(1) 


OB  coBditioB,  that  the  chsmge  in  phaae  aB'd  amplitode  for  wavelength 
(iistances  is  small,  in.  the  B,ear  zone  the  fluctuations  in  phase 

*  ♦ 

and  amplitude-  A(r)/A^  of  a  plane  wave  wa.il  be  respectively  Z^lj2j7  * 


where  ibe  phase  and  amplitude  of  the  wave,  kr 

are  values  of  the  amplitude  and  the  phase  delay  in  propagation  in  a 
homogeneous  miedium,  X  is  the  wavelength  and  trans- 

verse  teplacian  operator: 

dz^  (3) 

On  the  basis  of  expressions  (2),  (3)  the  correlation  functions  of 
fluctuations  along  two  parallel  routes  of  different  length  (se©  Fig« 

Direction  of  propagation  taken  as  the  x  axis*  . . 
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lb)  ars: 


r,  r _ _ _ 

J  £f  X,  j  {i  (x,)  {i  (X) 


0  0 


Tf.,  Tr 


X  +  ^ 

I 


iilfll 

dz'  J 


In  the  case  of  an  unbounded,  statistically  isotropic  troposphere 
described  by  a  correlation  function  of  pulsations  in  the  refreactive 


index  n  of  the  form 


(**  exp( Ar*/  *), 


where  At  ±b  the  distance  between  points  in  space  and  t  is  a  param¬ 
eter  of  the  cori'elation  function,  it  is  possible  to  get: 

-  ^  ^  ,v  (^) 


at  .. 

:  ^  Sk~^  f  j  exp  (  — 


(r|»/) 


(a  is  the  distimce  between  the  routes). 

Malogously,  the  correlation  of  amplitude  fluctuations  is 

deterBsined  in  the  same  approximation  from  the  expx*ession: 

rrv,«^l ^  ~ ^  ^ 

(6a) 

X  «xp(  ). 

On  the  basis  of  expressions  (6),  (6a)  we  determine  the  coeff¬ 
icients  of  spatial  correlation  for  longitudina.1  and  parallel  spacing 

wh.en  a  0  _  _  ^  _ _ 

5  r/r,  -  0,5) 

{^) 

;  and,  correspondingly,  when  =  r 

H.  Analogous  expressions  for_^tran8verse  correlation  coefficients 

sre  presented  in  iC7..JU - - — . .  ' 


Il6 


exp(  —  a*/"*):  =  exp(  «*2"‘  /"*).  (8) 


vi’here  ,  Ry  are  the  coefficients  of  longitudinal  correlation  of  th^ 
pbas«  ffiBd  amplitude  fluctuations,  Rt,  ,  B'^  ara  the  corresponding  j 
coefficients  of  transverse  correlation*  I 


The  expressions  obtained  for  the  correlation  coc^fficients  are  | 
illustrated  in  Fig*  2.  It  should  be  noted  that  if  the  correlation  of  | 

-  I 

the  amplitude?  fbJctuatlonB  decreases  more  rapidly  in  transverse  ; 

spacing^  the  opposite  holds  true  for  longitudinal  spacing,  when  the  j 
phase  .fluctuations  become  more  rapidly  decorrelaied*  For  example,  | 


Fig*  2  j 

i 

! 

for  longitudinal  spacing  the  correlation  coefficient  decreases  about  1 
O.Ji  by  0.88  r  for  amplitude  fluctuations  and  by  0»75>  r  phase  j 

fluctua  tions  r®.spectiveiy ,  where  /“2 

:  r^.Q,5nm.  (9) 

2.  We  shall  now  pass  to  the  detersination  of  the  correlation 
of  fluctuations  at  points  A  and  B  in  space  arbitrarily  oriented.  | 

’  relative  to  the  source  of  radiation  (see  Fig.  la).  Taking  into  account 
the  expressions  obtained  for  longitudinal  correlatio.n,  we  assume,  as 
I  ars  approximation,  con?p3,ets  cor.relatior!  of  the  fluctuations  at  points 
I  A  and  C  for  d  «  r,  where  d  is  the  distance  between  the  points, - ! 
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C  is  the  pi'ojecttor.  of  B  on  the  direction  OA  *. 

Then,  neglecting  the  difference  in  the  intensity  of  the  fluct¬ 
uations  in  these  points,  i»e.,  assuming  4i|  H  7*,  ^  v|;  ~  7*, 


sC 


we  hasf'^s 


O', /til'  Of *tc 

T,  >fi / 1  t  "n  / 1*  = /?T (‘icosa). 


(10)  i 


vi-here  R’  (d  cos<x)  and  R’  (d  cosk)  are  the  coefficients  of  trans-  j 

y  '  "r  ,  .  .  ‘ 

correJ^atlon  of  the  phase  and  amplitude  fluotuatioas  for  points  j 

spaced  at  a  distance  d  cos  «  j 

Note  that  expression  (10)  also  holds  true  for  the  far  zone  j 

(r  >  0u5  ^tI^V  A)  ^  since  in  this  case,  in  accordance  with  /  6,7^/,  j 

for  longitudinal  spacing  decorrelation  sets  in  even  more  slovily  than  j 

in  the  near  e-one,  | 

: 

Using  the  expressions  for  coefficients  of  transverse  correi*- 
ation  presented  in  we  shall  define  the  correlation  of  phase  ' 

fluctuations  in  both  zones  and  of  ampli.tuae  flue tuationss  in  the  far 

zone  for  intersecting  routes  (see  Fig*,  la)  and  arbitrary  orientation 
of  the  base  relative  to  the  source  when  d  r  in  the  form: 

l/r:  es  i  (f/cosa  //) 


(11) 


t/COS3t// 

It  follows  from  (ll)  that,  by  measuring  the  correlation  coeff¬ 
icient  of  the  fluctuations  for  different  orientations  ol.  the  base 
relative  to  the  source,  v^e  can  determin.?  for  given  ratios  d/  i 
experimental  values  for  the  ".scale  of  the  inhomogensilies",  char¬ 
acterizing  aa  iaViomogeneous  medium  in  average  terms. 

3.  In  using  phase  fluctuations  for  determining  the  parameter 

I  analogous  results  can  be  obtained  more  simply  by  measurdng  f].uctu- 

atione.  in  the  phase  difference  (instead  of  determining  the  correlatioiji 

“  'd7~ ^0.01,  for  example,  the  error  in  such  an  as.3umption 

is  less  than  for  phase  and  0.02,^  for  amplitude  fluctuations. 
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ining  the  mean  square  of  fluctuations  in  the  phase  difference  for 
different  orientations  of  the  basSj  nor  mailed.  \£i.tk  respect  to  its 
maxir?mm  value,  we  have  in  both  jr.ones:  *  ! 

# (a  rf/7)  ±1^®^  =r 

(tA  — t«l  I — Rab  {AMtt  ■"  I  -  ( /7'  i]2  d)  erf  {djl)  ( 12)  ‘  { 

where  is  the  minimum  value  of  the  correlation  coefficient 

corresponding  to  0<  0.  Graphs  of  this  function  are  given  in  Fig.  3 

for  different  values  of  the  ratio  d/Z  .  | 


^  m 


Fig.  3 


I  Measuring  the  paramster  I  by  rotating  a  base  of  fixed  length 

I  ' is  also  possible  in  this  case  for  a  given  interval  of  ratios  d/ 1  , 
for  exaiTjple,  when 

0.5  <  d/l  <  20. 

Actually,  when  &/l  4i  1  with  an  error  of  about  0.3  d^  i  sin^CK 


X 


rp 


i.e*  in  this  case  information  about  the  parameter  i  is  excluded.  In 
the  other  .extreme  case,  when  d/l  10,  for  0  <  cx;  <  « 

0  ■<C  ®  ®rf> 

.to  impea^tant  change  in  the  intensity  of  the  fluctuations*  greater  ! 

I 

than  109>,  for  example,  will  then  be  observed  in  the  narrow  sector  of 
angles : 

«rp  <  «  <  90°, 


where 


a,v==aicc  s(5v^//i0. 


(14) 


which  leads  to  an  increase  in  the  errors  of  measui'ement. 

In  conclusion  we  note  that  the  expressions  presented  are  valid 
for  the  probability  form  of  the  correlation  function  of  (5); 
however,  analogous  results  maj'  be  obtained  for  different  forms  of 
this  function*  if  the  correlation  of  the  pulsations  at  different 
points  in  the  medium  decreases  monotonically  vdth  distance. 
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m  MALOG  STUDY  OP  THE  EFFECTS  OF  lOISE  01  A  SILF-EXCITED 
.OSCILLATOR  WITH'  STROIG,  FEEDBACK 

Pages  400-407  By  P.S.  Landa 

A.n  eleotronic  analog  has  Been  used  to  find  asfunctiona 
of  the  noise  I’eTel  the  mean  times  taken  for  self-excited  oscill¬ 
ations  to  build  up  and  to  die  away  in  an  oscillator  having 
strong  feedback.  The  results  are  found  to  agree  well  with'thosj 
predicted  from,  theory. 

This  paper  continues  the  work  presented  previously 
/  1 J  on  certain  aspects  of  the  effects  of  regular  and  random 
signals  on  a  strongly  excited  oscillator.  We  /  have 
derived  approxims,te  expressions  for  the  probabilities  of  trans- 
itioxTi  to  and  from  the  excited  state  and  for  the  mean 'dwell 
times  for  the  two  states;  the  expressions  apply  if  certain 

i 

restrictions  are  imposed  on  the  external  signals  and  on  the 
p.aram.eters  of  the  system.  It  is  of  interest  to  see  to  what 
extent  those  results  are  usable  in  practice  and  to  obtain 

new  experimental  information  for  values  of  the  parameters  etc. 
not  complying  with  the  restrictions  (for  cases  to  which  the 
theory  may  not  apply).  Electrical  analogs  can  give  us  that  in¬ 
formation,  and  I  have  examined  the  problem  outlined  above  by 
msang  of  an  electronic  analog  machine.  To  this  end  I  have  used 
as  the  theoretical  expression  the  equation  for  turned-grid 
oscillator  free  from  grid  current  and  plate-load  reaction,  my 
object  being  to  be  able  to  coiapars  the  rc-oults  from  the  analog 


with  those  froa  theory,  The  grid  oharaot eristic  has  been 
j  approximated  by  mearia  of  a  fifth-potf&r  polynomisil , 

i 

f;  i 

?.r^:Tlou^ly  I  have,  polivt^d  out  ^  2  j  the  of  \ 

i 

using  an  analog  rather  than  an  actual  ostcillator:/  3y3te>n  for  | 
studlea  of  this  kirjU  The  ofcjeots  of  mj  work  have  been  to  verifyj 

I 

that  electrical  analogs  may  be  used  in  solving  problems  of 
statlfltios  -and  to  develop  methods  of  making  statistical  measure- 
mente  at  ve7.'y  low  frequencies  as  well  as  to  obtain  results  for’ 

I  partiei.jl ar  osicillator^. 

I  1*  Apparatus 

I  used  a  nomal  integrator  containing  non3.inear  ! 

■ 

unita  in  conjunction  with  sources  of  loir-frequenoy  noioe  and  j 
I  aina  v/avej?,.,  The  nois‘d  source  was  one  isade  by  Ro^nahoYskiy  ^  J  ! 

I  I 

I  at  the  Physics  Faculty  of  Moscow  State  University  $  tne  sine-wave  j 
I  source  ijras  an  S'U-2  oBCillator*  \ 

’  i 

The  self-  excited  system,  repreaented  by  the  analog  was  j 

I  } 

I  one  whoae  difforential  equation  is  | 

I  —  •  (l)  j 

I  !  "I 

jlB.  vrhich  ‘  ^  4a 2®  ^  and  K  (t)  is  the  noise  I 

the  inp’ut  to  the  system*.  I 

I 

I  The  mchlne  coordinates  and  time  £  6  are  j 

■  I  .  ^  I  ^  ;  Vfi  £  ;  Vz  —  -  ^ (0  ;  •:  / 

h 

liin  Y'hioh  cas©  the  ¥  all  have  the  same  dxmenslcrja  and  tb.»^  limit 

I  ,  s 

jcycle  of  the  systers  takes  the  form  of  a  circle)*  j 

We  may  put  (l)  in  the  form  of  two  equations  suitable  for 
use  ?dth  the  analo^c  namely 


UVq  Vi 
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-rr-*  (Of,  [!xVf--2'^VU  V'j+o.'a  Vf  sinwo /-f'J'o 


Pigure  1  shows  the  hlook  diagi*am  of  the  analog* 


//r 


~1  -yfr 


GO' 


dK^-2ax‘^ 


Pig«  1/  Block  diagram  of  the  analog  to  a 
strongly  excited  oscillator. 


The  parameters  to  be  oho sen  for  the  analog  in  accordancsj 
with  (2)  are  a)  the  time«--coBata.'nts  B;Cj^  =ss  l/ta^  of  the  integratoreji 

ca-n  be  assigned  any  value  (in  my  case  it  was  0#15>07  sec)^  | 
and  b)  the  gains  with  respect  to  the  inputs  to  appear  in  the  | 

Bummator,  namely  ^  2^>,  RCn  ;  k,  85^  RQi  K  ; 

k,  ^  vv  /?Ch-/V>  :  A,  ^  i«o  RCnlV:  ,  , 

xn  which.  IC  is  the  product  of  the  attenuation  factors  of  the 
multiplying  (nonlinear)  iinita^  V’|,  is  the  amplitude  of  the  sigrial 
I  from  the  sine-wave  source^  and  is  the  signal  (voltage)  from, 
the  noise  source.  The  factors  k2  to  can  be  adjustc^d  in 
laccordanc©  with  ariy  change  in  the  parameters  or  noise  level# 
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2*  Koise-Lerel  Measurements 

Quantitatire  results  that  can  he  compared  with  the 
theory  are  obtained  only  if  we  measure  the  noise  level  A  » 
which  is  related  to  the  spectral  noise  density  2x(  4)^)  at  a 
frectttenoy  4#^  by  £\J  the  relation 

I  measured  the  noise  level  by  means  of  the  system  shown 
as  its  block  diagram  la  Fig,  2,  The  signal  from  the  noise 
source  is  fed  to  a  narrow-band  linear  resonant  circuit  whose 


Pig,  2,  Block  diagram  of  the  analog  used  in 
the  noise-level  measurements 

fTe(iuer'.o,y  response  is  P  {o>).  The  voltage  appearing  at  the 
output  of  that  circuit  is  squared  by  one  of  the  nonlinear  units, 
the  equare  being  integrated  for  a  time  T.«  The  integrator's 

I 

j  output  voltage  Is 


;ia  trhiofe  ^2^  f  is  tli©  equivalent  paasTjand  of  the  circuit,  which 

is  defined  hj  ?  .  ■ 

^1  (<s)  df  =  F®  (»g )  A/ 

'i 

in  which  i©  the  transfer  factor  at  frequency  for  ths 

eyetes  as  a  whole.  Biat  factor  my  he  measured  on  the  system 
as  it  stands  hy  supplying  a  sine-wave  signal  whose  frequency  is 
0%  end  whose  eaplitude  E  is  known.  Hhsa  the  integrator's 


output  voltage  will  ha 


a  Tr£s/2', 


in  which  f  is  the  integration  time.  W®  eoahin®  (4)  and  (5)  to 


;  that 


*(«.£,)  T£l  kywn  «*|  V  •  ' 


W®  see  that  (3)  and  (6) 


us  that  the  nois®  level  is 


\-l--.k^gU,tirimUT,RCl&f.  .  (7)  . 

All  quantities  appearing  in  this  formula  are  accessihle  to 
direct  ffies,su%"OB'tent »  ^ 

I  made  msasureaeats  at  various  noise  levels,  for  which 
propose  th®  input  to  th®  sumator  was  kept  constant,  any  change 
■being  sa.de  in  terms  of  the  corresponding  gain.'  This  approach 
had  th@  advantage  that  the  errors  arising  from  measurements  of 
th®  noie©  Icval  (whieb  can  h@  as  larga  as  25'>^)  sre  eseluded, 
sine®  the  gain  can  b®  measured  with  an  error  of  only 

3.  lean  Dwell  Tim®  in  the  Ixoited  or  (Quiescent  State 

There  ar©  two  waya  of  measuring  the  mean  times  spent .in 
!  the  e:s©ited  and  quiescent  states.  The  first  is  to  meaeure  either 
such  tine  ia  terms  of  th®  mean  of  a  large  number  of  separst®  j 
measuresseats  of  the  time  the  initially  excited  (quiescent) 


4. 


oBcillatro  remains  in  the  excited  (quiescent)  state.  Those 
Eeasuresaents  give  as  the  probability  of  a  transition  from  the 
excited  state  to  the  other  state  during  a  time  qj"  ^  t  as 

in  whiesih  si(t)  is  the  nusiher  of  Beasurei^ents  in  which  the  tiise 
WES  found  to  be  C  t  and  K  is  the  total  number  of  laeasurenients# 
The  probability  ^(t)  of  the  reverse  transition  during  a  time 
€  t  is  expressed  by  a  similar  fomula*  Kow  theory 

\  ahc4^a  that 

/?{0  =  1  1  -r  (9) 

in  which  t,  is  the  mean  duration  of  a  train  of  oscillations  and 
IDI 

t„  is  the  mean  duration  of  a  quiescent  period. 

Provided  that  K  is  adequately  large,  we  can  verify  by 
experiment  that  (s)  and  (9)»  which  are  exponential,  in  foz'm, 
represent  (perhaps  within  certain  limits  only)  the  actual  prob¬ 
ability  distributions, 

The  mean  deviations  of  the  measured  mean  times  and  of 
p(t)  and  q(t)  sr®  controlled  by  K,  being  respectively 


f  fp 


_  ^ -^p I  7vr‘‘|/  pa\A/'“^)  ~V  Np  * 

I  recorded  the  duration  of  each  of  the  two  states  fifty  times 
for  each  aoise  le\*'el|  the  error  arising  from  the  finite  number 
of  readings  is  about  159^?  the  error  (in  %)  in  p  itself  being 

15  Vli-S/v* 

figure  3  shows  t,  and  as  function  of  A  for 
E  =  0,  =  98  sec”'^,  o  =  0.0895  sec”  ,  0(=  2.307  x  10  v  , 

and  yS  =  0.985  x  10“^  v”^.  The  amplitudes  of  the  unstable  and 
stable  limit  cycles  ware  ^  2k  v  and  R2  “  42  v  respectively. 
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t 


To  eatablish  the  extent  to  which  the  system  oorrespondeq 
to  the  apeolfied  Taluea  of  the  parameters^  I  recorded  an 
OBoillogTam  of  the  characteristic  2/3?^  which  I 

compared  with  the  theoretical  oiirTee^  The  two  curves  differed  B.t 
no  point  by  more  than  The  deviations  of  the  real  parMeterd 

from  the  specified  ones  cause  a  o>artain  ajstematie  error  in  the 
mean  times#  .which  error  does  not  depend  on  the  noise  levels. 


or  if 
I  above*, 
theore 

( ah oat 


■0 


4C.H^)  at  higher  noise  levels 


Relation  of  dwell  time  in  a  state  to  B.oi8e 
level  a)  Quiescent  state ^  b)  excited,  state | 
the  full  lines  derive  from  theory ^  the 
broken  ones  from  the  measurementa® 

The-  result®  obtained  in  [  1  ,/  .are  correct  if  <C 

A  ■■  59  V'  sec”'^  in  the  case  of  the  para®eters  quoted 

Pi^jure  5  sad  fshle  1  show  th8.t  the  mean  deviation  of  the 
fcioal  values  fro®  the  measui'ed  ones  is  about  l(^j  when 
<<v  iO  T  see”'^,  although  that  deviation  becomes  much  larger 


( 
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.Figures  4  and  5  show  p  (t)  and  a(t)  for  low  and  high 
noise  levels?  the  hroken  lines  represent  the  p(t)  and  q(t) 
predicted  frois  (9)»  tfe  see  that  q(t)  deviates  from  the  exponent- 
ial  diatr-ihution  law  hy  amounts  exceeding  the  limits  of  error 
jwhen  the  noise  level  is  hlgh^  whereas  p(t)  continues  to  obey 
ila.w»  The  cause  is  that  the  exponential  law  applies  provided  thatj 
{the  time  spent  by  the  imafi^e  point  in  the  low-probabiiit^^  region  I 


I  (near  the  threshold  of  excitation)  is  mnch  less  than  the  mean  f 
rti.Ti,e  spent  in  the  cpiiescent  state  3^  ox’  in  the  excited  state  j 


fl  J),  <5^:  .  so  that  condition  is  violated  in 

S..J  much  sooner  than  in 

The  second  method  of  measuring  tVie  mean  times  (which 
us  onlj/-  the  ratio  of  to  however)  employs  ex- 

ipressions  dex^lva'ble  from  ones  given  in  [  \  J  ^  namely 


WHicp  +  =  r  {A,  9)  dA  (i'i  ; 

(10)  j 

+  4c!»)  ^  I  ^  W  {A,  <^)  dA  df  , 

(11) 
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ia  W{A»^)  5.s  tke  statics^arj  probability  distribution 

satisfying  the  null  boundary  ooiiditioa* 

Slearras'eaento  of  tbat  dlfJtrJ.b'vr/iou  (see  5  J^) 

be  is,ai3@  by  !8.®aaa  of  pbotoaetric  aetko-if**  applied  to  a  photogTaphij 

yeoording  »ade  oTor  and  ad«Ruately  long  time  (a  tine  muoh  longer, 

than  t.  +  trt  )  of  thfe  phase  repreefentRiion  of  the  system 
Ik 

(Fig.  6)  In  fast  it  ms  difficult  to  a?Jce  a  recording  extendin 
0'VBT  R  period  80  longj  b'scauss  ©^osptional •  iteaeures  would  | 

haTe  been  U-aedfed  in  oj’dor  to  balance  out  the  drift  of  the  zero*  ! 
Th ores' oi'O  X  recorded  scr’?ferd  p;ictrixr®3  whose  total  exposure  tits®  i 
52  war.  11  hr  ■*■  tg^^  being  472 

obtained  Cjf^i  each  pattern  the  probability  distri¬ 

bution  so  obtained  satiBfios  the  oondi.tion  that  it  aust  vanish 
at  infini^2y'‘  (not  the  null  bouudar;/  coiadition)*  The  deviation 
from  tlu^  proper  distribution  is  slight  in  the  hi^-rprobability 
T'ar«re  ii‘  tho  noise  level  Ib  lov^  As  a  rcifsult,  the  error  in  one 
jicsu  times  is  (ju5.t&  asall* 


p  . 
ifc 


64'  Phase  pattei^  recorded  with  a  one-hour  exposure 


i 

(1 


J 


laade  measurements  with  7,  «>  6  t"s®c  * 

^  ^/(X  Kfas  not  obeyed  Yery  well 

^  _ n  X.  J  ^  X-TL.  X  X1L-  X.  I  Jin 


SO  the 


donditiori  A  ^  o was  not  obeyed  Tery  well 
(  (f/iX:  *=«■-  59  Y^seo"^)*  The  result  is  that  the  obtain© 

in  the  ttfo  ways  do  not  agree  at  all  well,  (the  first  way  g&Ye  | 
t,  /t  «  55A17  0.152,  whereas  the  second  gawe  0,256)* 

The  ^Xg;/*^giij5  theoretical  diatribution  satisfying 

the  condition  that  it  muat  be  zero  at  infinity  is  0»212j  which 
differs  by  about  20?»  from  both  of  the  measxired  ralues. 


I  also  measured  and  tg^  whan  an.  external  sine-wave 

aignal  was  present,  but  the  laistuning  could  not  be  kept  exaotly 

zero  on  account  of  fretiuency  instability  in  the  soxire®,  so  t.fee 

agreement  with  theory  was  only  Q.ualltattv6»  For  .ezsjapl©,  the 

values  I  obtained  for  E  0,126  v  and  'X'*  «  6  v  sec  where 

t,  »  42  see,  t,,  »  446  sec,  whereas  those  found  in  the  absence 
Im  ’2m  .  ■ 

of  the  signal  were.t^j^  «  56  see  and  «  405  seo.  These 
results  do  show,  however,  that  the  signal  facilitates  excitation 

My  results  indicate  that  the  thsoretical  methods  of 
calculating  build-up  and  decay  times  for  strong-feedback 
ossillators  are  applicable  even  though  the  ineixualities  iffiposin, 
restrictions  on  the  inputs  are  not  oom.plied  with  very  rigorous¬ 
ly,  Tlisory  gives  an  over-estiffiats  of  the  times  if  the  noise 
level  is  high. 

In  eonoiusion  I  wish  to  thank  S.F.  Strelkov  for  much 
aseietance  in  this  work  an.d  diploma  stxxdent  ¥.B,  Skoiaorokhov 
for  performing  part  of  the  experiment. 
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EXPERIMENTAL  INVESTIGATION  OF  TOE  EFFECT  OF  RANDOM  INTER¬ 
FERENCE  ON  SEI.F-OSCILLATOH  SYNCHRONIZATION  PROCESSES. 


Pages  4o8'-419 


by  loG*  Akopya.B 


Phase  and  ainplltnde  fluctuations  are  investigated  for  a  syn-  | 
chronized.  self’-oecillato):'  under  the  influence  of  random  interfez'ence*  ; 
Methods  of  directly  meaBuring  the  fluctuations  in  phase  and  eumplitude  j 
and  drift  from  the  mean,  frequency  are  worked  out*  The  experiment  is  i 
based  on  the  application  and  development  of  a  method  of  studying  | 
randojn  proce3sef3  with  the  aid  of  a  cathode-ray  tube®  In  addition  i 
to  steady-state  conditions  the  transient  process  following  the  cutting! 
in  of  the  synchronizing  signal  is  studied#  The  experimental  results  i 
are  compared  with  theoretical  calculations  made  by  a  number  of  authors,* 


Introduction 


The  study  of  the  influence  of  fluctuation  noise  on  a  synchronize j 
ation  process  is  of  practical  interest  in  cormection.  with  the  use  of  i 
synchronization  in  frequency  stabilization^  coherence  technique  and  j 
other  deidces*  Different  aspects  of  the  problem  have  been  studied  ! 
theoretically  in  references  In  jT  1 .7  Rytov^  using  the  small 

parameter  method  and  correlation  theory,  examined  the  behavior  of  a 
aelf-oscillating  system  under  the  action  of  an  harmonic  locking  force 
and  in  the  presence  of  small  fluctuations  in  the  syestem*  Rytov  finds 
valuevS  for  the  steady-state  dispersion  of  phase  and  amplitude  fluctu¬ 
ations  in  a  .self-oscillator  aixd  the  energy  ratio  the?  discrete  line 
and  continuous  portion  of  the  self-oscillator  spectrum*  In 
RcAyevskiy  and  Khokhlov  consider  the  x>hase  fluctuations  of  a  self- 
oscillator  ^  acted  on.  by  a  small  harmonic  force  and  quasi-monochroma tic 
iaterference*.  The  authors  found  the  conditions  for  iriaintaiaing  the 
synchronized  regime  and  evaluated,  the  phase  dispersion  for  .small 
amounts  of  detuning*  The  article  by  Stratanovich  jC 3  7  differs  from 
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P  the  preceding  papers  in  that  the  Einstein-Fokker  method  is  employed, 
enabling  the  author  to  make  an  investigation  without  being  limited 
^  to  the  case  of  small  phase  fluctuations  arid  to  find  the  laws  of  dis- 
;  tribution  of  the  phase  and  amplitude  fluctuations  and  also  the  dis-  j 

i  placement  of  the  mean  frequency  of  the  self-cscillations  due  to  the  | 

fluctuational  effects.  In  articles  { to  which  the  same  j 

atlons  as  above  apply,  the  lineax'isatlon  method  was  employed  to  study  j 
the  transient  processes  in  a  self-oscillator,  subject  to  the  action 
of  fluctuation  noise,  following  the  cutting-in  of  the  synchronizing  j 
harmonic  signal;  the  behavior  of  transient  dispersion  of  phase  and  j 
amplitude  fluctuations  was  investigated  and  a  study  was  made  of  the  ? 

effect  of  a  random  initial  phase.  Not©  that  the  problem  of  establish-  } 

ing  the  phase  of  a  self-oscillator,  synchronized  with  an  harmonic  sig¬ 
nal  w^rth  random  initial  phase  without  fluctuational  effects),  has  | 
already  been  studied  by  Kobzarev  under  similar  conditions  and,  I 

for  the  more  general  case,  by  Jjisitsian  Cl  J  with  numerical  Integra-  j 

tion  of  the  shortened  equations.  | 

Ttie  aim  of  the  present  work  is  the  experimental  study  of  the  j 
influence  of  random  interference  on  continuous  and  pulsed  synchron-  | 
ization  processes.  I 

i 

1.  Experimental  setup  ! 

object  of  investigation  was  a  low-frequency  tube  oscillator  | 

of  the  Thompson  type  with  a  grid  circuit,  working  at  a  frequency  of  i 
MO  kc.  The  (continuous  or  pulsed  synchronizing  signal  and  the  fluctu- 
I  ation  noise  were  fed  directly  into  the  oscillator  circuit.  We  there- 
\  fore  introduced  into  the  capacitive  and  inductive  branches  of  the  j 

circuit  small  resistances,  to  which  we  fed  the  signal  and  the  ’noise  i 

from  special  mxilti-tube  cathode  followers  with  output  resistainces  j 

of  less  than  10  dims.  A  noise  diode  with  a  three-stage  low-frequency  1 
anrpliLfier  v/as  used  as  the  noise  generator.  The  frequency  character-  | 
istic  of  the  amplifier  was  chosen  so  that  the  maximum  amplification 
ccrresponded  to  the  frequency  of  the  oscillator  being  investigated 
(4G  kc),’ while  the  bandwidth  was  about  50  kc.  This  made  it  possible, 
under  the  conditions  of  the  problem,  to  corusider  the  active  noise 
as  being 

The  experimental  se^tup  described  below  enabled  us  to  measure 
i  the  uaidimensionai  laws  of  distribution  of  the  pluise  and  amplitude  of 
the  Belf-osciliations  as  well  as  their  mean  frequency  and  the  differ¬ 
ence  between  the  latter  and  the  frequency  of  the  forcing  signal.  We 
shall  now  consider  the  measuring  method  in  greater  detail* 
a.)  Method  of  measuring  f ;iuc tuations  in  phase, 
j  The  block  diagram  for  phase  measurement  is  set  out  in  Fig.  1* 


I  Unfortunately,  this  was  published  in  an  obscure  journal  and  only 

I  came  to  our  attention  after  a  considerable  delay* 


Ill  to  iigure  Is 

v-  •  '  ^  I 

1)  A-P  oscillator? 

2)  Oscillatioa  stopping  circuit; 

3)  Oathode  followr; 

4)  lolse  generator; 

5)  Modulator 

6)  Cathode  follower 

7)  Test  oscillator 

8)  Solaaitt  trigger 

9)  Differentiating  device 

10)  H-F  gyachrooscillator  - 

11)  Phase-shifter 

I  12)  Schmitt  trigger 
I  13)  JJiffei"sntlating  device 
I  14)  Saw  toothed  voltage  generator 
■  15)  LO-4  osoillograph 
I  16)  Beam  displacement 

17)  To  recording  oathode-ray  tube 

18)  Input  S 

19)  input  T  . 

20)  Diaphragm 

21)  To  recording  cathode~»ray  tuba 
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A  s;;/Bchroni  eiigna.l  ^  ,  tftkex)  from  a  101«I  generator,  acts  on  the 

test  oscillator  across  a  cathode  follower*  At  the  same  time  the 
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For  the  cuantitative  evaluation  of  the  p^iase  fluctuations  we 
took  the  unidimensional  distribution  law  w(f).  Tiie  measureiriea.s 
are  based  on  the  very  fruitful  cathode-ray  tube  method  /  <5-10  /. 
liCt  UR  briefly  consider  the  measuring  technique «  In  iron.-  o,  -ue 
i''scillo5.ra'on.  screen  we  set  up  a  photoresistance  vatn  a,  diaphragm, 
enabling  us  to  record,  in  terms  of  the  magnitude  of  the 'current  ; 

flowing'^ through  it,  values  of  the  average  brightness  of, points  on  ; 
the  screen  at  different  levels  of  the  saw-toothed  voltage  (xur  differ- 
eiit  1  proportional  to  the  probability  densii.y  if^)  song^ 

•As  tLlmr' readings  id.th  respect  to'  points  is  a  long  and  laborious 
process, “an  automatic  record  of  the  distribution  law  is  obtained  by 
using  an  additionaf.  cathode-ray  tube  /  9-7t  'til®  distribution  .a,w 

being  photographed  directly  from  its  screen  to  a  known  scale, 
■fwi  -■<,  Fhovrs  how  this  device  v.>orks.  On  displacing  the  electron  beam 
in'the  main  oscillograph  with  respect  to  the  vertical  there  is  a 
synchronous  displacement  of  the  beam,  across  the  diaphragK  and  the 
photoresiatance,  in  the  aiociliary  cathode-r.ay  tube,  the  plates  of 
which  are  connected  at  c.<3nstant  voltage  with  those  of  the  ^.in  tube, 
while  a  voltage  proportional  to  the  current  passing  through  inepho-o 
resistance  is  supplied  to  the  second  pair  of  plates.  As- a  result, 
the  beam  of  the  second  tube  traces  the  required  distribution  law 
Ktf  ^’ )  on  the  screen  ,  where  it  is  photogra.jjhed , 


Fig.  5 
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A 


b)  Method  of  measuring  amplitude  fluctuations- 

The  block  diagram  for  amplitude  measurements  differs  from  that 

shown  in  Fig*  1  in  that  the  oscillations  of  the  oscillator  being 

tested  are  fed  across  an  output  cathode  directly  to  the  Y- 

input  of  the  oscillograph  and  at  the  same  time  across  a  four-period  j 

dcaay  line  6*25  microsecs.)  to  a  Schmitt  trigger,  the  | 

delay  | 

pulses  from  which  are  differentiated  and  fed  to  the  Z-input  oi  the  j 

oscillograph.  As  a  result  the  peaks  of  the  voltage  being  investigated  j 

are  brightened.  In  the  absence  of  noise  effects  all  the  bright  spots  | 

lie  on  a  single 'horiaontal  line  (Fig.  4a),  the  height  of  which  correa^l 

ponds  to  the  amplitude  of  the  self-oscillations.  Introducing  fliactu-^  i 

ational  effects  led  to  an  erosion  of  the  deltoid  amplitude  distributioin 

to  a  certain  finite  distribution  '^(A),  which  was  also  measured  by  ; 

the  cathode-ray  tube  method.  Fig.  4b  shows  an  oscillogram  for  a  self-; 

oscillator  subjected  to'^fluctuational  effects.  •  .  j 


Fig*  4 


c)  Investigation  of  transient  processes.  ; 

The  processes  of  establishing  phase  and  amplitude  in  a  synchron-j 
l2:,ed  self'-oscillator  were  investigated  by  means  of  the  same  setup,  j 

with  the' sole  difference  that  the  test  oscilltitor  was  synchronized  j 

not  by  means  of  a  continuous  radio  signal  but  but  by  means  of  square 
pulses,,  formed  from  continuous  oscillations  of  the  lOl-I  generator  i 

\  in  a  spoeial  balanced  modulator  .with  a  very  short  settling  time  j 

I  c^un.lpared  with  the  period  of  the  oscillations.  A  slave  sweep  voltage,  | 
tr:i.gge;rc:d  by  the  leading  edge  of  the  modulator  pulse,  was  supplied  to  j 
the  horia'.ontal,  deflection  plates  of  the  main  oscillograph  (see  P'ig*  3)^ 
The  duration  of  the  sweep  was  calibrated  with  the  aid  of  time  markers. 
The  distribution  laws  were  recorded  exactly  as  before  but  at  differ¬ 
ent  sections  of  the  sweep,  corresponding  to  different  moments  of  time 
after  cutting  in  the  synchronizing  signal. 

Considerable  difficulty  was  experienced  in  establishing  experi¬ 
mentally  random  initial  phase  of  the  synchronizing  pulses  relative  to 
i  the  sei.f-oscillations*  It  can  bs  shown  that  even  when  the  repetition 


138 


rate  of  the  radio  puls< 
In  the  absence  of  nois- 
lot  var'^ixi':  from  pulse 


multiple  of  the  ca.rr 
constant  initial  pha 
fk  established  and  ih 


ik^ieeial  CK-suilatlon  sto 
pulse,  as  a  result  of  w 
Lple  of  the  carrier  fre 
pulse  to  pulse ^  going  tnrougn 
Illustrate  this  Fig*  5^' 
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;surxng  irequency* 

phase  jumps  of  a  period,  du6>  to  fluctuations, 
of  the  mean  frequency  of  the  Belf^oacillator 
icy  of  the  forcing  signal*  The  relative  rnagni- 
^nt  is  rather  small,  since  it  constitutes  only 
iror*ii-:.ation  band*  Hence  it  is  clear  that  the 
^red  with  sufficiently  high  accuracy,  in  order 
;):r  does  not  obscure  the  effe-;ct  being  Inysstigate 
rii5niiig  bandv/idth  is  of  the  order  of  10“”^  of  the 
acy  displacement  effect  of  the  order  of  ICr^f  of 
,  it  is  necessary^  to  have  an  accuracy  of  ire-- 
not  less  than  10**'^*  Moreover,  as  a  result  of  the 
base  ji',rnps,  the  frequency  displacement  has  a 
and  cannot  be  detected  by  separating  regular 
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1 beats  between  the  two  frequencies.  All  this  determined  the  method  of 
i  frequency  measurement,  the  block  diagram  for  which  is  shown  in  Fig.  6 
!  The  oscillations  of  the  test  oscillator  are  converted  into  pulses 


I  Cathode 
Ifollower 


Ho  lee 
generator 


!  Cathode 
Ifollotfer 


Test  os-i 
dilator 


Scbialtt 

trigger 


Synchro  osJ  Quartz  ^  Thyratrori 

dilator  I  chronometer  ~  fstarter 


Differentia¬ 
ting  circuit 


Counter 


'which  ars  fed  to  the  input  of  an  electrordc  comter.  The  electronic 
counter  is  sterted  and  stopped  in  time  with  a  quartz  chronometer  by 
means  of  starting  and  stopping  pulses,  generated  by  a  special 
thyratron  starter,  actuated  by  depressing  a  push-button.  The  quartz 
chroiiOiaetei^  consists  of  an  electronic  counter,  which  counts  the 
mi/siber  of  periods  of  a  high-stability  quarts  oscillator  with  a  period 


of  0,2.'?  ffiicrosecs.  The  frequency  measurements  are  made  by  cutting  in 
the  self-opci.! iator  period  counter  and  the  quartx  chronometer  for 
00  -  50  sascnds,  after  which  the  mean  frequency  of  the  self-oscillat- 
icjis  is  .calculated  from  the  readings  with  great  accuracy  (10**5).  The 
period  counter  was  a  semiconductor  triode  binary  counter  with  a 
resol vj.ng  power  of  10“5  secs,  and  a  single-cycle  co’unting  capacity  of 
The  nuffiber  of  cycles  during  measurement  was  totalled.  The 
counter,  which  fornseri  part  of  the  chronometer,  consisted  of  a  decadic 
u'.lcjcti-on  tube  counter  with  a  cycle  capacity  of  4.10^,  fitted  with  a 
ffiachanlcal  coiyiter  for  recox’ding  the  number  of  cycles  (seconds). 


Basic  results  of  the  theory 


The  experimental  results  obtained  in  the  present  work  were 
compared  directly  with  calculations  made  on  the  basis  of  previous 
papers  /* 5-7  It  would  therefore  be  convenient  to  give  a  brief 
i  account  of  these  calculations. 


The  behavior. of  a  self-oscillator  with  a  loop  in  the  grid- 
circuit,  acted  on  by  an  harmonic  synchronizing  force  and  subjected  to 
stationary  normal  fluctuation  (t),  can  be  described,  according  to 
by  means  of  a  system  of  "shortened"  e^^tions;  ■ 

^  '  (1) 

*-.A 

.  -j- 

This  system  is  valid  on  condition  that 

£/2A€1;  f  f 


Here  A  and  ^  are  the  amplitude  and  phase  of  the  self-oscillations, 

A  is  the  amplitude  of  the  unperturbed  self-oscillations,  §  « 

-  HG)/2  is  the  linear  part  of  the  system  increment ,  ^ 

is  the  amount  of  mistuning,  1/j?  =s  where 


*  (w) : 


X  cos  »*t  rft 


is  the  spectral  density  of  the  fluctuation 


force  and  auxiliary  independent  normal 

random  function's  with  a  zero  mean  value,  having  the  correlation 
function  ^  ^  2% 

Imposing  additional  conditions 

E«2A.l/m;  (5) 

zik) 

on  the  magnitude  of  the  synchronizing  force  and  the  fluctuational 
effect  makes  it  possible  to  simplify  system  (1)  still  further,  by 
substituting  for  A  in  the  phase  equation,  and  by  solving  the 
corresponding  Einstein-Fokker  equations  to  get  the  laws  of  distrib¬ 
ution  of  phase  and  amplitude  of  the  self-oscillations.  The  law  of 
phase  distribution  then  has  the  form  (see 
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W  («)«■  exp(^4-Oocosy) 

(D, 


>sy) 

'^)l*  J 


exp{— Z>i  — Docosf)  </6*  (5) 


Here  D  =  ^A^A;  D  =  ,  where  A  =  ^B/2A  ,  and  I.^(D_)  is 

0  0  0  0  o  O  ID  o 

a  Bessel  function  of  imaginary  order  and  imaginary  argument* 

We  investigated  the  dependence  (5)  for  different  values  of  D 
and  by  numerical  integration  in  a  *^Strela*’  electronic  computer 
in  the  computer  center  of  Moscow  State  University.  Fig*  7a  shows 
some  of  the  curves. 


The:  lay  of  amplitude  distribution  for  steady-state  self¬ 
oscillations  was  found  in  in  the  form  of  a  conditional  distrib¬ 

ution  for  fixed  phase  values: 


m 

o  o  o 

Here  N  is  the  normalization  factor,  X(6>).  However, 

experimentally  we  can  only  measure  an  unconditional  law  of  amplitude 
distribution: 

#* 

WM)  =Jw,(i4)  »(<?)</?. 

„  -  ■; 
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I  We  were  able  to  evaluate  this  expression  for  the  particular  case  of 
'  zero  misturdng  D  =  0.  Then 

i  ri-(/^/y4o)  rx  (AIAd)  exp  {{AfAo  f  —  I]*]  /»  |A>  0  (8) 


The  normalization  factor  for  1  and  ©  ^  1  has  the  form. 

N  vs:  In  the  remaining  cases  the  normalization  factor  was 

determined  graphically.  Some  tsX^/A^)  curves  are  shown  in  Fig.  7». 

If  in  (5)  we  neglect  the  effect  of  the  synchronizing  force  on  the 
amplitude  distribution  (which  occurs  when  >  D^),  the  distribution 
law  (5?)  becomes  unconditional  and  assume  the  simpler  form: 

^(AIA^)=  - - — (^Me)exp(-e*KA/>to)*-“ll*J.  (9) 

^©/^(l  +  erfO) 


Here  erf  6  is  the  error  integral. 


Disruptions  of  synchronization,  due  to  the  effect  of  noise  and 
expressed  as  phase  jumps  by  a  Whole  number  of ^periods,  lead  to  a^ 
displacement  of  the  mean  frequency  of  the  oscillations  of  the  seli-- 
oscillator  relative  to  the  frequency  of  the  synchrorxizing  force  of 
magnitude  .  ch 


Owinr  to  there  being  no  tables  of  Bessel  functions  of  imaginary  order, 
and  imaginary  argument  in  the  Soviet  literature, _ only  the  asymptotic  . 
of  expression  (10)  was  investigated  in  /  3,/.  Using^ tables 11, V  I 
enabled  us  to  investigate  the  behavior  of  the  function  (10;  in  aetaii^ 
Fig.  8  show.?  the  dependence  of  the  frequency  disp].aceffient  on  the 
quantity  D,  proportional  to  the  niistuning,  for  different  signai-to-  | 
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Not  having  the  opportunity  to  discuss  the  transient  processes 
in  a  self-oscillator  in  any  greater  detail,  we  refer  the  reader  to 
papers  /C J iri  which  the  results  are  reduced  to  formulas  and  , 

graphs.  j 

«.  i 

3.  The  experirrsental  results :  discussion  i 

Our  problem  was  to  investigate  the  behavior  of  a  synchronised  ; 
tube  oscillator  subject  to  fluctuation  noise  and,  comparing  the  j 

•results  with  theory,  to  determine  the  limits  of  applicacility  of  ^  j 
the  theory  evolved  in  /'2-6J7,  which  was  based  on  certain  simplifying', 
hypotheses.  We  shall  now  present  the  fundamental  results  Ox  the  ! 

experiments.  .  4.-  1 

As  the  experiments  sho'wed,  the  stationary  phase  tluctua„ions  j 

in  an  oscillator  with  a  relatively  large  signal-to-noise  ratio  ; 

(D  »  1)  and  a  small  amount  of  mistuning  (D«.D^)  have  an  almost  | 

normal  law  of  distribution,  when  condition  (4)  is  fulfilled.  With  ; 

a  reduction  in  the  signal-to-noise  ratio  and  much  mistuning  {D  | 

the  distribution  lav;  becomes  more  and  more  distorted, ^deviating 
from  the  normal.  Comparing  the  experimental  results  with  expression  j 
(5)  revealed  good  agreement,  not  only  when  conditions  (3)  and  (.4)  j 
were  fulfilled  but  also  when  they  were  seriously  infringed.  In  the  | 
latter  case  the  agreement  was  better,  when  we  used  the  steady-state  j 
synchronous  amplitude  for  a  noiseless  oscillator  instead  of  j 

unperturbed  amplitude  A  in  the  formulas  for  D  and  D^.  The  oscillo-  , 
o-T-atn  in  Fig.  9  shows  stationary  phase  distribution  curves  for  ^  _  | 

D  =  10,  D  =  0  (Fig.  9a)  and  for  D  =  5,  D  =  4.5  (Fig.  9b).  Conaition  , 
(3)  was  observed  during  the  experiment.  With  the  aid  scaled  grid  ; 

theoretical  points  for  ( fO  are  plotted  on  the  oscillograms.  Note 
that  these  oscillograms  illustrate  the  method  of  processing  >-he  ^ 
exp^erimental  results,  lliis  consisted  in  printing  a  calibrated  grid 
scale  on  the  oscillogram  negative  and  then  plotting  the  theoretical 
points  on  the  grid  thus  produced  on  the  positive.  Tlie  two  groups  of 
experiiiiental  points,  plotted  on  Fig.  7a,  which  were  obtained  for 
observance  and  non-observance  of  condition  (3),  show  hov;  little 
I  the  degree  of  agreement  between  the  results  changes  even  for  a 
i  synchronising  force  of  considerable  magnitude.  ^  .  a 

At  low  fluctuation  levels  (6^  ^  1)  the  stationary  amplitude 
I  fi.uctuations  in  a  self-oscillator  are  also  distributed  in  accordance 
I  with  an  almost  Gaussian  law.  A  rise  in  the  noise  level  leads  to  ^ 
the  degradation  and  deformation  of  the  distribution  law.  A  comparison 
between  experimental  results  and  calculated  curves  (9)  shows  that 
the  agreement  is  substantially  worse  than  in  the  case  of  phase 
fluctuations  and  is  satisfactory  only  for  small  values  of  the 
increment  $  «  V/ith  increase  in  ^  (in  the  experiment  the  regener¬ 
ation  was  varied)  the  curves  diverge  strongly  in  the  region  of 
amplitudes.  This  difference  may  be  due  to  the  effect  of  the  control 
grid  currents,  which  is  the  stronger  the  greater  the  arr.plitude  of  the 
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self-oscillations. 

For  small  amtounts  of  mis  tuning  a  small  synchronising  signal 
produced  only  slight  deformation  of  the  law  of  amplitude  distrib¬ 
ution  and  the  degree  of  agreement'  with  the  calculated  values  also 
depended  essen.tial.ly  on  5^  .  Divergence  was  noted  wlien  the  ampxxtuae  i 
of  the  oscillations  became  relatively  large.  This  could  have  been  | 
the  effect  of  increases  in  B  or  E  .  In  Fig.  7b  we  have  plotted  ; 

experimental  points  obtained  for  small  increases  in  B  euid  E  .  ; 

As  will  be  seen  from  the  figure,  the  agreement  is  satisfactory.  j 

When  the  synchronizing  force  was  subject  to  a  considerable  amount  of  | 
mistuning,  the  character  of  the  deformation  of  the  distribution  law  j 
was  various,  depending  on  the  relationship  between  the  synchronizing  | 
signal.  ....  (omission  in  manuscript),  cutting  in  the  synchronizing  | 
force  led  not  to  the  usual  decrease  but  to  an  increase  in  the  disper- i 
sion  of  the  amplitude  fluctuations.  This  agrees  with  corresponding  | 
results  in  i 


Fig.  9 


The  experimental  inve.3tigation  of  the  displacement  of  the  mean  ! 
frequency  of  a  sslf-oacillator  subjected  to  the  action  of  noise  ! 

confir.med  the  existence  of  such  a  displacement  and  (as  with  the  law  j 
of  phase  distribution)  gave  good  quantitative  agreement  with  | 

formula  (10),  while  upsetting  condition  (5)  only  slightly  affected 
agreement  with  calculations.  In  passing,  with  the  noise  effect 
cut  out,  we  measured  the  very  fine  effect  of  a  partial  increase  in 
frequency  outside  the  synchronizing  band.  The  results  of  frequency 
measurements  are  given  in  Fig.  8. 

vie  now  proceed  to  the  experimental  results  obtained  from  a  study 
of  the  processes  of  establishing  the  phase  and  amplitude  in  a  self- 
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j  oscillator  synchronized  by  means  of  radio  pulses.  Here  we  must  define 
the  boundaries  of  the  '^fluctuational^^  arid  ^ 'non- flue tuational”  problemr# 

•  By  the  latter  we  understand  the  investigation  of  the  probability 
j  characteristics  of  the  establishment  of  synehronous-  phase  and  ampli-  ^ 
tude  in  a  self-oscillator  with  random  initial  phase  of  the  synchron-  ‘ 
izing  signal*  This  effect  is  a  fundamental  one  in  real  systems  and  ! 

hence  its  study  is  a  matter  of  great  interest  for  practical  work*  j 

Fluctuation  effects  deform  the  results  of  the  "non- flue tuational"  ! 

problem  in  a  definite  manner*  The  non-stationary  laws  of  phase  and  j 
amplitude  distribution  were  investigated  for  both  cases.  | 

In  the  absence  of  fluctuation  effects  the  character  of  the  I 
variation  in  the  law  of  phase  distribution  ^  depends  essent-  j 

ially  on  condition  (3)  being  fulfilled.  For  small  values  of  the  \ 

synchronizing  signal  and  slight  mis tuning  A  ^  A  we  observed  a  j 
smooth  deformation  of  t|je  law  of  phase  distribution  from  uniform  i 
distribution  with  respect  to  phase  at  the  initial  moment  to  deltoid  j 
distribution  after  a  sufficiently  long  interval  of  time.  This  was  in  ; 
excellent  agreement  with  the  results  of  /*"4|6|7,J7*  When  condition  j 
(3)  was  not  observed,  the  character  of  the  changes  in  the  distrib-  ; 
ution  lav/  underwent  an  essential  change.  In  the  intermediate  stages  j 
the  distribution  had  a  "table-shaped"  character  with  sharply  receding  j 
edges*  This  qualitative  difference  from  the  results  of  1 

nevertheless  in  agreement  with  the  results  of  jOl j 
Cutting  in  the  fluctuation  noise  led  to  the  smoothing  and  j 

^  erosion  of  the  law  of  phase  distribution.  Thus,  with  a  comparatively  j 
low  level  of  random  interference  (D  10)  the  qualitative  differ-  j 
ence  between  cases  of  observance  anB  non-observance  of  condition  (3)i  ! 
noted  in  the  absence  of  fluctuation  noise,  disappeared.  For  both  j 
cases  the  non-stationary  laws  of  phase  distribution  practically  i 

coincided  and  for  slight  mistuning  agreed  satisfactorily  with  the  i 
results  of  approximate  calculations  of  the  effect  of  noise  obtained  j 

! 

Analogous  measurements  for  the  process  of  establishing  the  i 

showed  that  agreement  with  the  results  of  ^  J  were  only  I 
satisfactory  at  very  small  amplitudes  of  the  self-oscillations,  as  | 
long  as  the  gi'id  currents  did  not  play  a  part.  I 

A  characteristic  feature  of  the  calculations,  used  for  comparison 
with  the  experimental  results,  is  the  presence  of  certain  basic 
s:v4>plifying  limitations,  imposed  on  the  synchronizing  and  random 
forces,  which  made  it  possible  to  overcome  the  mathematical  diffic¬ 
ulties  in  the  way  of  a  solution  of  equation  (l).  Comparing  the  cal¬ 
culations  mentioned  with  the  present  experimental  results  provides  an 
opportunity  of  extending  their  sphere  of  action,  since  in  a  number  of 
cases  the  important  infringement  of  the  initial  assumptions  is  due  only 
to  noise  and  the  amplitude  of  the  unperturbed  self-oscillations.  For 
sufficiently  large  E  and  small  ^  at  the  edges  of  the  synchronizing 
band  the  effect  on  the  true  result  is  inconsiderable.  This  indicates 
that  the  limitations,  introduced  to  permit  a  solution  of  problem  (1), 
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are  at. the  same  time  not.  especially  essential  for  a  number  of  cases,  f 
in  the  sense  that  not  only  the  qualitative  but  also  the  quantitative  | 
’  aspect  is  very  little  affected  even  if  they  are  seriously  infringed,  f 
I  Actually,  the  steady-state  phase  fluctuations  and  the  displacement  of 
I  the  mean  frequencies  of  the  oscillations  due  to  fluctuation  noise 
1  are  in  good  agreement  with  calculated  results,  even  if  condition  (3)  j 
is  largely  unobserved.  The  agreement  between  theoretical  and  experi¬ 
mental  results  is  not  quite  so  good  in  determining  amplitude  dis¬ 
tribution,  since  here  the  effect  of  the  grid  currents,  neglected  in  { 
the  theory,  assumes  importance.  However,  the  agreement  improves  for  j 
weakly  regenerated  systems.  The  theory  /^4~6_7  correctly  describes 
the  process  of  establishing  phase  and  amplitude  in  a  synchronized 
self-oscillator  in  the  absence  of  noise  only  for  sufficiently  small 
arriplitudes  of  the  synchronizing  signal  (condition  (3)  must  be  ful¬ 
filled).  For  larger  external  forces  it  is  necessary  to  use  the  more  i 

accurate  results  of  £7.7*  In  the  presence  of  sufficiently  powerful  | 

fluctuation  noise  (D  10)  the  results  obtained  in  both  cases  -  \ 

differ  only  slightly?  j 

Thus,  in  the  present  article  the  limits  of  applicability  of  1 
the  results  of  are  directly  defined.  Note  that  to  a  large 

extent  the  results  of  the  experiments  can  also  be  r'elated  to  ^lJ7 
insofar  as  the  results  of  iClJ  and  £Z’-37  not  only  do  not  contra¬ 
dict  but  supplement  each  other,  coinciding  at  the  points  of  contact. 

In  conclusion  the  author  expresses  his  deep  gratitude  to  V.V. 
Migulin,  who  suggested  the  subject  and  guided  it  to  completion.  ‘ 
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ii:,VmUTDZ  IHOI-SRTIK  OF  A  ^FJLTI~SOA^ 
INTSHDIOITAL  AS5FKBLY 
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by  V*N*  Ivanov 


The  dispera.ion  equation  is  derived  for  a  multi-row  interdigitai 
a3F;-embi.v  and  solved  by  tlio  mctnod  ci  succe-Scsive  approx.in'a'n-a.orj.s*  i  ^  -i-S 
found  .that  on  chaagiru-^  from  a  plate  to  an  interdlgital  assemoiy  ±z  rs 


T;ossibie  to  increase  con: 


.d  er 


til 


c  i 


iiectiveness 


r\'^. 


:he  interaction  ; 
;v stern.  This  • 


.  be-tv/eeii  an  electron  flux  and  the  field  of  a  deceleratiri:];  : 

Inroduces  only  slight  changes  in  the  disx>ersion  properties  and  thermal 
[dissipaticn  of  the  system* 


..oserribly,  widely  used  in  powerful  traveling  wave  tubes, 
+  ''f  its  excellent  heat-dissipating  properties,  h.as  the  dis-  . 

ored  in  it  is  found  ixi  the  : 


I  The  plate 

ioy;  account,  of 

lao vantage,  that  a  large  part  of  the  energy'  s 


intervals  between  plates  and  consequeutly  does  not  ta.kvo  part  in  tae  i 
iinteractionw  with  the  electron  flux  fij-  Moreover ,  the  field,  inter-j 
acting  with  the  electron  flux,  decreases  exponentially  with  distance  | 
fr?'m  the  surface  of  the  plate  and  this  seriously  limits  the  dimensions  i 
of  ti).e  electron  flux  cfipabie  of  effective  inte.rs.ctlox?.  wu.  tu  tne  fie.i.u  of  j 
the  d oc el *?ra  ti n system#  As  i  t  is  traced  f  rom  the  surxa.ee  into  tne  | 

aepth  of  the-  assembly,  the  field  in  the  intervals  between  plates  { 

docr'C-ases  in  accordance  with  a  cosine  law  so  that  it  was  natural  to 
attonipt  t-o  increase  the  efficiency  of  plate  assemblies  by  cutting  a 
series  of  slots  in  them  and  passing  the  electron  flux  through  these 
slots  in  separate  stx'eams.  The  decelerating  system  thus  obtained,  con* 
sisting  of  several 

led  a  multi -row  interdipital  assembly 


t .  ■  i  .V  e  t.  •<  r  r.-  y-  ri ' »  jf'  Q  Vr' s  o  f  p  1 H  s ,  a  1 1  a c  0  0 1  t  o  G  c  OH d  uc  1 1  ng  s up' }'/  o r  t ,  i  5 
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1 .  Dispersion  equations 

j  The  dispersion  properties  of  a  multi -rov/  ihterdigital  assembly 

:  may  be  ana3,yssd  by  replacing  each  row  of  pins  with  an  infinitely  thin 
i  plate  v/ith  ideal  conduction  in  the  direction  of  the  pins  (along  the^ 

I  y  -  axis)  arid  non-conducting  in  the  direction  at  right  angles  (Fig.l). 


Fig.  1:  Multi-row  interdigital  assembly 


We  shall  also  consider  the  support  to  be  an  ideal  conductor  and  take  | 
all  the  components  of  the  field  as  proportional  to  the  factor  I 

exp  [iC^Dt  -  fiz)]  ,  which  is  omitted  in  what  follows.  I 

As  current  can  only  flow  in  the  plates  in  the  y-direction,  the  j 
field  can  be  obtained  from  the  unique  component  of  the  vector  potential! 
in  the  y-direction  and  will  not  contain  the  component  of  the  magnetic  i 
field  along  the  pins.  If  we  confine  ourselves  to  the  case  of  a  system  \ 
linfinite  in  the  x-  and  z-directions,  in  which  all  the  variables  acquire] 
a  multiplier  exp  (-ih  d)  as  the  result  of  a  shift  through  one  period  inj 
the  x-dii‘ection  d  ,  ?hen  the  components  of  the  field,  necessary  to  a  j 
solution  of  the  problem,  may  be  written  in  the  following  form:  in  the 
region  y  <  0,  0  <  x  <  d 

i  [t^  )ch{a„(y  +  a)l  ; 

E,"ik}A  -I- ) c -<‘*1  sin  |*(y  +  a)l  -  ^ 

-  i'?  1  Sin  )  sh  (a,  (y  +  «)) ; 
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«  -  m'pA  _  e-JM )  -f-  (e’^ -  cos  (*(y  4-  a))  ~ 

—  tos'i  V sin  ^  ^  j  ch  |a„(y  +  «)|5 


(1) 


and  in  the  re^^ion  y  >  0 


*>4.* 


-/*.jt  — T.  y 


1  +  "  <r  •» 

+  -  -Ih  X  -T  y 


/t-»— 


(2) 


•4*«> 


^  *  —/A  .r  y 

y  B„e  "  c  " 


where  A,  A^,  are  constants  to  be  determined,  k  =  cc?  Y€^  ,fandy‘4| 
are  the  dielectric  constant  and  permeability  of  the  medium  respective!^, 

-  A*  +  mW~\  A,  =:  Ao  -1-  2it/K/~‘ ,  72  =  A»  +  ?» -  A». 

By  stipulating  the  continuity  of  the  components  of  the  field 

E  ,  and  H  in  the  plane  y  =:  0,  we  get  a  system  of  three  equations 
y  s  X 

Eliminating  the  constant  A  and  then  multiplying  both  the  remaining 
equations  by  sin  (m>fx/d),  we  get  (integrating  these  equations  with 
respect  to  the  Vc-^riable  x  between  the  limits  0  and  d)  an  infinite 
system  of  homogeneous  equations  with  respect  to  the  unknown  constants 
B  *  The  solubility  condition  for  this  system  (equating  its  determin- 


n 

Cl  n 


'>+•  +0  zero)  gives  a  dispersion  equation,  which,  after  certain  simple 
trunsforrnations ,  can  be  written  in  the  follovdng  form: 

.  (3) 


wnere 


ka  ctg  {ka) 

=  -d„| 

/  r* 

\r*r~* 

.  ..Af,,-, 

A4..0 

M,.i  . . 

•  •  •  ^2j~l 

AI2.0 

Al,.,  .  . 

•  •  •  ‘Va,-! 

443.0 

443.1.. 

(4) 


A'tm  n  — 


(p-  d'z  2  m*)  4.  a  tit  a)  (A J  {Pi:  4-  ) 

A^  —  np 


(5) 
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and  A'-,  is  o'btained  from  the  determinant  A  by  substituting  unity  ; 
Ir  o 

!  for  the  elements  of  the  r-th  column  of  this  determinant. 

In  order  to  solve  dispersion  equation  (3)  the  infinite  determ¬ 
inants  are  approximated  by  determinants  containing  1x1,  3^3,  5x5,  etc. 
terms,  depending  on  the  accuracy  required.  The  difficulties,  due  to  j 
the  fact  that  to  calculate  values  of  the  quantities  ^  it  is  necess- j 
ary  to  know  the  value  of  k  (the  geometry  of  the  system’  and  the  prop-  j 
agation  constants  h  and  fit  are  assumed  given),  are  overcome  by  j 
adopting  the  method  ^of  successive  approximations,  the  null  approxim-  j 
ation  for  k  being  the  value  determined  from  the  equation  j 


ka^ss  p*)'/»cos  {ka). 


(6)  I 


The  latter  is  obtained  by  equating  in  the  plane  y  =  0  the  impedances  , 
(in  the  y-direction)  of  the  fundamental  spatial  harmonic  in  the  region  j 
y  y  0  and  of  the  -TEM  wave  in  the  region  y  <1  0. 

In  the  case  of  cophasal  excitation  of  the  interdigital  assembly  - 

(h  =  O)  the  form  of  the  determinant  A  changes:  only  elements  with 
o  o 

n  ^  0  and  odd  m  remain.  •  | 

1 

2*  Calculation  of  dispersion  curves  and 
comparison  with  experiment 

A  numerical  solution  of  the  dispersion  equation  was  obtained 
for  the  case  of  cophasal  excitation^  v;hen  the  width  of  the  system 
passband  is  at  a  maximum*  'Hie  results  of  this  solution  are^  set  out  in 
Fig*  2,  in  the  form  of  a  graph  showing  k/^  »  the  ratio  of  the  phase  | 
velocity  of  the  wave  in  the  s-direction  to  the  velocity  of  light  in  a  | 
ivacuum,  as  a  function  of  the  quantity  ka  for  d/a  =:  0*3?  sind  0.  'w/henj 
jd/a  0*3;  0*1,  3^3  elements  were  kept  in  the  determinants*  The  differr 

ence  betwe.en  values  of  k,  obtained  in  this  case  and  obtained  W3.th 
2x2  elements  left  in  the  determinants,  was  less  than  1  %*  In  solving 
the  dispersion  equation  the  successive  approximations  converge  so 
quickly  thqt  it  is  possible  to  confine  oneself  to  the  first  approxim¬ 
ation* 

The  graph  also  illustrates  a  solution  of  the  dispersion  equation 
for  a  single-rov/  assembly  (d/a  ~  oo),  which,  if  the  deceleration  is 
considerable,  may  be  approximately  written  in  the  form 

A/?  =  sin  (2  ^a).  ^7) 


As  is  evident  from  the  graph,  the  dispersion  curves  for  a  multi- 
row  interdigital  assembly  lie  between  the  dispersion  curve  for  a  plate 
assembly,  obtained  by  neglecting  the  periodicity  of  this  system  (curve 
i/a  «  0)  und  the  curve  for  a  single-row  interdigital  assembly. 
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,r 


Fig.  2:  Dispersion  curves  for  the  case  of  cophasal  excitatioru  ^ 

]  )  Mul t i - r o w  d i gi t a  1  as s e rf^b ly  ( MD A )  f o r  d/a  ~  0 . 3  j 

I  2)  MDA  for  d/a  =  0.1  ! 

[  3)  Plete  aseenibiy  and  KDA  for  d/a  =  0  | 

I  4)  Single-row  interdigital  asseirljly  (d/a  )  ' 

[  o  -  Sxperimental  results  for  a  five-row  interdigital  ; 

}  a  3  s  031  b  1  y  1  or  d/ (X  ^  0  •  3  •  ! 

I 

t 

For  small  values  of  the  ratio  d/a  the  dispersion  ourves  for  a 
Kyulti-row  iriterdl g.i tal  cissembly  and  a.  plate  assembly  approach  each  i 
lolher. 

I  The  rosultcj  plotted  refer  to  the  experimental  investigation  of  : 

j  i  i  V  e r  o  v;  i  n  t  e  r  d  i  g  i  t  a  1  assembly,  with  t  li  e  f  o  1  ].  o  wi  ng  ai  m  e  ns  ions  t  ! 

d/a  0.3,  length' of  pin  :r  10  cm,  diameter  of  pin  3  mm,  distance  : 

batweon  pins  in  the  same  row  2  cm.  Small  discrepancies  between  the^  j 
calculated  (curve  1)  and  measuroci  values  of  the  phase  velocity  may  oe  , 
due  to  the  fact  that  the  theory  outlined  above  does  not  take  into  | 

account  the  periodicity  of  the  system  along  the  z  -  axis.  j 


The  results  of  a?;alyGis  of  the  dispersion  properties  of  a  multi-i 
row  interdigi  tal  asseinbly  show  tnat  the  change  from  a  piate  to  an  .cUterj 
digital  asserribly  leads  to  a  consicieratle  increeise  iix  the  dimensions  of 
the  electron  flux  effectively  interacting  with  the  electromagnetic 
field  of  the  decelerating  system,  without  materially  affecting  its 
dispersion  properties  or  its  capacity  to  dissipate  heat.  Consequently , 
such  an.  excliange  would  increase  the  amplification  factor  an^d  the  output 
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I  power  of  traveling  wave  tubes  vdth  decelerating  systems  employing  this 
;  type  of  assembly. 
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ON  HIE  EFFECT  OF  RANDOM  ERRORS  IN  SOURCE  DISTRIBUTION 
ON  THE  RADIATION  PATTERNS  OF  TRAVELING  WAVE  ANTENNAS. 


Pages  424-430  by  V.I.  Talanov  &  N.M.  Sheronova. 


The  effect  of  random  errors  in  source  distribution  on  the  ^  j 
radiation  patterns  of  traveling  wave  antennas  is  examined.  Expression^ 
are  obtained  for  the  deviations  of  the  average  radiation  pattern  | 

from  the  nominal  due  to  random  perturbations  of  the  amplitude,  phase  , 
and  phase  velocity  of  the -current  wave  in  the  antenna,  It  is  shovm!  | 
that  random  perturbations  of  the  phase  velocity  limit  the  possibility i 
of  getting  high  directivity  factors  at  the  expense  of  an  increase  in  | 
size  of  the  antenna.  1 


1.  In  using  high-directional  antennas  of  the  traveling  wave  typ^ 
(leaky  waveguide,  surface-wave,  etc.)  fer  radar  and  radioastronomical  , 
purposes  we  encounter  the  question  of  the  effect  of  the  accuracy  with  . 
which  the  various  elements  of  such  antennas  are  made  on  the  radiation  i 
patterns  of  these  devices.  The  authors  of  have  discussed  the 

analogous  problem  of  the  effect  of  random  errors  in  soiree  distrib¬ 
ution  on  the  radiation  patterns  of  multivibrator  (multi-slot)  an  ennas 
aTAi  of  lens  and  reflector  antennas  also. 

In  the  case  of  a  traveling  wave  anteiuaa  the  errors  in  sou3rce 
distribution  may  be  due  to  inaccuracy  in  the  fabrication  of  the 
radiating  elements  themselves  or  of  the  waveguide  channel  feeding 
high-frequency  energy  to  these  elements,  while  as  on  account  of  the 
coupling  between  the  radiator  and  the  transmission  line  these  xn- 
accuracies  are  equivalent  (in  the  sense  of  the  effect  on  the  propaga¬ 
tion  of  the  wave  in  the  line)  to  irregularities  in  the  line 
From  the  point  of  view  of  distortion  of  the  radiation  pattern  in  the 


j  presence  of  random  perturbations  the  characteristic  feature  of  travel- 
I  ing  wave  antennas  is  the  fact  that  irregularity  of  the  transmission  i 
!  line  (and  of  the  radiating  elements  also),  even  over  a  small  section, 
affects  the  distribution  of  the  currents,  generally -speaking,  over  the 
whole  antenna*  Thus,  a  variation  in  the  phase  velocity  of  a  wave  in 
the  line  over  an  individual  finite  section  bf  the  latter  leads  to  mis- ; 
phasing  of  parts  of  the  antenna  lying  on  different  sides  of  this  sect- j 
ion.  Thus,  if  as  a  first  approximation  we  can  consider  that  for  j 

lens  and  reflector  antennas  a  change  in  the  profile  of  the  reflector  | 
or  the  lens  over  a  given  section  leads  to  distortion  in  the  source  j 
distribution  only  over  the  same  section,  then  for  a  traveling  wave  j 

antenna  random  perturbations  of  a  given  source  distribution  have,  t 

generally  speaking,  a  non-tlocal  character.  Below  we  use  the  example  | 
of  a  linear  antenna  with  continuous  distribution  of  the  current  to  j 
illustrate  some  charactej^istics  of  the  effect  of  different  kinds  of  | 
random  error  (amplitude,'  local  and  non-local  phase)  on  the  radiation  | 
pattern  of  a  traveling  wave  antenna.  i 


2.  Assuming  that  the  antenna  parameters  are  slowly  varying  \ 
fimctions  of  the  coordinate  z  ,  we  shall  characterize  the  source  dis-  { 

I 

tribution  by  the  function: 

=  (1) 

I 

where  the  real  functions  I  (z)  and  <P{z)  describe  the  distribution  j 

O  '  t 

of  the  amplitudes  and  phases  of  the  currents  in  the  antenna  res-  j 

pectively.  j 

Ths  (power)  radiation  pattern  of  an  antenna  of  length  2L  with  j 

j 

a  current  distribution  (1)  is  described  correct  to  a  constant  factor  j 
by  the  function  (without  taking  into  account  the  radiation  pattern  for  | 


the  individual  element  of  current) 


<I>  {«) ,«  f  J  /  (2)  /•  (2)  e  dx  dz' 


where  u  =  cos  9  (9  is  the  angle  between  the  antenna  axis  and  the 

direction  to  the  observation  point),  k  «  2  is  the  wave¬ 

length  in  free  space. 

In  the  presence  of  random  errors  in  the  current  distribution: 

A  /(2)  =  /{2)  —  <  /(2)  > 
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for  the  average  (with  respect  to  an  ensemble  of  antennas  of  the  same 
type)  radiation  pattern  <4>(u)>  we  get  the  following  expression: 

it 


where 


4>o(«)  =  JJ  <  /  (2)  >  <  /*  {z')  >  tf  rfz  dz' 


is  the  radiation  pattern  for  a  nominal  antenna  with  a  current  distrib¬ 
ution  <I(z)>  ; 

K(z.  2')«  </(z)/*(*')>-</(2)></*(2)>  • 

(5) 

Following  /”l  we  shall  call  the  second  term  in  (3) 

d^f,.--ilK{z.zle‘*‘‘<^-*^dzdz'^<<t{u)>--%{u)  (6) 

the  dissipated  power. 


3.  We  shall  consider  that  the  dimensions  of  the  inhomogeneities 
in  the  transmission  Hne,  supplying  energy  to  the  radiating  elements,  ! 
are  large  compared  with  the  length  of  the  wave  in  the  line  and  put  the  j 
phase  of  the  current  (1)  jf'(z)  in  the  form:  j 


m 

^(z)=^«(o{z)  jh{z')dz' . 


Here  the  first  term  ^ (2)  be  interpreted  as  the  phase  difference 
between  the  field  of  the  wave  in  the  line  and  the  current  in  the  rad- 
■iating  element  for  the  same  value  of  the  coordinate  a  . 


Bandom  deviations  from  the  mean  ill(z)  in  the  current  distribut¬ 
ion  for  a  given  antenna  may  be  due  both  to  amplitude 


»nd  phase  errors 
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i  while  in  the  latter  case  we  shall  somewhat  arbitrarily  distinguish  [ 

;  a )  local  phase  errors  | 

i  •  ,  (10)  ■ 

connected  vdth  random  deviations  from  the  mean  of  parameters  of  a  given 

radiating  element  and  I 

b)  non~local  phase  errors  due  to  random  fluctuations  in  the  propagation 

constant  -  y  .  i 

AA(2)r:A(z)--  <iir(2)>.  I 

i 

J Henceforth,  for  the  sake  of  simplicity,  we  shall  assume  that  <p  (2i)>  -j 

!  •• 

.  0  and  K  hiz)  y  -  const  -  h  ♦  i 

0  I 

We  shall  consider  the  effect  of  each  kind  of  error  on  the  radiat¬ 
ion  pattern  of  the  aixtenna,  assuming  that  the  random  quantities  j 

♦  ^  i 

Al  and  are  not  correlated  with  each  other  {  moreover  we  shall  ■ 
o  . 

confine  ourselves  to  computing  the  dissipated  power  (6),  characterizing!, 
on  the  average,  deviations  of  the  radiation  pattern  of  the  antenna  froos| 
the  nominal.  In  order  to  take  into  account  correlation  of  values  of  i 
the  random  functions  Al  (z),  A<f  (z)  and  ^h(z)  at  different  points  | 

0  '  0  i 

z ,  z ' ,  we  shall  take ; 


(z,  z')  ^  <  A/o  {z)  A/o  (z')  >  =  <  A/2  >  exp  ^  - 
(z,  z')  s  <  Atj.0  (z)  Aij»o  {z')  >  ■=  <  A«i>*  >  exp  I 
A's  (2,  Z')  (z)  AA  (2')  >  =  <  AA*  >  exp  f-  ~ 


[where  Cj^,  C 


/  ’ 

•  e 

; 

i 

(13)  i 

1 

C,  /’ 

(14)  ! 

1 

1 

i 

random  deviations  in  ! 

\ 

spectively.  We 

shall  1 

^sume  that  L  and  that  the  mean  value  of  the  current  j 

sroplitude  is  subject  only  to  small  variations  at  distances  of  the  order 
sf  the  correlation  radii  ^'h* 

•  "ATthough  such  an  assumption  is  far  from  being  always  fulfilled,^ 

it  still  permits  an  evaluation  of  the  distortions  in  an  antenna  radiatifJn 
pattern,  introduced  by  errors  of  different  kinds. . .  . . .  .  . . ‘ 
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4*  By  expressing  the  fxmction  K(z,z*)  (5)  terms  of 


Ktz,  *')  =  K,  (z,  z’)  exp  1  -/»„  (X  -  z')l 


and  substituting  this  value  in  (6),  we  find  that  in  the  case  of  ampli 

tude  errors  the  dissipated  power  equal  to 

^pac 


•I*  ,c  (k)  s  <t‘p.c  (I)  =  4L*f  {t,  5)  Di, , 


i  where 


fit,  5) 


t^-LfC,x  l.-^.(ku  ~  h^)L-,  a 


L 


{z)dz 


In  deriving  (15)  we  assumed  that  at  distances  of  the  order  of  ; 

2  1 
the  disnersion  (z)  >  varies  only  slightly* 

lo  *  lo  o  i 

From  the  graph  for  f(  shown  in  Fig.  1,  it  is  evident  that  ' 

! 

for  a  fixed  antenna  length  2L  and  a  given  value  of  the  mean  dispersion  | 
the  dissipated  power  level  and  also  the  directivity  of  the  diagram  ; 

A  (  ^.  )  increase  with  increase  in  the  correlation  radius  C-  *  The  | 

^pao  lo  ! 

direction  of  the  maximum  of  4^  (s  )  coincides  with  the  direction  of  i 

^pac 

the  principal  maximum  ^  «  0  of  the  4'"  )  diagram  of  the  nominal  I 


1  antenna  with  symmetrical  amplitude  distribution  1 

jlhe  relative  distortions  of  the  diagram,  which  can  be  characterized  by 

the  ratio  '  (4  )/  4'  ^  decrease  with  increase  in  the  size  of 

I  pac  o  s 

I  the  antenna  as  1/L,  if  the  magnitude  of  the  errors  and  also  the  correl- 

tstion  radius  remain  constant, 
lo 

In  the  case  of  local  phase  errors  (10),  assuming  the  errors  to 
be  small,  we  find  that 

K{Z,  z')  =:  2“’  4  (2^)4  i^')^^P  1“*^*'  <  iAtj*o  (r)  -A'I'o  (z')i*  >  • 

Substituting  this  expression  in  (6)  and  taking  into  account  (13),  we 
gat  the  following  expression  for  the  dissipated  power: 

^'p.c  =  --  <  •i’l'*  >  +  4 <  A4>- >  I*/ {t,  5)  4  •  (l6 ) 
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.  f  /  (z-z’l\  '} 

X  6  X  p  f  ^  1  !.  . 


Thus,  even  for  a  small  <An>  the  mean  square  error  of  | 

difference  in  phase  at  two  points  of  the  antenna  may  be  large,  if  thesej 

points  are  sufficiently  far  apart.  Therefore,  we  may  anticipate  that  inj 

this  case  the  character  of  the  depenendence  of  the  dissipated  power  » 

on  the  length  of  the  antenna  vdll  differ  qualitatively  from  the  case  | 

of  amplitude  and  local  phase  errors.  j 

Substituting  (17)  in  (6)  and  assuming,  for  simplicity,  that  | 

I  (z)  =  I  e  const,  we  get:  ] 

o  o 

4»o  {«)  ^  <1.^,  (5)  =  4Z.*/2/„  (I)  »  4A*/^  .  (19) 

U--  <Dp„  (It)  s  d»p,,  (S)  a=  4/,«y*  <AA^  }/(^,  5)  ,  (20) 

?(/.  S)=r — ^ _ ^  ,  1  sin- 1  sln2E  —  25cos*^5  (21) 

I  +  syc  +  (=  15  - • 


Bearing  in  mind  that  t  «  L/C  >1,  it  is  easy  to  see  that  the  main  role! 


in  (21)  is  played  by  the  last  addend  j 

f.  =  -  (sin  2^  -  2^ cos^i  )/t  4^.  1 

^  I 

As  far  as  the  first  two  terms  are  concerned,  they  are  analogous  to  the  | 

expressions  defining  the  dissipated  power  in  the  case  of  amplitude  and  | 

local  phase  errors.  Fig.  2  presents  graphs  of  the  functions  f^( 4 )  and 

f^(  4)  for  different  values  of  t.  The  function  f( 4  )  and,  consequently, 

the  diagram  of  ( 4 )  (20)  have  a  sharp  maximum,  coinciding  in 

*  pac 

direction  with  the  maximum  of  the  nominal  diagram  but  having  a  differ¬ 
ent  dign.  This  means  that  on  the  average  the  level  of  radiation  in  this 
direction  is  significantly  reduced  for  sufficiently  large  errors  <^h  >J 
Now,  as  distinct  from  the  case  of  amplitude  and  local  phase 
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i  errors,  the  level  of  4)  (  £ )  at  the  maximuni  of  the  diagram  (  ^  *  0 

,  is  proportional  to  L"  and,  consequently,  increases  vdth  increase  in  L 

i  more  rapidly  than  the  level  of  the  diagram  of  the  nominal  antenna, 

i  which  is  proportional  to  the  square  of  the  length.  Hence  it  is  clear  ^ 

that  even  when  the  mean  square  error  in  the  phase  constant  </ih  >  i 

does  not  vary  with  increase  in  L,  there  is  a  certain  limiting  antenna  j 

length,  depending  on  <Ah  >  and  C,  ,  to  exceed  which  with  the  intent  i 

*1  ! 

of  getting  greater  directivity  is  inexpedient.  To  evaluate  this  limit-i 
ing  length  we  assume  that  in  the  presence  of  errors  the  total  power  J 
radiated  by  the  antenna  remains  approximately  equal  to  the  power  | 

radiated  by  the  nominal  antenna.  Then  for  a  directive  gain  ealcul  ; 
ated  from  the  average  diagram  in  the  direction  of  the  I 

maximum  of  the  nominal  diagram  we  have:  | 

O'Neill— I  <i*=>ic.),  ■  (22)  I 

I 

where  is  a  constant  factor  not  depending  on  the  length  of  the  antenna. 

By  the  limiting  antenna  length  I'jjj.gp  we  shall  understand  the  ; 
value  of  L,  at  which  G(L)  has  a  maximum:  ' 

_ 1  _  i 

X,  ' ^<^khmiC„K)  ’  i 

I 

where  s;  2  rf/h^  is  the  length  of  the  wave  in  the  line.  The  maximum  I 
value  of  the  directive  gain  | 


G  «  1/2.G  (L 
max  o  npeD 


proves  to  be  equal  to  half  the  directive  gain  for  the  nomirial  antenna 
for  the  same  length 

For  example,  for  a  standard  3  cm  waveguide  with  a  tolerance  of 

^  0.05  mm  for  the  di.mensiona  of  the  internal  croas  section  and 

— 

0,/2  10  we  find  that  2L  ,,  Actually,  ovdag  to  other 

h  G  npeD 

factors,  not  taken  into  account  here,  and  also  owing  to  a  small  varia¬ 
tion  in  Q  with  increase  in  L  close  to  L  =  length  of  the 

antenna  ought  to  be  tak^  as  smaller  than  the  limiting  value  jjbtained 
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here.  For  an  increase  in  the  allowable  limiting  length  of  the  antenna 
the  accuracy,  with  which  the  waveguide  channel  is  fabricated,  ought  to  j 


|h'>  increased;  for  the  same  tolerances  for  an  increase  in 
d^iinrable,  to  have  a  smaller  value  of 


Title  effect  of  random  errors  on  the  radiation  patterns  of  travel- 
wave  antennas  with  continuous  source  distribution  shows  that  in 
such  antt3nnas  the  roost  important  role  is  played  by  phase  errors  of  a 
non-local  character,  due  to  the  presence  of  a  connection  between  the 
individual  radiating  elements  via  the  field  of  the  wave  in  the  trans¬ 
mission  line  forming  part  of  the  antenna*  The  relative  distortions, 
introduced  by  these  errors,  are  proportional,  on  the  average,  to  the 
length  of  the  antenna  which  limits  the  possibility  of  getting  suffic¬ 
iently  high  directive  gains  at  the  expense  of  an  increase  in  the  size 
fof  the  antenna. 
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An  analogous  picture  will  be  found  for  leaky  waveguide  antennas 
with,  a  discrete  arr8,ngeHient  of  the  radiating  elements*  In  this  case 
the  effect  of  random  perturbations  of  the  parameters  of  individual 
radiating  elements  on  the  phase  relationships  between  them  may  be 
calculated  on  the  basis  of  a  solution  of  the  problem  of  the  propagation 
of  waves  in  a  system  of  series-connected  multipoles  with  random  j 

I  variation  of  the  parameters  7*  v  jj  j  *  i 

Above  we  confined  ourselves  to  a  consideration  of  the  dissipate^ 
power  dt  ,  characterizing,  obviously,  the  amotmt  of  dispersion  of  th^ 
amplitudi^Sf  the  radiation  field.  As  far  as  the  law  of  distribution  ofj 
probabilities  of  random  deviations  of  the  diagram  from  the  mean  is 
concerned,  making  certain  assumptions,  which  permit  us  to  use  lyapunov's 
theorem,  it  is  possible  to  reckon  that  the  imaginary  and  real  parts  of  j 
the  amplitude-phase  directional  diagram  with  respect  to  "^e  field  are  j 

subject  to  a  two-dimensional  normal  law  of  distribution  jloj.  The  | 

latter  reduces  approximately  to  a  unidimensional  normal  law  of  dis-  j 
tribution  of  amplitudes  of  the  field  for  large  mean  values  of  these  i 
amplitudes  (for  example,  at  the  maximxun  of  the  diagram)  and  to  a  | 

Rayleigh  law  close  to  the  zeroes  of  the  nominal  diagram.  j 
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Addendum ;  The  above  evaluation  of  the  effect  of  non-local  phase 
errors  is  strictly  correct  only  on  condition  that  the  random  deviations 
of  the  difference  in  phase  at  any  two  points  on  the  antenna  from  the 
mean  are  small.  If  these  deviations  are  not  small,  then  it  is  possible 
to  get  a  more  general  result  by  assuming  that  they  are  distributed  in 
accordance  with  a  normal  law  with  a  mean  value  equal  to  zero  and  the 
Eispersion  (l8).  The  average  diagram  is  then  easy  to  calculate  on  the 
ssumption  that  <2ih>c2  «:  1.  For  the  directive  gain  instead  of  (22) 


1 - 

we  shall  have 


4 


G  a4^(<AAt)  C*jr)~*  (#-^-1  ^or)  (;r -  2<^AA*> C* £). 


(*) 


Formula  (22)  is  obtained  from  (*)  if  in  this'  expression  we  take  ■ 
the  first  four  terms  of  an  expansion  of  the  exponential  in  powers  of  j 
X  .  According  to  (•)  with  increase  in  L  the  directive  gain  tends 
monotonically  towards  the  value  Goo  =  4^(  <^ih2>  Cj^)“l, 


When  L  =  L  _  G  0  co/2;  a  further  increase  in  the  directive! 
gain  requires, howe?ir,  a  disproportionately  large  increase  in  the  j 
length  of  the  antenna,  which  in  practice  is  scai*cely  possible.  j 

The  authors  are  grateful  to  V.Yu.  Rudin,  whose  note  pointing  j 
out  the  result  (*)  made  this  addendum  possible.  j 


> 
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GAS  DISCHARGE  RETHNING  OF  CAVUn  RESONATORS 


Pages  431-437 


by  I.T.  Byzova 


The  results  of  using  a  gas  discharge  for  retuaing  cavity  reson-  I 
ators  are  given.  .  Retuning  may  be  done  in  two  ways:  by  varying  ;the  j 

discharge  current  and  by  superimposing  on  the  discharge  an  external  | 

steady  magnetic  field,  close  to  resonance.  The  first  method  gives  | 

lower  relative  losses  than  the  second.  Maximum  retuning  for  compar¬ 
atively  small  relative  losses  was  obtained  with  dischargers,  the  | 

electrodes  of  which  consisted  of  two  thin  metal  filaments,  stretched 
[along  the  axis  of  the  discharge  tube  a  few  millimaters  apart. 


;  The  electronic  retuning  of  cavity  resonators  over  a  wide  inter-  | 

val  of  frequencies  has  an  ap;|Blication  to  many  problems  of  high- frequency 
technology.  If  an  ionized  gas  is  introduced  into  a  resonator,  then  the  | 
natural  frequency  of  the  resonator  will  depend  on  the  parameters  of  thei 
plasma;  by  varying  the  parameters  of  the  plasma  it  is  possible  to  retune 
the  resonator.  Such  a  retuning  is  inevitably  accompanied  by  an  increase 
in  the  high-frequency  losses,  i.e.  by  a  lowering  of  the  Q-factor. 

This  article  deals  with  an  attempt  to  find  the  optimum  con¬ 
ditions  for  getting  maximum  retuning  with  the  aid  of  a  gas  discharge, 
while  keeping  high-frequency  losses  to  a  minimum. 

In  retuning  resonators  it  is  possible  to  make  use  of  the  phenom¬ 
enon  of  cyclotron  resonance  of  the  plasma  electrons  /  1^.  The  ad¬ 
mittance  of  a  gas-discharge  plasma,  to  which  there  is  applied  a  steady 
Magnetic  field  H,  perpendicular  to  the  high-frequency  electric  field, 
is  expressed  as  a  tensor  /  2  J ,  The  admittance  in  Idle  direction  of 
the  high-frequency  electric  field  E  takes  the  form  £\  J' 

_ _ e*  fv(»*+  0)* +»>*,) -fio.  (.»+«,*  — 

»£  -  - 71 - n""‘T'^VTl'  1  1 - "  . 

ftl  t  (v* <»* 4  «)*  V*  J 

iHere  N  is  the  electron  density,  «,»  the  charge  and  mass  of  an  electron,! 
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V  Is  the  frequency  of  collisions  between  an  electron  and  gas  moleculta 
and  ions,  co  =  2?Tf  is  the  angular  frequency  of  the  external  high-  | 
freqiiency  field,  =  eK/mc  is  the  cyclotron  frequency,  c  is  the 

speed  of 


i 

I 


I 


returdng  of  a  resonator  is  mainly  governed  by  the  presence 
of  a  reactive  component  of  the  adisittance  The  active  comporient 

of  the  admittance  O"  determines  the  high-frevqueacy  losses  in  the 
plasma  and  leads  to  a^lowering  of  the  Q-factor  of  the  resonator.  A  ; 
resonator  containing  a  plasma  may  be  retuned  in  two  ways,  firstly  by  | 
varying  the  electron  density,  which  can  be  achieved,  for  example,  by  | 
changing  the  discharge  current,  secondly,  by  maKixig  use  of  the  phen-  . 
omenon  of  the  cyclotron  frequency  of  the  plasma  electrons.  In  the  latter 
case  retuning  is  accomplished  by  varying  the  external  steady  magnetic 


field . 


In  both  cases  a  change  in  the  reactive  component  of  the  admitt- 
I  ance  is  accompanied  by  a  change  in  its  active  component.  We  shall  com- ^ 
j  pare  the  relative  high-frequency  losses  for  the  two  methods.  For  this  ; 
I  purpose  we  find  the  ratio  from  expression  (1):  i 


V~  “I"  “I 

ft  I  t  •'  * 


(2) 


It  is  evident  from  (2)  that  in  the  presence  of  the  magnetic  field  K 
the  ratio  is  always  greater  than  in  the  case  R  =  0,  i.e.  , 

applying  a  magnetic  field  must  lead  to  an  increase  in  the  relative 

losses. 

In  certain  practical  applications  it  is  important  it  is  import¬ 
ant  to  know  not  only  the  magnitude  of  the  relative  losses  but  also  the  : 
rate  of  variation  in  the  losses  on  increasing  the  reactive  component 

of  the  admittance,  i.e.  the  value  of  dCT /dCJ. . 

r  1 

We  shall  denote  the  rate  of  change  in  the  relative  losses  in 
! Current  retiming  (v/hen  H  =  0)  by  analogous  j 

quantity  for  magnetic  field  retuning  for  invariable  N  by  (dO''^/d<5r^)g*  ; 
Comparing  these  quantities,  we  find  that  ■ 

j.  (3)  ' 


This  inequality  is  obtained  for  the  condition  that  V/o;  1,  a  coa- 
jdition  which  is  fulfilled  for  the  10  centimeter  waveband  for  gas  press- ^ 
jures  of  several  mm  Hg  and  for  weak  high-frequency  fields  /r3j*  ? 

ilnequality  (j)  is  fulfilled  for  the  following  values  of  the  steady  r 

pagnetic  field:  i 

I 

0<  e/y  <  mf  (w  —  v);  me  {<»  —  •*)<  eH  <  CO  i 

i 

j 

in  the  interval;  . . .  ..  , , . ■ 
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me  (to  —  >)<  e/y  <  me  («)  -}-  v). 


j  i,8.  in  the  interval  of  values  of  the  magnetic  field  between  the 
extremuffls  of  the  function  cr.  (H)  the  losses  are  very  l^irge  Cx  J. 
Therefore  we  shall  not  consider  values  of  dd"  /dO’.  and  ers.  in  the 
interval  (5). 

Thus,  in  the  case  of  magnetic  field  retuning  of  the  resonator 
the  relative  losses  and  the  rate  of  increase  in  these  losses  are  greater 
than  in  the  case  of  discharge  current  retuning.  Since  this  reasoning  i 
does  not  take  into  account  variations  in  the  temperature  of  the  electron 
gas  and  the  frequency  of  collisions  between  electrons  and  atoms,  the  I 
results  obtained  may  prove  to  be  a  very  rough  approximation  to  reality.' 
Therefore  the  relative  high-frequency  losses  of  the  two  methods  of  \ 
j retuning  were  compared  experimentally.  j 

I  The  measuring  setup  is  shown  in  Fig,  1.  A  discharge  tube,  27.2  | 

ffijB  in  diameter  with  plane  electrodes,  was  placed  in  the  middle  of  a  j 

[resonator,  measuring  3^x72x436  mm,  at  right-angles  to  its  length.  | 

oscillations  were  excited  in  the  resonator.  For  a  cold  discharge  ■, 
105  ! 

tube  the  Q-factor  of  the  resonator  Q  was  equal  to  3»500  -  4,000.  An  ! 

external  steady  magnetic  field  was  directed  along  the  axis  of  the  dis-  j 

charge  tube,  at  right-angles  to  the  high-frequency  electric  field. 

The  resonance  frequency  and  the  Q-factor  of  the  resonator,  with  and 
without  discharge,  were  measured  by  comparing  resonance  curves  /  4_/. 

A  wavemeter  with  a  Q-factor  of  104  and  graduated  in  10“^  kc  was  used  | 
for  this  purpose.  With  the  aid  of  a  nonius  it  was  possible  to  measure  j 
the  relative  changes  in  frequency  correct  to  10“2  me.  i 

Typical  curves  for  resonator  retuning  .^df  and  high-frequency  ; 
losses  in  the  discharge  (l/Q  -  1/Q  )  (where  Q  is  the  Q-faotor  of  the  1 

O  O  j 

resonator  with  a  cold  discharger  and  Q  is  the  Q-factor  of  the  resonator! 
with  discharge)  are  given  in  figures  2  and  3*  The  graphs  showing  the  | 
high-frequency  losses  in  discharge  as  a  function  of  the  retiming  (Fig,  j 
4)  support  the  conclusions  of  theory.  Discharge  current  retuning  i 

gives  lower  relative  losses  than  retuning  with  an  external  magnetic  j 

field. 


An  analysis  of  formula  (1)  shows  that  for  increasing  the 
retuning  range  of  a  resonator  it  is  advantageous  to  get  a  discharge 
with  as  great  an  electron  density  N  as  possible  and  that  in  order  to 
decrease  the  high-frequency  losses,  introduced  by  the  discharge,  the 
frequency  of  collisions  between  electrons  and  atoms  V  ought  to  be  as 
low  as  possible.  In  order  to  satisfy  these  conditions,  we  employed  a 
glow  discharge  between  electrodes  consisting  of  two  parallel  thin  metal 
filaments.  The  electrodes  were  arranged  at  a  distance  d  =  5  “  7  o® 
apart  along  the  axis  of  the  tube.  The  configuration  of  the  constant  . 
electric  field  of  this  system  was  such  that  at  a  distance  exceeding  d 
[the  intensity  of  the  electric  field  was  small  and,  consequently,  at  the 


eriphery  of  the  discharge  the  electron  temperature  was  low.  The  Iw 


I 
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Fig.  3s  High-frequency  losses  in  discharge  and  resonator 
retuning  as  functions  of  the  discharge  current  i 
(Ne  0.95  mm  Hg). 


temperature  of  the  electron  gas  leads  to  a  decrease  in  the  high- 
frequency  losses  in  discharge  and  to  a  decrease  in  the  diffusion  of 
electrons  from  the  discharge  gap.  The  diffusion  of  particles  to  the 
electrodes  is  also  made  more  difficult  in  that  the  surface  of  the 
electrodes  is  relatively  small.  It  may  be  anticipated  that  in  a  dis¬ 
charge  vd.th  such  a  configuration  the  electron  density  will  be  higher 
than  in  a  discharge  between  plane  electrodes. 

The  considerations  relating  to  the  advaintages  of  a  discharger 
with  two  parallel  filament  electrodes  have  a  purely  qualitative 
character,  since  the  calculations  for  the  system  described  are  very 
complex.  With  dischargers  of  this  design  we  obtained  maximxun  retuning 
with  minimum  losses. 

The  measurements  were  made  in  the  10  cm  and  3  cm  wavebands.  The 
measuring  setup  was  analogous  to  that  shown  in  Fig.  1.  In  the  3  cm 
range  we  used  a  cylindrical  resonator,  24  mm  in  diameter,  with  two 
filament  electrodes  stretched  along  the  axis  3  nun  apart  and  insulated 


h 


t 

1 

i 


i 


i 


Fig.  4:  Con.ne::tion  between  high-frequency  losses  in  discharge 
and  change  in  the  resonator  resonance  frequency  for 
discharsre  current  1.,.  retuning  (lower  curve)  and 

magnetic  field  retuning  with  fixed  discharge  current 
(side  branches)  (Ne  0.85  ™  Hg). 


1 


from  the  body  of  the  device.  The  discharge  was  triggered  between  the 

filaments;  the  body  of  the  resonator  was  connected  to  one  of  the^ 

!  electrodes An  wave  was  excited  in  the  resonator.  The  coupling 

llo 

between  t.he  resonator  and  the  klystron  and  detector  head  was  effected 
by  means  of  inductive  slits  in  the  end  faces.  Discharge  tubes  of  this  , 
design  were  filled  with  argon  and  neon  at  pressures  oi  from  mm 

Hg  to  several  mm  Kg.  The  maximum  frequency  retuning  of  a  resonator^  : 
filled  by  a  discharge,  was  of  the  order  of  200  mo  for  a  variation  in 
the  Q- fact or  from  300  to  1,500  (Fig.  5)-  .  ■ 

In  the  10  cm  range  we  used  flattened  discharge  tubes  with  fila-  ; 
ments  stretched  along  the  axis.  Tne  tubes  were  arranged  in  a  rec tangulat 
resonator  of  dimensions  34x72x436  mm.  oscillations  were  excited  | 

in  the  resonator.  The  measurements  were  made  using  neon  and  helium  .in  | 
the  pressure  range  from  0.4  to  6  mm  hg.  The  results  of  the  measxjremento  i 
jare  shown  in  Figs.  6  and  7.  The  relative  losses  were  compared  lor  j 

jhelium  and  neon  at  pressures  of  1.7  mm  and  2.1  mm.  For  thxs  purpose  v^e  ! 
Iplotted  curves  showing  the  dependence  of  the  losses  in  discharge,  i.e.  { 
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1  I  I  -  I- ..  i.n  "  riij.-n — n---u  n mu  ■■mirii'ii  n  i  r'y  ■  ■  i  - J',  '[  1 1  I  .1  '  

i  values  .of  1/Q,-  1/Q  on  •^he  retuning  of  the  resonator.  The  relative 
’  losses  proved  to  be^^less  in  neon  than  in  helium. 


j  Fig.  5:  Setuning  and  Q- factor  of  resonator  as  funcUons  of 

the  discharge  current  (Ne5*^®®KS»  ^f®0  corres¬ 
ponds  to  the  frequency  f  *  9»275  roc)« 

■  '  i 

The  results  of  our  investigations  may  be  summarized  as  follows!  j 

1.  Kaximuffi  retiming  of  resonators  for  minimum  losses  was  | 

obtained  with  dischargers  having  electrodes  in  the  form  of  two  thin  j 
filaments  stretched  several  mm  apart. 

2.  In  the  10-centimeter  range  the  maximum  retuning  for  minimum 
losses  was  obtained  with  dischargers  filled  with  neon  at  pressures 
of  from  1.5  aim  to  2  mm  Hg  and  in  the  5-centiaeter  range  with 
dischargers  filled  with  neon  up  to  pressures  of  5.^  m®  %« 

3.  Impressing  an  external  steady  magnetic  field  on  the  discharge 
increases  the  relative  losses  in  the  high-frequency  field. 

i 

In  conclusion  the  authors  feels  obliged  to  express  his  gratitude 
to  lu.V.  Gorokhov  for  his  interest  in  the  work. 


Resonator  retuiiing  as  a  function  of  the  discharge 
curiTent  in  the  10  cb  range  (neon-filled): 

1)  pressure  p  =  1.5  nm  Hg,  Q  =  1,200,  Q  *  130; 

2)  p  =  2.1  mai  Hg,  Q  =  850,  °  Q  =  490; 

3)  p  =  1.7  mm  Hg,  Q°  =  560,  Q  Q  =  310; 

4)  p  =  0.7  mo  Rg,  *  990  Q  =  130; 

5)  p  =  6.1  nan  Hg,  Q°  «  1,100,  Q  =  820; 

6)  p  =  4.1  mm  Hg,  Q°  =  660,  Q  a  220. 


The  Q- factor  Q  is  given  for  maximum  dischairge  current 


Fig.  7:  Resonator  retuning  as  a  function  of  the  discharge 
current  in  the  10  cm  rang®  ( neon- filled ) ; 

1)  p  =  3.7  in®  Hg,  Q  =  640,  Q  =  230; 

2)  p  =  2.1  ma  Hg,  Q°  =  630,  Q  =  310; 

3)  p  =  1.7  IS®  Hg,  Q°  =  420,  Q  =  230; 

4)  p  =  5.8  «ffi  Hg,  =  560,  Q  =  290. 
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AVERAGED  EQUATIONS  Ox^  MOTION  OP  CHARGED  PARTICLES 
IN  SLIGHTLY  INHOMOGENEOIJS  STATIC 
AND  HIGH^-FREQUENGY  FIELDS 


K,A.  Mille: 


AL\^era,^ed  equations  of  motion  of  chart^ed  particle::^  | 
are  derived  for  systems  in  which  besides  hlgh«-frequency  fields  | 
there  are  slightly  inhonogeneous  electrostatic  and  magnetostatic 
fields «  '  I 

In  artieje  /  1  7  an  averaged  eq;aatl,on  of  ‘isiotion  wasj 
obtained  for  a  charged  particle  in  a  sligb-tiy  inhoraogenecus  | 
high-frequency  field  and  in  a  homcgerieous  static  field.  It  is  j 
also  o  f  i  n  t  e  r  e  s  t  t  i  nv  e  s  t  .1  g  a t  c  sy  s  t  en  b  i n  wh i.  c h  not  ort  1  y  "L h  e  | 
high-frequency  fields  but  also  the  static  fields  are  inhomoaenepus 
Averaged  equations  of  motion,  correspondingly  generalized,  arc 
derived  beloi?;* 

I^i^hoinogeneous  Electrostatic  field,  ; 

Let  us  assuTiie  that  besides  a  slightly  inhcmogeiieous ! 
h  1  gh -  f re  qu en  cy  f  i  e  1  d  \ 


E,  (r,  {)  =r-  £,  (r)  -  £,  (R)  -f  (f-r)  £.  {R)  e*-/; 

/f,  (r,  t)  =-:  fi,  (r)  -1  H,  {R)  (f^)  //,  (R)  e 


(I) 


the  s,v3tem  alyo  contains  a  slightly  inhomogeneous  electrootatic  j 

field  j 

! 

£„  (r)  is  Eft  {«)  -r  £'n  (/?). 


{  O) 
\  -  / 


so  that  E(r,t)  »  E^(r)  +  B  (r,t)  while  ^  or 
If  the  characteristic  distance  L^,  at  which  field  (2)  changes 
materiallyi  not  only  oonsiderahly  exceeds  the  amplitude  of  a 
rapidly  oscillating  particle  ^  also 

satisfies  the  condition 

(5) 

Lx  Lf^  Lx 

where  is  the  characteristic  distance  of  amplitude  change  of 
the  high-frequency  field,  then  the  contrihution  of  the  second 
term  of  (2)  to  the  averaged  equation  of  motion  can  he  neglected 
and  the  equation  can  be  written  in  the  form 

if  !sr  —  7J  ^  (If)  —  (R), 

t- 

where  and  are  the  electrostatic  and  the  high-frequency 
potentials  respectivelyt , 

d»  ^  (■»i/2o>)^  I  f ,  I*.  « 

If  condition  (5)  is  not  observed,  then  the  inhomogeneous  static 
field  must  already  he  taken  into  account  in  the  equation  of 
rapidly  oscillating  motion 

f  -  (p  7)  fa  ~  ^  f  I  (^> 

Seeking  a  solution  of  this  equation  and  averaging  the  initial 
equation  (2,3)  iBi  article  f'i-J 

if  +  p  =:  7)  £  (/f,  0  -f  ^  (p  V  )  f  (^.  0  4-  rijc  \RH  {R,  0]  -f- 

•  ('  ) 

-I-  tijc  \pH{R,  f)l  +  -njc  }  R(px)fi(R,  ^)1  4  I  p  (PV)  W  {R,  <)1 

it  is  possible  to  obtain  a  generalisation  of  the  averaged 
equation  (4),  It  must  be  borne  in  mind,  however,  that  in  the 
expansion  of  (l)  only  terms  of  the  order  f  are  retained. 

Therefore  in  the  case  (  ^ /Lq)  (E^/b)''*-'!  and  Lq  Li  the  _ 
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expansion  of  (2)  must  be  extended  to  include  the  terms 

(  which  are  of  the  same  order  ^  ma^itude  as  the  termj 

(  /®/hj^)  taken  into  account  in  equation  (7).  A  correct 

treatment  within  the  limits  of  the  accepted  approximation  is 

only  possible  given  the  additional  condition  ^  1 

However;  if  we  give  up  the  assxxmption  that  ^ 

consider  that  /oE  /L  E,  «  1,  then  in  a  first  approximation 
I  O  0  1 

the  solution  of  eqtiation  (6)  for  this  small  parauneter  can  be 
written  in  the  form: 

By  substituting  (s)  in  (?)  and  averaging  over  the  period  27r/A> 


we  get** 


1  yf 


^  —  r,  V  ?  (^)  —  T  d>  -f 


{((f.  V)  £.>  v)  £,*  +  ((£,  r)  £«  rot  £l!  1. 


(9) 


In  the  general  case  the  expression  in  the  right- 
hand  member  of  (9)  cannot  be  represented  as  a  potential  vector, 

It  is  true  that  there  are  some  important  exceptions.  For  instanjce, 
if  the  high-frequency  field  has  the  same  structure  as  the  static! 
one,  i.e.  E^^  (r)  =  const  E^  (r),  then  the  last  term  in  (9)  is 
written  as  (l/<5)  (  /tJ^  const  I ^  V(E^V  [e^P)  and, 
consequently, 


where 


^  I  f  1 1*  +  +,  I  const  I*  V  (T  ?  V !  f  nj. 


*  It  is  assumed  that  the  frequency  and  its  subharmonics  are 
remote  from  the  natural  frequencies  of  the  homogeneous  equation 
(6). _ - 
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If  necessary,  etjuation  (9)  may  be  made  more  accurate  in  a  I 

similar  •ray  by  taking  into  account  terms  of  a  higher  order  -sirithj 
respect  to  (  ^ /L^)(E^/e^) ,  | 

2,  Inhomogeneous  Magnetostatic  Field  . 

i 

i 

Let  us  examine  the  case  of  simultaneous  action  of  I 
high-frequency  and  magnetostatic  slightly  itthomogenous  fields,  j 
Let'us  re'present  the  latter  in  a  form,  analogous  to  (2)s  j 


HAr)  ~  HaR)  M  H  m. 


(10) 


_j!is3iming  \pl  we  shall,  horerer,  retain  terms  of  the  j 

order  (p/c)  (PHqA'^H3_)  iu  the  average  equation,  i.e,  consider  | 

that  H  /L  H,  1  when  L  L, »  ; 

o'  0  1  0  I  I 

i 

The  rapdily  oscillating  motion  described  by  equatio4 
p  ■"••  M  Ip  f,  {R)  e‘"  ',  ( 11 )  | 

■■■'  '  '  /  .  V  i  ^'i'  ij 

must  include  oscillation  with  a  field  frequency  n  X't)  Op  1 

and  with  a  cyclotron  frequency  p,„(0 * 

V  P-H  (t)  =  P-H  (u>rt  =  It  '5'-  t*. 

i  #  e «  ^ 


r(Y)-^/f(/)4'P..(0-fp..„W. 


(12)  I 


Depending  on  the  relationship  between  the  frequency  i 
■  ■  and  the  frequency  it  is  necessary  either  first  to  j 

average  ecuation  (?)  over  the  period  2n'/u' (  ,>■>  the  motion  | 

’  p:' g  (t)  is  then  combined  •with  the  slo^w  motion  R(t))  or  when  | 
juig  1  >  first  to  average  over  the  period  taking  into  | 

account  the  slow  motion  p,  (t),  and  then  to  average  afresh  over! 
the  period  2??t4o  and  over  the  period  of  difference  frequencies*-# 


When  €4^  approaches  or  the  averaged  equations,  thus 

.obtained,  become  untrue,  because  in  the  time  of  averaging  which 
. increases  without  limit  the  oarticles  may  move  through  distances 

exceeding 
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However,  because  the  equation  for  R(t),  before 
being  averaged  over  itself  has  a  solution  ccrrespondinif 

to  rotation  of  the  particle  with  cyclotron  frequency,  it  is 
possible  purely  formally  to  combine  (t)  with  the  unaveraged 


function  R(t)  in  the  second  case  alsot 

and  to  consider  only  a  forced  solution  of  (ll)»  writing  it  in 
projections  onto  the  orthogonal  oo-ordin^tte  directions 
li  Sq)  following  form: 


«=  flfi  ti  -f' 


(  ^tL  .. 

£(-) 

4-—  - 

.vt 

\  (B  -j-  iUff 

0)  —  tt>// 

i-n  { 

\ 

<0/2  ' 

u)  -u  a)« 

«>  —  !»//  / 

(13) 


a,  r:z 


Here  the  subscript  It  denotes  the  component  of  Ej^, 
along  the  direction  subscript  Jl  denotes  the 

components  at  right  angles  to  the  latter  in  their  turn  are 
represented  as  the  siun  of  vectors  with  right-handed  w 

and  left-handed  circular  polarizationj 

'  i,, );£<£-)-  — 


£<+■) 


-  £rMt,+/t,). 


(iM 


V  2  ^2 

By  substituting  (13)  in  (9)  and  averaging  over  the  period  Zu/ta 
■we  getj 


{ti^H — «»„  {«»„  t,]  )*'/«  -  ii/w  V  i  f » r 


The  right-band  member  of  (15) »  as  in  the  case  of  an  | 
inhomogeneous  electrostatic  field,  is  not  in  general  a  potential^ 
vector.  The  following  transformations  are  intended  to  separate 
its  rotational  and  potential  terms  in  a  clear  fora. 

Let  us  consider  the  expression 


if  rr  Iro  (p« 

representing  it  as  a  sum  of  three  vectors 

4. 

!  F**  Im  aaa^  (  v)  (1^) 

i  ‘  - 

i  p'i)  ^  irn  a, a*  {  v)  ha  hs  X)  !; 

-  Im  a.al  t  {t,  (t,  p) «»// 1,|  —  it,  (t,  t)  «>«  t^j  !. 


field*. 


Starting  from  the  equations  of  a  magnetostatic 
rot  «>w  i:j  0;  djv  <0//  t,  —  0, 


and  taking  into  consideration  that  the  vectors  -T],  ♦  "^2*  ^5 
are  orthogonal  ,  ,  .  1,  ~ t  _ ? 

one  can  derive  the  relationships! 

!  rot  "'a  ~  —  (1  /•"«)  { V  <**//  “*1  i  div  ^a  *=  —  ( i  /«’w)  (“*  V  ®w)! 


(t,  t,  -sc  ( t/t*)//)  p .  '«//;  (■**  v)  ^ 

‘'1  («1  v)  »a  s;;  ■'s  rot  ■'i; 

”'1  (^j  n '» =  '*  •»  ™  c**  v)  ■'»  {■'>  t)  ‘'*' 


(17) 


By  projecting  (16)  onto  the  directions 
after  a  number  of  transformations#  using  (1?)#  we  get; 


*  It  is  assumed  that  no  sources  are  contained  in  the  region 
under  examination. _ _ _ _ _ _ — . . — — - 
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/^'D  -{-  St-  —  Im  (  "t  (ijd*  (’» rot  *i)  4- 
+  «>//  (■»  rot  *2)  -i-  '*  (rt,«3  "»  T  '"H  —  '*  ^ 

fH3i  ^  _  im  (^^al  X  <»//. 


(18) 


It  is  not  difficult  to  satisfy  oneself  that  equations  (18)  are  • 
equivalent  to  the  following  relationships 


~  Im  v)  n- 


(19) 


Thanks  to  such  notation  the  physical  interpretation! 
of  the  last  term  in  equation  (ip)  becomes  obvious.  It  is  due  t<| 
the  force  acting  from  the  inhomogeneous  magnetostatic  field  on  1 
the  magnetic  dipole  ^4  which  is  constant  with  respect  to  tim^ 
and  which  appears  as  the  result  of  averaging  the  oscillating 
motion  of  the  particle » 


2c 


I"! 

4c 


(20) 


In  fact 


(21)  i 


-  -  Im  !p..  (p...r) •'''//  *=•!  T  *'11  «»/#  t, 

2  4 

“  in'”  x) «’« -5*  —  -■  iP”  v)  w... 


By  representing  the  dipole  moment  (20)  as  the  sum  o 
the  longitudinal  (  )  and  transverse  (  /V"  )  components  | 

and  taking  (2l)  into  account,  we  can  combine  the  potential  terms 
on  the  right-hand  side  of  equation  (15)»  writing  it  in  the 
following  form; 


yd'  -f-JL 

m 


(22) 
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where 


P  ^  J—  1  F.+->  1*  4- 

®  1  (.1  ..j~  <»/i  ^  «)  -  - 


C  <0 


Im  pr^(p!  t,  ~  p:^  t,). 


(25) 

(24) 


Formally  the  high-frequency  potential  (2?)  does' not  differ  from 
the  potential  for  systems  with  a  homogeneous  magnetic  field, 
hut  the  cyclotron  frequency  entering  into  it  is  a  function 

of  the  coordinates.  When  =  const  the  last  term  of  equation 
(22)  vanishes*,  and  its  right-hand  member  becomes  potential 
[~ \  J t  It  is  also  potential  when  because  in  this  case, 

according  to  (15),  (*^3  ~  ®  i.e.  the  particle  rotates  only 

in  planes  perpendicular  to  the  lines  of 

It  remains;  to  make  the  significance  of  averaging  thij 
left-hand  member  of  (22)  more  precise.  As  already  mentioned, 
when  <£0  >  function  (t)  describes  slow  (on 

the  scale  of  ?.7t/^  )  motion,  therefore  if  averaging  over  the 

period  2fT/\ii^\i8  not  of  special  interest,  equation  (22)  can  be 

used  as  an  ordinary  averaged  equation  without  any  reservations. 
When  approaches  |^jji  also  when  is  necessarj 

*  The  presence  of  V,  causes  a  precession  of  the  magnetic  dipol« 
in  a  homogeneous  ma^htio  field  but  in  the  approximation  in 
question  it  does  not  lead  to  a  displacement  of  the  center  of 
oscillation  $  therefore  the  precession  is  averaged  and  drops  out 
of  the  equa,tlon  for  R(t)»  When  motion  is  S'fcudied  in  a  quasi— 
stationary  magnetic  field  H.  ;S>  and  in  a  homogeneous 

constant  magnetic  field  it  Is  imperative  to  take  precession  into 
account  (see,  for  example,  article 


in 

principle, 

to 

avera^ge 

•1^.  I'l/  i 

u'.^J  and  0 

ver 

the 

peri 

W  B 

kno^'  that 

this 

lo. 

ads  t 

Pt 

^rcrimation 

r" 

L.  J 

7 

J  * 

The 

(22)  actually  reduces  to  the  followingt 
—  (')//  (A'  -t.j  ~  ^  +  —  i>7  v) 


r  ^  4-  ~  [PI  V)  Wo  +  -■  (/»?’  w. 


^  Da  r  ♦  1  »  t 


where 


/I/"  2  (*i  -f  / 1  ) 


Here  B(t),  in  contrast  to  E  ,.  ti(t)f  is  a  slow  (on 

I  '^"  il 

j  the  Bcale  of  furjctiori  of  time* 

The  av.tr,or  is  grateful  to  E*I*  Yakubovic?!  for  some 
I  \  m  ;p  0  T  t  an  t  e  ug g  o  s  t  i  o  n  s , 
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EXCITATION  OP  A  TRANSMISSION  LINE  WITH 
IRRECTILINEAR  ELECTRON  BEAMS* 

Pages  ^  By  A.T.  Gaponov 

The  author  examines  the  prohlem  of  the  excitation  o 
a  transmission  line  with  an  iarreotilinear  electron  beam,  in 
which  the  particles  oscillate  not  only  longitudinally  but  also 
transversely.  He  explains  under  what  conditions  the  electron 
beam  excites  monochromatic  waves  in  the  system.  An  expression 
is  obtained  for  the  amplitudes  of  normal  waves  in  terms  of  the 
coordinates  of  electrons  in  the  beam. 

When  a  high-frequency  field  in  a  transmission  line 
(waveguide)  interacts  with  an  electron  flux,  not  only  long¬ 
itudinal  but  also  transverse  oscillations  are  in  general  excited. 
It  is  not  difficult  to  see  that  electron  besim  oscillations  in 
directions  perpendicular  to  the  static  trajectories  of  the 
electrons  lead  to  the  density  of  the  convection  current  in  a 
fixed  frame  of  reference  not  being  everywhere  a  sinusoidal 
function  of  time,  even  for  interaction  with  a  monochromatic  wave, 
however  weak,  when  each  individual  electron  in  the  beam  oscillatjes 
harmonically.  This  circumstance,  i.e,  the  nonsinusoidal  relatio: 
of  current  density  to  time,  makes  it  difficult  to  find  a  self- 
consistent  solution  of  the  problem  of  interaction  between  an 
electron  beam  and  a  monochromatic  wave.  On  the  other  hand,  it 
is  more  or  less  evident  that  under  the  action  of  a  weak 

*  Paper  read  at  the  III  All  Union  Conference  of  MVO  for  radio- 
electronics,  Kiev,  1959,  . 


monoQhromatic  high-frequency  field  there  is  just  that  distribution 
of  current  density  (nonsinusoidally  time-dependent)  set  un  in  | 
the  beam, in  a  linear  approximation,  which  excites  a  monochrom¬ 
atic  wave  in  the  line.  It  therefore  seems  desirable  to  find  j 
out  under  what  conditions  the  electromagnetic  field,  which  is  j 
excited  in  a  transmission  line  by  an  electron  beam  with  a  given j 
law  of  velocity  modulation  of  particles,  can  be  represented  as  j 
a  superposition  of  monochromatic  normal  waves  (of  identical  j 
frequency),  and  also  to  find  expressions,  for  the  amplitude  of  j 
these  waves  in  terms  of  the  characteristics  of  an  electron  beam] 

i 

which  can  be  most  easily  determined  (for  example  in  terms  of  th4 
coordinates  and  velocity  of  the  particles). 

The  excitation  of  a  waveguide  by  an  arbitrarily  time- 
dependent  current  is  fully  described  by  the  "waveguide  equations'* 

ill  However,  as  these  equations  are  most  cumbersome,  we  | 

shall  first  st^idy  this  problem  in  a  quaai-statlonary  approxim¬ 
ation  (for  transmission  lines  with  high  delay)  and  shall  then 
extend  the  results  obtained  to  any  waveguide  system, 

1 .  Excitation  of  a  Cylindrical  Transmission  Line 
(quasi- Stationary  approximation) 

Let  us  consider  a  transmission  line  penetrated  by 
an  electron  beam  (an  example  of  this  kind  of  line  is  shown  in 
Pig,  l)  and  let  us  assume  that  the  line's  transverse  dimensions  | 
d  and  the  length  of  the  fundamental  wave  in  it  are  so  smalil 

that  the  electric  field  can  be  considered  potential! 


(1) 


Here  is  the  potential  of  the  Coulomb  field  of  the  beam's 
space  charge,  distributed  with  a  density  ^(xy2,t),  V(z,t)  is  the 
voltage  in  the  line  Ij/  (xyz)  is  the  static  potential  distributiou 
function,  periodic  with  respect  to  z  (with  period  f). 
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•  ®  <*v^  -I  # « *  ® 


I  Fig*  1* 

I 

i 

I  Let  us  further  assume  that  d,D  «  X^(assuming 

j  that  ^'  only  depends  on  the  treinsverse  coordinates?  4^(x,y)). 
If  we  set  up  telegraph  equations  for  the  line  current  J(2,t) 
and  for  the  voltage  Y(zft}  and  if  with  the  aid  of  the 
reciprocity  theorem  we  take  into  account  the  charge  induced  in 
the  conductors  bjr  the  beam's  space  charge,  we  get 


±y:^i 


„  -i-  C,  -•-  r= 

dz  dt 


where  and  Cj^  are  linear  parameters  self-inductance  and 
capacitance  of  the  line 


M{z,()  =  j*  fi(xyz,t)W{x,y)dS 


(the  integration  is  with  respect  to  the  cross  section  of  the 
line)*  If  we  eliminate  the  current  J  from  (2),  then  we  get 
an  inhomogeneous  wave  equation  for  the  voltage  V(K,t)s 


i,C. 


It  follows  from  eqiiations  (3)  and  (^)  that  the 
electron  beam  excites  a  monochromatic  wave  in  the  system,  if 
M(2,t)  is  a  sinusoidal  function  of  time.  Because  in  this  case 
the  charge  density  jo(xyz,t)  may  have  a  complicated  relation  to 
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Coiilomb  field  of  i^he  space  charge  ^  ^hich  is 
deterynine^  by  the  er;uations 


1 


£?  -■  --  ?f f  : 


1 

Vf.  ri - ;4xy::,/) 


will  not  in  general  be  a  harnicnio  fiinotion  of  time  in  the 
neighborhood  of  the  beam«  This  makes  a  ccnaistent  calculation  ’ 
of  t'he  Bpaco  charge  field  more  diffiault*  It  should  bo  notedp 
hcwavor^  ttet  in  the  majority  of  cases  of  Inlereat  in  praotioe  ^ 
the  electron  beam  appeo^ra  grouped  in  Siioh  a  wa;/  teat  r-- sorianoe 
(ooheroat)  e>roitatioy;  of  a  wave  of  definite  type  is  brought 
about  in  the  trari srh. ssi^-n  line.  Also  the  amplitude  of  the 
v^rave  appears  to  be  large  enough  to  negleot  the  space  charge 
field  in  the  first  approximation-^ ,  ; 

Let  us  examine  the  ey.pTe^iyLon  for  in  greater: 

details  By  bringing  the  differuntiation  v:h  th  respec'i:  to  time 
u:;;der  trie  integral  sign  using  the  coritiraiity  sqiiation  i  t 
is  not  difficul.t  to  express  M(z^t}  in  terms  of  the  longitudinal 
and  transverse  components  of  the  current  density  j  in  the  beam, 
and  i  ,  j 


M 


(6) 


If  the  beam  is  s\:ff icient ly  and  the  runction 


j  For  an  apuroAiyrate  calcuj.atlon  of  the  apace  charge  field  we 

1  can  caufino  ourselver?  to  the  first  tiniC  harmonic  of  the  aolutiop 
I  of‘  eq;uo.tto.n.  (5)  ^  ; 

I  -  .  I 

i  'Diio  asaumption  is  not  one  of  principle  but  simplifies  uhe  i 

I  arrangerrient «,  ! 
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of  potential  distribution  function  (x,y)  and  its  derivatives  | 
change  little  within  the  cross  section  of  the  beam,  it  is  < 

possible  to  carry  out  integration  with  respect  to  the  cross 
section  in  (5)  or  (6).  We  shall  characterize  a  thin  bean  by  thel 
equation  =  Jj_  (z,t),  which  determines  its  shape  (see  fig.! 
l)»  "fche  longitudinal  velocity  of  the  particles  v  =  v  (z,t)  i 

and  by  the  longitudinal  (with  respect  to  axis  z)  charge  j 

/*r»or  “  /nor  Assuming  that  there  are  no  intersecting  i 

trajectories  in  the  beam  and  no  overtaking  of  some  electrons  j 

by  others,  we  shall  consider  r,  ,  v  and  P  to  be  single-  ! 
valued  functions  of  their  arguments.  For  M(z,t)  we  shall  then  ; 

t 

gets  I 

M  {z,t)  ^  -  nn)  £l  +  (r^  ,  ! 

az  (ft  i 


where  I 


is  the  longitudinal  current  across  the 

'  nor  z 


section  z  =  const,  related  to  the  velocity  v^  by  the  equation 


dz  '  * 


*  dt 


Let  us  assume  that  the  stationary  electron  beam 


=  const,  Tj^  - 

small  oscillations,  i.e.  that 


z  z 


(z))  is  modulated  by 


ri.=r<«(r)+r<'>(x.O; 


wnere 


is  the  scale  of  inhomogeneity  of  the  high-frequency  field.  Then 
it  is  not  difficult  to  see  from  (8)  that  the  variable  component 
of  the  longitudinal  current  is  also  smalls 


187 


By  linearizing  expressions  (7)f  (6)  it  is  not 
difficult  to  satisfy  oneself  that  the  unpertnrhed  (stationary) 
electron  beam,  as  should  be  expected,  does  not  excite  a  wave  in 
the  transmission  line  =  O).  With  a  sinusoidal  perturb 

(1) 

ation,  i*ee  when  t  ^  X  a  ^  ^  z  a 

the  value  M(z,t)  is  also  a  harmonic  function  of  times 
M  =  M  (z)e^‘^^.  A  monochromatic  wave  V(z,t)  =  Vjz)e 
then  excited  in  the  line  and  its  amplitude  is  determined 
according  to  (4)  by  the  equations! 


iwt 


i  ojt 


is 


A^Z): 

dz- 

(9)  j 

t 

i 

• 

d/<"  i 

(z)  -  V  (rf)  r';],; 

(10)  1 

J 

— If.  ^  iu,v>f  /(n  —  , 

oz 

) 

i 

(11) 

< 

I 

where  h^  =  L,  C,  is  the  wave  propagation  constant  in 

0  X  X 

j 

the 

absence  of  an  electron  beam* 

1 

2.  Excitation  of  a  Cylindrical  Transmisaion  Line 

1 

i 

1 

(The  general  case) 

i  • 

By  using  "waveguide  equations"  (see  for  instance  i 
ClJ)  it  is  not  difficult  to  extend  the  results  obtained  above 
in  a  quasi-stationary  approximation  to  aiiy  cylindrical  trans¬ 
mission  line.  In  particular,  it  can  be  shown  that  in  the 
presence  of  small  sinusoidal  (with  respect  to  time)  perturbation's 
in  the  beam  the  S  type  wave,  excited  in  the  line  by  such  a  beam, 
will  be  monochromatic,  provided  the  amplitude  of  the  oscillations 
of  the  particles  in  the  beam  is  much  smaller  than  the  character¬ 
istic  dimension  of  inhomogeneity  of  the  field  of  this  wave.  For 
the  amplitxides  of  the  monochromatic  waves  we  sban  equa-tion 
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analogous  to  (k)t 


^  +*l  K  “ 


where  N  is  the  wave  normal  /*  2  _7 

0  S 

M(a,t)  >=  M  for  TM  and  TE  waves  are  determined  by  the 

s 

expressions t 


^JL 


(13)  i 


Here  and  'tlT™  are  two-dimensional  membrane  fimctions  \ 

*  S  .  ^  S  I 

(proportional  to  the  longitudinal  components  of  the  electric  } 

I 

and  magnetic  fields  in  nonmal  waves),  2  is  the  unit  vector  1 

2  2  2  ^ 

along  the  Z-axis,  ^  *  <0  eyu.  -  are  the  transverse  wave 
numbers,  £>M  are  the  dielectric  constaint  and  the  magnetic 
permeability.  The  symbol  [  Jijj  denotes  the  Fourier  oomponent  j 
of  the  frequiaiicy  «u  of  corresponding  value.  The  fields  in  the  | 
transmission  line  are  written  in  terms  of  Yg(z),  and  ^glj 

for  example  for  TM  waves 

dl/  X®  • 


and  for  TE  waves 


dV  t 

=  £;,=  V,  .  (136)> 

IfiOp  fUlU 

In  the  linear  approximation  in  question,  when  the 
amplitude  of  the  oscillations  of  particles  in  the  electron  beam 
is  assumed  to  be  small  and  the  oscillations  themselves  to  be 


189 


{ 


simiaoidal ,  the  variable  component  4¥(b,t)  is  alj:^o  a  sinusoidal 
function  of  time,  however?  that  the  li-ui  tail  on  to  a 

linear  a..p tr<:o<imatlon  flower  ao  ri3.re^d;/'  mentioneoj  from  tee 


....  ;  (  1  i  ,  :  ....  ,  . 

cond'taori  ;r. 


Per  wave  a  v:l.  tn  a  n:.. 


u  r 


number  this  condition  is  evidently  not  ful filled  and  because 

of  this  the  field  In  the  T;ra.nsni tjsion  line  is  not  etriotly  : 

j 

monochromati e- ,  I 

I 

It  is  known  tha.t  the  solutions  o.f  equation  \lo)^  ; 

[12)  nB:y  be  written  in  the  fo7:*m  of  a  superpo si tion  of‘  two  ! 

opposing  wuve^??  ^  ¥'"(2)0^"'''^""',,  If  the  I 

tr.urisnis?.ion  line  is  infinite  (or  matched  irx  both  clirec  ciono)  ; 
then  for  a  high.“freq,ue:nc,7  fioid  in  the  line  it.  is  not  difficult' 

I 

to  pyjtj:  i 


E^-ltv:e;  i  VrE,y.  »  =  +  I'rS,  i. 


wae 


U"  ”-  -1-  ~^r  i  I  £■  ixyz)  dS  I  dz  , 


.V 

j  L 


(lb) 


and  K 


e  e 


^5- 


4. 

b"*  e 


10. 


are  the  electric  field 

1  h  /J,  -A  \ 


I  strength  and  t.he  magnetic  finr  denolty  in  the  direct  (e 

I  ^  .  4.  T  V|  , 

and  opposing  (e  '"""os-’-'j  norma}.  v?avess  Z,  ^  are  the  coordinates 


j  of  th 

D  beginning 

and 

end  o.r  the  electron 

beara^ 

t 

f 

Note 

that 

these  expression f 

ormally  coincide 

1 

w  4,  t  .ri  ; 

! 

1  k'nD?ri; 

formulae  i 

■r  "> 

which  describe  the 

excitntion  of  a 

wave-  : 

1  guide 

bp  a  >^iuueoidal 

current  j  = 

i.  t: 

e  ^  tnep'  a.re 

uue.ruj.  1 

j  1/1 

a.  quasi- a* ia 

.j  .  .4  .y,, 

V  .1  ■‘J  Lj 

ary  approxisaation  th 

e  sum  of  fields 

of  j 

viiv^B  with  high  order  numbers  corresponds  to  the  Coulomb  field  j 
\  o.f  the  soa.oe  charge  in  the  neighborhood  of  the  beam 
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for  any  waves  (not  only  TE  and  TM)  in  tranaaiseion  lines. 
Substituting  J  =  ^v  in  expression  (15)  for  the 
amplitudes  of  the  normal  waves  and  assuming  that  the  electron 
beam  is  sufficiently  thin,  after  integrating  with  respect  to 
cross  section  of  the  waveguides 


Ilf 


9r^vEf\r^{z,t),z\\  dz, 


where  E"*”  [^tj^(z,t),z  J  is  the  value  of  the  field  of  the  normal 
wave  in  that  point  of  the  cross  section  through  which 

the  electron  beam  is  passing  at  the  given  moment. 


5,  Expressions  for  the  Amplitudes  of  the  Normal  Waves  in 
Terms  of  the  Coordinates  and  Velocity  of  electrons 
in  the  Beam 

When  we  derived  equations  (12),  ( 13)  and  their 
equivalent  formulas  (l4),  (l6),  describing  the  excitation  of  a 
transmission  line  by  an  electron  beam,  we  assumed  that  the 
shape  of  the  beam  1^(2, t),  the  charge  density  f'jiQj.(^»'*') 
the  longitudinal  velocity  of  the  electrons  v.(2,t)  were  given 
in  Euler’s  variables,  Nevertheless,  in  a  nmber  of  cases  it 
turns  out  to  be  more  convenient  to  describe  the  electron  beam 
in  Lagrangian  variables  t^,t(tg  being  the  time  the  electron  enters 
the  system)  or  in  the  variables  't:,t  where  "tr is  the  time  during 
which  the  electron  remains  in  the  system  (time  of  ti’ansit).  In 
these  variables  formulas  (I6)  for  the  normal  wave  amplitudes 
take  on  a  specially  simple  form. 

For  the  transition  to  variables  qr ,t  we  shall  use 
the  relation  z  =  z(T*t)  (or  'roT(2,t)),  which  can  be  found  from 
the  equations  of  motion  of  an  electron  which  in  what  follows  we 
assume  known.  If  the  beam  is  not  modulated  at  the  input,  then. 
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aa  knowii,  =•  (®®®  example 

C^J)  transition  to  the  new  variables  in  (l6)  gives: 


■:c-; 


1/j!  rr(:,0£f 

I  J 

I I  U  ,-^  0 


in) 


Thus,  it  appears  possible  to  express  the  amplitudes  of  the  norm*|.l 
waves  solely  in  terms  of  the  total  beam  current  JT  and  the  j 
electi’on  velocity  v(t',t).  The  generalization  of  (17)  for  beams! 
of  finite  thickness,  taking  into  account  the  limitations  of  the 

j 

first  section,  presents  no  difficulty.  j 

In  a  slightly  perturbed  electron  beam  the  coordinates 
1“  and  the  velocities  v  s  if  of  the  electrons  are  close  to  the  i 
coordinates 


and  velocities  v^°^  in  the  stationary  beaimi 


r  =  r«»(t)+r<h(t,#), 
^.=:y0>  (2) 


i  tjKD  j  1  p<0>  !  . 

,(n}«i,(0)|. 


(18) 


By  using  the  smallness  of  the  perturbations  it  is  possible  to 

separate  the  variable  component  on  the  right-hand  side  of  (l?) 

in  a  clear  form 
(  .^(1)  „  (i) 

\  J,  S  \  ^  t  9  Z.  ~  Z 

field  under  the  integral  in  (15)  in  series  in  the  point  «  r 
Confining  ourselves  to  the  first  terms  of  the  expansion,  after 
several  transformations  we  geti 


Let  us  consider  the  perturbations  sinusoidal 

^  and  expand  the 


l/n 


V*  ^  + 

‘  N. 


J 


M 


(Z) 


(19) 
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Here  *  means  a  complex  conjugate  quantity  !  is 

•.|n> 

a  substitution  within  the  corresponding  limits  and  ,E  *:  stands 
for  the  variable  field  acting  on  the  electron  -in  the  tracking 
. frarae  of  reference  (in  a  stationary  approximation). 


Formttla  (19)  is  very  convenient  for  calculating  thej 
field  excited  in  a  transmission  line  by  an  electron  bes.m,  becau’s 


it  gives  an  expression  for  normal  wave  amplitudes  directly  in  | 
terms  of  the  coordinates  of  an  individual  electron  '7*^^(t)  > 

(at  points  where  I  thus  there  i 

Z  2  I 

is  no  need  to  determine  the  variable  component  of  the  beam  j 


current.  It  is  not  difficult  to  see  that  the  second  and  third  j 
addends  on  the  right-hand  side  of  (19)  are  always  small:  the  | 
amplitude  of  the  high-frequency  field  corresponding  to  them  is  ; 
of  the  order  of  V-~-  Z«  ^  v^^Vv^®^  (Z„  is  the  wave  impedance 

DO  O 

of  the  line).  The  first  addend  is  also  generally  small,  but  j 
under  certain  conditions  (proper  phasing  of  the  electron  beam  ; 
perturbation  r^^^  with  one  of  the  natural  waves  of  the  trans-  ' 
I  mission  line)  it  can  grow  infinitely  with  increase  in  the  lengti 
of  the  system.  Therefore,  when  investigating  systems  in  which  | 
such  phasing  is  known  to  occur  (as,  for  instance,  with  the 
interaction  of  a  wave  in  a  transmission  line  with  a  space 
harmonic  of  the  electron  beam  current,  synchronized  with  it 
/.  only  the  first  term  of  the  right-hand  side  of  (l9)  need 
be  taken  into  account. 

In  conclusion,  note  that  owing  to  the  equations  for 
the  field  being  linear  the  formula  for  the  amplitudes  of  normal 
waves  excited  in  a  line  by  several  thin  beams  (or  by  a  beam  of 


193 


finite  thickness)  can  be  obtained  by  surcvoing  (irite 
expres3lors3  oC  type  {l$)» 
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lUTERACTIOK  BETWEElif  ELECTRON  FLUXES  AND  ELECTROMAGNETIC 

WAVES  IN  WAVEGUIDES 


Pages  450-462 


By  A.V.  Gaponov 


A  solution  is  obtained  for  the  propagation  of  an  j 

electromagnetic  wave  in  a  waveguide  containing  a  thin  electron  . 
beam  that  follows  a  curvilinear  path.  The  dispersion  equations 
are  derived  for  waveguides  containing  spiral  and  troohoidal  i 
beams,  which  traverse  (respectively)  a  homogeneous  axial  magneti|j 
field  and  crossed  electric  and  magnetic  fields.  Various  modes  i 
of  interaction  between  beam  and  waves  are  considered,  and  it  is  i 
found  that  microwaves  can  be  generated  and  amplified  in  systems  j 
not  having  slow  waves. 


Introduction 

In  any  study  of  the  interaction  between  an  electron 
flux  and  electromagnetic  waves  it  is  usual  to  suppose  that  the 
electrons  in  the  beam  follow  straight  paths  when  the  radio- 
frequency  field  is  absent.  That  assumption  is  made  in  most  of 
the  theoretical  papers  on  traveling-wave  tubes  and  the  like. 

But  it  is  known  that  quite  new  interaction  effects  can  appear 
if  the  beam  is  velocity-modulated.  One  such  effect  is  an  inter¬ 
action  with  the  spatial  harmonics  of  the  beam  current  if  the 
electrons  have  speeds  that  are  a  periodic  f\uiction  of  the  axial 
coordinate  Z'l-5_7»  This  effect  opens  up  many  possibilities, 
because  we  can  use  the  interaction  between  a  fast  spatial 
harmonic  and  a  wave  of  normal  speed  in  a  waveguide  and  in  that 
way  avoid  the  use  of  retarding  systems,  whose  difficulty  of 
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f 


manufacture  constitutes  the  main  obstacle  to  progress  towards  j 
shorter  wavelengths* 

An  electric  field  can  he  used  to  produce  velocity  I 

j 

modulation  4  l$4,5y,  for  which  purpose  it  has  been  assumed  that  j 
the  heam  is  straight  and  that  the  axially  periodic  variation  in  j 
the  velocity  is  produced  by  an  axial  electrostatic  field  that  ^ 


varies  periodically  along  the  axis*  The  heam  can  interact  with 
waves  of  normal  speed  (amplification  and  generation  can  occur), 
Tsut  there  remains  a  periodic  structure  having  a  small  repeat 
distance  (whose  function  is  to  modulate  the  beam,  not  to  slow 
down  the  waves).  Again,  the  beam  must  be  focussed  carefully, 
because  the  modulating  field  lies  close  to  the  surfaces  in  the 
periodic  structure. 


j 


Another  method  of  modulation  not  requiring  a  periodic  j 
structure  would  be  better,  e.g.  one  in  which  a  homogeneous  j 

transverse  or  axial  magnetic  field  is  used*.  j 

The  particles  in  the  beam  follow  curved  paths  in  most  i 
of  the  systems  in  which  magnetic  fields  cr  periodic  (or  other)  i 
electric  fields  are  used  to  produce  the  focussing.  The  problem 

i 

in  its  most  general  form  may  be  formulated  as  one  in  which  a  ! 


wave  in  a  waveguide  interacts  with  an  electron  beam  following 
a  curvilinear  path  determined  by  steady  electric  and  magnetic 
fields  that  vary  periodically  in  space.  That  very  general 
approach  is  used  here  only  in  deriving  the  basic  equations; 
the  dispersion  equatioii  is  derived  for  the  case  in  which  the  two 


*  Ludi  was  ihe  first  to  point  out  that  a  cycloidal  beam 

(one  guided  by  crossed  constant  electric  and  magnetic  fielda)can 
interact  strongly  with  a  wave  whose  phase  velocity  is  greater 
than  the  drift  velocity  of  the  electrons. 
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1 


fields  are  homogeneous. 

In  an  earlier  paper  [ ^  J  **  I  have  dealt  with  the 
way  in  which  an  electron  beam  can  excite  a  waveguide}  the 
formulas  given  there  enable  us  to  express  the  field  excited  in 
the  waveguide  in  terms  of  the  variable  (high-frequenoy)  componen| 
of  the  radius  vector  of  a  single  electron  in  a  thin  heeun,  There*^ 
fore  we  may  solve  for  the  interaction  between  a  wave  in  a  wave¬ 
guide  and  a  thin  electron  beam  by  solving,  the  equations  for  the 
motion  of  an  electron  subject  to  the  fields  defined  by  the 
expressions  given  in  I, 

1 *  Motion  of  an  Electron  in  a  Fixed  High-Frequency 
Field, 

1,  I  assume  that  the  space-charge  density  in  the 
beam  is  so  small  that  the  high-frequency  field  caused  by  the 
beam  has  no  effect  on  the  motion  of  a  single  electron.  Then 
the  path  followed  by  aiyr  electron  in  the  beam  is  the  same  as, 
that  followed  by  a  single  electron  moving  in  the  same  external 
fields,  which  are  the  steady  fields  B^(r)  and  B^(r)  and  the  high -j 
frequency  electroma^etic ‘Afield  varying  sinusoidally  in  time 
E,£,  The  equation  of  motion  (in  the  nonrelativistio  approxim¬ 
ation)  is 

in  which  ®  jej  /m, .  The  high-frequency  field  is  treated  as  a 
perturbing  field}  the  solution  r(t)  is  represented  as  a  series 


**  In  future  [  ^  J  denoted  hy  I,  which  is  also  used  to  denote 
references  to  formulas  in  that  paper. 
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V/e  expand  the  field  appearing  on  the  rignt  in  (l)  as  a  series 
for  T"  ''  and  ecraate  teriss  of  the  first  order  of  snallness;  we 


r^C)  4-  Tj  Ir*'-  B,]  :: 


-f  -u  {r<«)|  4-r4r<o>,(r'*’v)B..(^ni  v)£o(^‘'-)  - -^Ex  {r‘°\  il  \ 

(26)  : 

iii  v/hieh  E’  »  E  4  denotes  the  alternatins:  field  acting' 

on  the  electron  (in  the  coordinate  system  ccojngatu  in  the  , 

2.ero th  a.p p.ro:K,ima tlon «  • 

Epuatlcn  (2h)  i.s  linear  (in  tha  first  a'prroximation) 
and  has  Taris.ole  coef f icients |  its  right  half  is  time-dejiendent^ 

i 

Its  structure  is  such  tVia.t  wa  can  di sting'uish  tv/o  classes  of  * 

syatam  that  annear  to  he  most  simple  as  regards  our  studies,  ‘ 

namelv  a')  the  clans  in  vhioh  B  is  sero  and  (r)  is  inhon:>"“ 

'  -  o  o 

gncoi^B  o,n,d  periodic  along  and  b}  the  class  in  Thioh  and  i 
3^,,  are  homogeneouE  (one  particular  case  being  that  in  which 

V.  0 

-a  '*■  '  .... 

The  first  class  inoludes  systems  in  ^vhicn  tne  team  is 

xooisced  by  r^eo.ns  of  a  periodic  electrostatic  field;  it  also 

i n  c  1  \\ ?3  0- E  f5 ;v  s  t e r. -‘3  i  n  wh i  c hi  a ny  t loan  s v  e 3* s e  mo  t ion  o f  the  e  1  e c  i r  ori s 

is  excluded  by  a  stT^:aig  axial  magnetic  field  (the  velocity 

modulat.  1  being  ‘producod,  by  a  periodic  electrostatic  field) »  : 

Jn  tbla  cane  (2b),  subiect  to  appropriate  initial  conditions 

(2a)  ^  be  comes  an  epuati  having  periodic  coef  f  icierits  and  a  i 

quasi  peri  od  i  c  right  half  (interaction  with  an  Inhorriogeneous  playib 

n’ave)*  In  the  simplest  case  (a  straight  beam)  gt he  vector  equation 

(2b)  reduces  to  a  scaler  cnei  the  corresponding  interaction  has  i 

c&f‘:n  e:^:.arnlr.ed  by  Soln-'sc-v  and  Tager  /  5/.  1 


T.c-  j;.ec''Sd  olass:  ccvors  s; 


rsteirif!  in  which  tlae  'beafri  is 
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guided  by  crossed  uniform  electrostatic  and  magnetostatic  fields 
or  by  a  uniform  axial  magnetic  field,  the  spatial  modulation 
being  produced  only  as  a  result  of  suitably  chosen  initial  ; 

ctiuditions  ( trochoidal  and  spiral  beams).  Then  (2b)  has  constant! 

? 

coefficients  and  a  quasiperiodic  right  half  (when  the  high-  I 
frequency  field  is  periodic  in  space).  We  shall  consider  this  i 
class  in  more  detail,  ! 


2,  Consider  a  thin  electron  beam  guided  by  crossed  i 
homogeneous  fields  E  •=  -y  and  =  x  (x  and  y  being  unit  ! 
vectors  —  see  Pig.l,),We  assume  that  the  initial  velocity  along: 
X  is  zero.  Then  zeroth  approximation  equation 


Emmmmmmmm/m 


Fig.  1.  Thin  curvilinear  electron  beam  in  a  waveguide 

(5) 


0;  4- '»«  2*“*  “  'hFo ;  2^'”  —  =  0 


desoribes  a  trochoid 


Av ;  y$  —  <icos(«>„  t);  rfe'  ?=■  z) , 

? 

in  which  V  =:  E  /B  is  the  drift  velocity,  tu~  =  is  the 

oo'0/<j  ‘^EXo 

gyrofrequency,  -f  =  tT-  '  =  t  -  t^  is  the  time  of  flight  (in  the 
zeroth  approximation),  t^  is  the  time  at  which  the  electron 
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enters  (at  the  plane  ■=  O),  and  the  constants  y^,  and  a  i 
are  detertcined  by  the  initial  conditions  of  motion.  i 

I 

*  t 

The  equation  for  the  first  approxiraatiori  in  ca!;?e  j 


takes  the  form 


y<«.  t).  (5) 


If  the  high-frequency  field  has  one  frequency  only,  we  may  put  j 
the  righthand  side  of  (5)  ir>  the  form  ! 

\ 

I 

It  is  convenient  to  seek  the  solution  to  in  the  form  of  a  j 

function  of  'C  and  t*,  i.e,  in  the  form  ®^P 

YiTe  substitute  for  r^^^  in  (5)  and  differentiate  with  respect  to  | 
tj  we  CGt  an  equation  defining  the  amplitude  of  the  perturbation 

Jl).  ' 


- 1.  2/m - -  —  -4-  i> 

d- 


■ 

~~  +•  i 

.  d~ 


Bf 


^E,ix).  (6  ) 


vmich  is  a' linear  equation  with  constant  coefficients;  E(xyz) 
and  (4)  being  given,  we  can  solve  it  in  the  usual  way. 

The  typical  features  of  the  intei'aotion  can  be  revealed 
by  considering  the  motion  of  a  charged  jjarticle  in  the  field  of 


*  If  the  beam  is  modulated  by  an  axial  field  E  -  — 

(as  in  a  system  falling  in  the  first  class),  the  solution  to  the 
sserotb  approximation  equation  (  obtained  from  the  law  of  conseinr- 
ation  of  energy)  takes  the  form 

0 

Again,  the  right  half  of  (2b}  is  put  as  a  function  of  z  and  t^; 
then  is  sought  as  a  function  of  z  and  (or  z  and  t). 
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a  single-freqixency  t/ave 


"  V'o  t(xy)  e 


in  which  1  •-•-•  const  and  h  is  the  propagation  constant  (which  ii 

o 

general  is  complex)*  The  right  half  of  (6)  then  'becomes 


m 


in  w.hiGh 

e* 

f 'anc  t  .1  oa 

of 

t:  ^ 

'hos 

to  carte 

siar 

1  CDOI 

4in. 

to  get 

|”r^  %  I?  1  G(t)  ®  e^€ 


R !/;!(,  ^ 


the  sol'aiiOB  to  (6)  being  also  obtained  in  the  form 


rVn^) -hi...  y 


iXf,x]i^  +  ,v.,yi?>  -f-  ^,-,zy>)  e 


-'Vb* 


’  (10) 


I  j  1, .  I  h  h — kh.„  h V,.,  u„~-vf!'2\ 
in  which  *'  k'  '■■  * 

ia  the  Toltage,  while  x'^yi  ■related  to 


S..,,  G  ,.v>  and  G„,  -by 


d-c’  “yk 


.  O' j.  (1,  (h,.-~  h^)0^-\-ihH0j^ _ . 

yp-ftf-  •'■•  (*y-*;w*,-*3‘-'''«i '  (u) 


I  in  which  h  ~  iti/v 


e  ,  o 
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i  The  general  solution  to  (6)  is  the  sum  of  the  forced 

motion  (lO)  and  the  solution  r"(T')  to  the  homogeneous  equation 

corresponding:  to  (6),  namely 


(12) 


That  solution  describes  the  uraves  in  the  beam  (in  the  absence  of 
space  charge)}  in  the  projection  on  the  cartesian  system  it  takes 
the  f orm 


Ih^  t*  T 


^  +  B'ze  *  *  ; 

y...  -  A,  «■"'  +  Cr''  *'*•»'  V  +  />-'<  •'  -  *»'  ; 
n..  =  V‘“'  +  ICt-^  '•  -  /£te  ■'*  . 


(13) 


in  T^hich  C,  D  are  constants  of  integration# 

.  I 

Kow  (11)  shOTfs' that  the  perturbation  produced  by  the 
external  wave  is  small,  in  general*  /  A V^/u^.  But 

if 

A^(A,  +  mA„)(I  +  i)  (iAKl). 

(14) 


1  V 


we  find  that  the  three  terms  in  (lO)  having  k  =  m,  m  -  1  are  mucl^' 
larger  than  all  the  others  ~  A-*,  y^>  ~  —  y^l,  ~  4-').  ; 

I 

Those  three  terms  define  the  resonance  interaction  with  the  beam* 

5.  A  thin  spiral  beam  fluided  by  an  axial  field 
®  ®o"0  solution  to  (2a)  of  the.  form 

j«<w  =  jfe  —  a  cos(«^-c);  y<«  «  yo  -”  <*  a*®’  —  ^0“  •  (15) 


i  1 


A  4 


The  general  equation  describing  the  perturbation  retains 
the  form  of  (6),  but  the  field  E‘  is  taken  at  the  point  defined 
by  (15).  All  formulas  (7)-(l2)  are  retained,  except  that  here 
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G(t')  s  6* ('£’),  while  the  suhstituiions  x -*2,  y --»x,  and 
z  -»y  made  in  (ll)  and  (13)*  ‘ 

It  is  more  convenient  to  use  a  eylindbfioal  coordinate  |  t 
system  for  the  spiral  beam  (here  r^^sssa,  -  | 

Then  (9)-(ll)  become  (with  r^,  as  imit  vectors)*  j 


,  6(t)  ^  e,(x)  ^  f  {r^O,*  i~%G^  /*« 

Jr 


(9a) 


r<;» 


■^0  *«!.-« 


(lOa) 


O..  ...  .  . 

£»m- 

■ 

I  2,  Blspereion  Equation  for  a  Waveguide  Containing 

I  a  beam  Guided  b.v  an  Axial  MaOTtetic  Field  or 

by  Crossed  Electric  and  Magnetic  Fields 

1«  The  propagation  of  a  wave  in  a  waveguide  contain¬ 
ing  a  curvilinear  beam  is  described  by  a  system  of  equations 
consisting  of  equations  (I3a»b)  or  (14)  of  I  (for  the  fields), 
of  equations  for  the  amplitudes  of  the  normal  waves  (in  the  form 
of  (l2)  or  (19)  of  I,  and  of  (2a, b)*  We  shall  consider  as  an 
example  a  system  falling  in  the  second  class* 

The  equation  describing  the  electromagnetic  waves  and 
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i 


the  waves  in 'the  heam  is  given  by  (6)  and  (l4)  of  I  as 

_  „v.>+  flj -  -,I (Vrci+ w, 

i'''  J  '  „« 


Here  £,«  «  is  the  field  of  the  normal 

wave;  it  is  Refined  in  accordance  with  (20)  of  I.  The 

amplitudes  V”  ,  may  be  described  by  means  of  the  expression 

s 


/'■  {EtxY 


p±  iw  £_ 

E*  r 


s.’. 


.  (17) 


in  which  Tr  is  the  time  of  flight  (in  the  zeroth  approxim- 

iJ 

ation)  through  the  entire  interaction  space* 


\ 

i 

1 

l 

i 


i 

t 

I 


I 


Now  (l6),  with  (17)»  may  be  treated  as  a  homogeneous  j 
linear  eq^uation  in  r^^^  in  which  the  quantities  are  periodic  .  i 

functions  of  r  having  the  period  T^  =  2  ^r/a>g.  We  expand  | 

i 

the  functions  as  Fourier  series  and  present  the  solution  as 

f.{\)  ^  ^  ^  I  )«'.t  ^  ! 

*  I 

from  which  it  is  easy  to  derive  an  infinite  system  of  linear  j 
homogeneous  algebraic  equations  for  x**,  y*',  2r»’.  ,  The  | 

determinant  of  this  system  must  be  zero  if  there  is  to  be  a  ! 

solution  other  than  a  trivial  one,  so  we  get  an  equation  for  the j 

; 

characteristic  numbers  ^  ,  which  define  the  propagation 

consta-nts  for  the  normal  wave  in  the  waveguide.  I  shall  not  give 
that  eqiiation  in  general  form;  I  take  the  denominator  to  be  con* 
vergent  and  consider  only  the  case  of  weak  currents,  for  which 
we  need  consider  only  the  interaction  with  the  normal  wave  to 
which  the  beam  is  synchronized.  The  limitation  is  all  the  more 
justified  by  the  fact  that  space  charge  was  neglected  even  when 
the  initial  equations,  (16)  in  particular,  were  being  deduced. _ 
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2,  The  interaction  heing  weak,  the  propagation  | 

j  constants  must  he  very  similar  to  those  for  the  unperturbed  wave¬ 
guide  and  beam  (//oi-,  K,  }  then  condition  (l4)  can  be  put  j, 

in  the  form  j 

(l-f  e)A„  ®  4- mA„)‘  (|e|«l),  (13)  | 


in  which  h  ®  h  is  the  propagation  constant  of  the  p-th 
0  op 

normal  wave  in  the  unpertarbed  waveguide.  This  result  can  be 
interpreted  as  the  condition  that  the  phase  velocity  of  the  p-thj 
wave  must  coincide  approximately  (within  an  amount  £  )  with  the: 


phase  velocity  of  the  spatial  harmonic  of  the  beam  current*. 


Only  effects  second-order  in  relation  to  the  small  1 

corrections  ^  =  (h,  -  h  )/h  and  &  are  entailed  as  a  result  j 

ICO  j 

of  neglecting  terms  relating  to  a3.1  waves  other  than  the  p-^th  i 

I 

(synchronous)  one  during  our  search  for  close  to  h^^  •-  h^» 
Therefore  we  neglect  all  hut  one  wave  on  the  right  in  (16)  in 
considering  a  trochoidal  beam,  when  we  can  represent  the  solution 
of  that  equation  in  the  form  (10-(15)»  Then  r''y»  substituted  ’ 
into  (17),  gives  us  an  approximate  dispersion  eqiretion  (only  the  • 
synchronous  wave  is  considered).  In  this  connection  we  need.  j 
retain  orily  one  term  x^(V^/2U^)x^^^in  the  expression  for  r(l) 
(provided  that  G  O)  and  we  may  strike  out  the  last  two  j 

terms  in  (l7)«  because  those  terms  are  of  order  o  C  1  I 

relative  to  the  first.  _We  integrate  with  respect  to 'T'  and  take  | 

I 

1 


Provided  that  the  space-charge  density  is  negligible,  the 
three  propagation  constants  for  the  waves  in  a  beam  in  a  uniform 
magnetic  field  differ  one  from  another  by  hg,  in  accordance  with  j 
(15),  The  period  with  which  the  spatial  moaulation  propagates  is| 

2  '7t /hjj,  so  the  spectrum  of  the  spatial  harmonics  is  threefold  | 
degenerate  (sixfold,  if  the  space-charge  waves  are  included).  Then 
(19)  is  complied  with,  simultaneously  for  the  harmonics 
>  (m-l,a,m+l)  of  three  (six)waves  in  the  heam^  this  explains  the 
I  three  resonance  terms  in  (10)  -.  (ll.L-£G2l..Jg.w  * - - — — - - 
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j  caaly  the  terms  of  order  i  -'  E;"  to  get  the  dispersion 

\  1 or.  for  e*  t'c'S-vefrui-vie  cor triin/ng  e-  troch.oidd,  1  octcxm  guld^i  by 

™  ,  Bo  BqX^)  in  the  form  j 


tti.e  cros^'cd  field 


1(1  --  f^y 


Lffft  ^ 


i  /o !  2A^  I  ^  || 


iA.!  (19) 


4£/o  *0 


^nt  * 


in  Vhloh  C,  is  a  gain  parameter  fl  jt  K„,  is  the  interaotior 
t*.  '**  , 

l;ripedanoe.j  h  -  a  correction  tc  tbs  propagation 


t.  '  I  .*.  kV  U  !  '-■  '•  >.> 

func tion 


p  iG  the  5i  -  th  Pearler  coefficient  of  tne  periodic  : 

X'lil  y  .•  f  ^  ^  -v^  '' 

G^(t)  -  ‘  H  \  e'  is  the  x  comconont  of  tin 

amplitude  of  t.ho  effective  field  of  the  normal  wave  (cee-  section; 
l)  and  auPEcript  p  indicating  the  type  of  synenronoos  wave  is 
ODittscl.  , 


i\  J-'.?  ';"■ 


•al  bean,  gi/.ided  by  a  field  '£ 


3  C"* 


a'(-i,>roxj,!natc  die. per  si  on  equation  of  the  form  oi  (19)  j  '-''‘t 

beoorese  rhiob  is  the  ra-  th  ?c'arier  coefficiant  of  the 

.f vrn c ’t i o )"?  Cr  {  (s€?c  soctlcx)  IJ^  Ag^-in^  --.a, s  tne 

/3  -C'  / 

form  of  t'aa  cllsporslori  cqp,ia.tif-n  for  an  ordinriry  orPYeiing-v, -5.1/0 
tube  havint"  a.  et'^c  ight  vel  ocity-rnoduiated  'besm.  The  J  if  •  eronce 
appeo-vh  only  In  ‘he  nusscrical  values  of  the 

spiral  bcarc)  or  >hi.ch  ia  the  Rai;/o)  in  those  of  the  But,  a. 

KO'hiloted  beam  in  gc-nere.!  provides  that  (l-5)  is  complied  with 
for  any  phase  velocity  in  the  vraveyuide;  in  particular,  w«ver: 
can  be  gener&'hid  end  -saiplified  eve-'o  if  ti-.ey  are  of  rxormal  speed  ■ 
in  8,  v.vvcguido  v,’i.th  siiooth  wa.lls.  The  exact  nature  o.i  liic 
inte-iv-iction  depend.s  0:1  the  di spersio?:  cdvovii  by  the  waveguide. 

I 

I  a)  birect  dispersion  (the  phase  and  group  velocn.tieE 

I  of  the  €,  1  ectrema ™n6c  i c  Wfive  coinoi-ds  in  oiroction; 

V  V  >  0.  i,e.  fc  b‘  >  0)s  in  an  amplifier  we  must  use  a  beam  . 

P  (•!'  ® 

who;'©  isear,  electron  speed  v^  coincides  in  dj.recmicn  v.itli  uhe 
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I  phase  velocity  (v^Vp  >  Oj  +  mh^  fis:  >  O),  whereas  in  an 

j  oscillator  (hack-wave  tube)  or  regenerative  amplifier  we  must 
!  -ase  a  heam  whose  electrons  niove  in  the  reverse  sense 

I 

I  ( Y  Y  ^  0 1  ^-X'l  4*  K  „  ^  O)  $ 

I  o  p  B  il  o 

b)  ReYerse  dispersion  (v  v  <r  Of  h  N  <1  0)l  the  case 

VS  ^ 

>  0  corresponds  to  oscillation  amplification 
^  whereas  >  0) 

oorrespondvS  to  amplification ?  the  amplltiide  of  the  traveling 
increasing  exponentially  along  the  line^'^ 


i 

} 


f 

I 


i 

wavfc 


The  formal  similarity  of  (19)  for  the  interaction 
(with  0  or  G  /  O)  to  the  dispersion  equati-f-n  of  type  0  travel- 

xiii  ^  “  I 

ing-wave  tube  enables  us  to  avoid  considering  separately  the  ' 
properties  of  oscillators  and  amplifiers  employing  trochoidal  ^ 
and  spiral  beams.  In  fut-are  we  shall  call  that  interaction  type  ^ 
0,  no  matter  what  the  type  of  field  used  to  guide  the  beam.  The, 
formulas  for  the  gain,  starting  current,  etc  are  derivable  from  ■ 


those  for  the  usual  type  0  traveling-wave  tube  if  the  gain 
parameter  C  is  replaced  by  the  parameter  defined  by  (19) o 

5,  In  deducing  (19)  I  assumed  that  the  <  I  consider 

a  trochoidal  system  only)  are  different  from  zero,  which  implies  ■ 

that  only  teirnis  of  order  l/^  {S  -  £  )^  on  the  right  in  (l?) 

need  be  considered.  If  G  =0  we  mvist  include '  terms  of  order  ' 

xm  2 

l/S  (  <S  -  £  ),  e/s'  {S  -  e  )  ,  etc?  in  that  case  we  get  an  j 
interaction  of  a  rather  different  type,  which  w©  shall  call  | 

type  M,  Tve  use  (lO)  a,nd  (li),  and  separate  out  the  resonance  | 
terms  in  s.nd  y^^^  (the  terms  of  order  l/S  {S  -  £))|  we  j 


*  These  features  occur  also  with  a  straight  beam  modulated  by 
an  electrostatic  field  periodic  in  space  4  4,  ^ // • 
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aulistitut©  for  in  (l?)  and  integrate  with  respect  to  'C  to 


K"-  ') 1 1  O^t  ;  i*  + 1  0„41 1*  2liii{0„+,  -f 

+  4ira  ( 0„  o;^ )  - 1 0,._.  ?  -  1 0„-,  |>  -  Sim  ( O,.-,  or._, )  |,  (20) 


in  which  Iia  denotes  the  iaaginary  part,  !rhe  corresponding 
equation  for  a  spiral  beam  with  G  so  is  obtained  by  making 

SBl 

the  s%ibstitatioiis  ®  ©jj»  ®3k"~*^  ®rk  which  and 

are  the  Fourier  coeffioienta  of  the  corresponding  field  •  j 

components).  | 

Then  (20)  describes  the  type  M  interaction;  it  is  an  j 

equation  of  second  order  in  S  and  in  fora  is  the  same  as  the  i 

’ 

dispersion  equation  of  a  type  M  system  having  a  straight  Tin- 
modulated  beam.  The  sign  of  the  right  half  of  (20)  controls  the 
nature  of  the  roots;  it  contains  terms  having  m-1,  m  and  m  +  1 
as  subscripts,  the  cause  being  the  threefold  degeneracy  (as 
before).  This  feature  makes  it  impossible  to  examine  the  type 
M  interaction  without  first  specifying  exactly  the  structure  of 
the  field  in  the  waveguide.  However,  and  decrease  as 
i  k|  increases,  so  a  fast  wave  (h^«»  +  fflhg,  m  <  O)  has  an 

interaction  for  which  the  right  half  of  (20)  is  positive  (apart 
from  certain  special  oases);  the  corrections  are  real,  so 
there  is  no  esEplifioatiori''^, 

4,  Interactions  types  0  and  M  both  give  dispersion 
equations  ((19)  and  (20))  containing  factors  determined  by 
the  field  £,=»(# -5- ,  At  first  sight  it  seems  that 


*  An  example  of  a  type  M  interaction  is  considered  in  sj/  (a 
paper  at  the  Third  All-TJnion  Conference  of  MTO  on  Radio  and 
Electronics,  Kiev,  1959) • 
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ki  n 


that  there  is  no  need  to  include  the  magnetic 

field  h,  Because  v  >c  and  1114  I  el  A  a  normal  waveguide 


(o  is  the  velocity  of  lirht),  so  the  correction  is  of  order 
field  e  exp  (-ih  z)  itself  hut  rather  the  variation  in  that 


/c.  But  the  fact  is  that  the  important  quantity  is  not  the 


That  yariatioh 
^  whereas 


field  along  the  static  trajectoiy  of  an  electron 
'is  of  order 

the  Lorentz  force  is  •  So,  if 

' 

(which  is  prscisely  the  case  of  interest)))  the  high-frequency  j 
magnetic  field  in  general  produces  an  effect  comparahle  with  the| 
effect  produced  hy  the  electric  field**-.  ; 

I 

5 •  Type  0  Interaction  in  Systems  with  Spiral  and  j 

Troohoidal  Beams  ^ 

The  disp’ersion  equations  for  these  two  types  of  beam  j 
are, formally  similar,  hut  the  mechanisms  whereby  the  electrons 
interact  v;ith  the  beams  are  quite  different.  Some  detailed 
examples  form  the  best  means  of  illustrating  the  differences. 


“0 


z  B' 
~o  o. 


*  Spiral  beam  guided  by  an  axial  magnetic  f iel,d 
Here  K  ==  2  |G  j^/h^I,  i.e.  the  impedance  is 


in 


Zffi 


proportional  to  the  square  of  the  m-th  Fourier  coefficient  for 
the  amplitude  of  the  axial  component  of  the  field  (see  section 
l)t 

(21) 


•-?e 


**  A  straight  beam  modulated  by  an  electrostatic  field  is 
considered  in  5j7|  in  that  case  the  Lorentz  force  can  be 

neglected  on  account’ of  the-  presence  of  an  axial  magnetic  field, 
which  eliminates  transverse  motion. 


209 


in  which  a 


t  a  is  radius  of  the  spiral,  and  h^ 


is  the  radial  component  of  the  magnetic  induction  in  a  system 
cosxial  v.ith  the  bea..  Figure  2  aho»s  typical  etaaplea  oF  such 


systems.  ; 

a)  Spiral  Beam  and  Slow  TM  ^Vave.  Here  the  effect  of  j 

the  magnetic  field  (of  in  (2l))  can  he  neglected.  If 

(ID)  is  compiled  cith,  the  electrons  on  every  occasion  (in  the  | 
seroth  approximation)  enter  a  stronger  field  in  the  sane  phase,  i 
The  interaction  mechanism  can  he  the  same  as  that  in  an  j 

ordinary  type  0  tube*;  the  component  produces  the  hunching  i 

and  draws  off  the  power  from  the  hunches.  We  see  from  (19)  thatj 
the  required  phase  relation  applies  at  all  times*  . 

h)  Spiral  Beam  in  a  TE  (or  TEM)  Wave.  Here  e^  is  absent, 
so  the  axial  component  of  the  Lorentz  force  j  b,. 

pro'/ides  the  hunching..  The  power  is  drawn  off  as  a  result  of  j 

the  interaction  between  the  hunches  moving  in  phase  along  the  , 

spiral  and  the  transverse  high-frequency  field,  ; 

Both  mechanisms  operate  together  in  the  more  general  i 
case  in  which  the  TM  waves  are  not  slow  (Eig.  2c).  | 

2 ,  Trochoidal  beam  in  crossed  steady  lASldS  | 

.  Here  we  have  in»j 

j  which 

* 

r  (<.(0 (22) 

2tt  J 

+  t»„(l  —  cos  <i)by(i)  j  , 

*  G.I.  Rapoport  pointed  out  this  possibility  to  me. 
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of  the  'beaTas. 
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A 


.  "1 

and  where  ^  ♦  **■  amplitude  of  the  oscillationa  j 

in  the  trochoid,  and  «  E^/B^  ^  I 

directioai  the  interaction  impedance  is  contro'lied  by  the 


transverse  component  (that  parallel  to  Figure  j  shovrs 

tvTolcal  exaansles  of  systems  with  trochoidal  beams* 


The  broken  circles  denote  the  cross-  j 

sections  of  the  beams*  ! 

a)  Trochoidal  Beam  in  a  Slow  Ei  Wave,  The  magnetic 
field  of  such  a  wavs  is  weak,  and  the  Lorentz  force  appearing 
in  (22)  can  be  neglected.  The  interaction  mechanism  is  not 
dependent  on  axial  buncbingi  it  is  analogous  to  that  found  in  a 
tube  having  a  transverse  field /’7»9_7»  'fbe  transverse  componeni 
e  deflects  the  beam  parallel  to  B  in  a  way  suoh  that  the 

3C  ^ 

electrons  giving  up  energy  are  in  a  strong  part  of  the  axial 
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field  e  ,  w^ile  those  receiving  energy  are  in  a  weaker  part. 

The  *unperturbed  beam  is  shown  , in  Figt  3s.  in  a  plane  in  which 
e  K  0  (as  in  a  transverse-field  tube)|  this  situation  is  not 

obligatorsr* 

b)  Trochoidal  Beam  in  a  TE  Wave  (Pig#  3b)*  The  | 

t 

Lorentz  force  deflects  the  heam  in  a  direction  parallel  to  B^| 
that  force  derives  from  the  axial  high-frequency  magnetic  field 
(e^  s  o).  JSost  of  the  electrons  oscillating  in  the  yz  plane  as 
a  result  fall  into  a  retarding  transverse  field  e^,*  which 
results  in  a  transfer  of  energy  from  the  beam  to  the  high- 

frequency  field,  ■  j 

Figure  3  (o  and  d)  shows  systems  having  more  complex  • 
forms  of  interaction  (combinations  of  the  above  simple  mech¬ 
anisms),  Figure  3c  shows  a  wave,  in  which  case  the  beam  it 

deflected  by  the  transverse  fields  e  and  b  and  the  power  is 
drawn  off  by  Figure  3d  shows  a  TEgj^  mode  in  circular  guidcj 

here  produces  the  deflection  in  conjunction  with  bg  and  byf  | 
while  e  draws  off  the  power*  j 

^  ■  ,  i 

These  examples  enable  us  to  evaluate  the  various  beam  | 
systems.  The  main  advantage  of  the  spiral  and  trochoidal  beams  | 
is  that  waves  of  normal  speed  can  be  used  without  resort  to  j 

periodic  structures.  This  feature  simplifies  the  design  of  | 

the  devices  and  increases  the  cross-sectional  area  of  the  j 

interaction  apace  to  the  order  of  A  »  which  feature  enables 
us  to  use  larger  eurre^nts  and  makes  it  less  necessary  to  focus 
the  beam  carefully.  The  parameter  C  can  be  made  of  the  order 
found  for  ordinary  traveling-wave  tubes  if  the  first  or  second 
harmonic  of  the  heam  current  is  used,  For  example,  a  spiral 
beam  of  radius  a  moving  along  the  axis  of  a  guide  whose  radius 
is  R  and  interacting  with  a  wave  ^ 

synchronism)  has  a  gain  given  byt 


1 


11 


=*  CS  1/1.1  _ 1 

"■■  4t4  h,ho  '2«  (  v‘f,  .riTyf (v.,)  ’ 


in  which  x.  =r.  is  the  transverse  wave  nuunber, 

being  the  first  root  of  the  derivative  of  a  first~order  Bessel  i 

i 

function.  Taking  “jy  ^4  / /o lOt  ohms,  i 

"h  /h  40,  we  have  Cr^p  '-w  5  x  10'*’^.  A  spiral  beam  at  the  j 

e  o  ■  j 

center  of  a  rectan£^.lar  guide  (small  side  b,  wide  one  d,  mode  | 
TE^ )  gives  I'ls  that  i 

VI  I 

_  6.  „  =  ifj  -ih.-id .  4  ( -'s. ) ,  : 

4t4  h,hc  2bd  °\  d  I  '  j 

which  implies  that  7  x  10”"^  for  b  2a  (with  the  above  1 

01  .p  i 

paratneters)  *  It  is  clear  that  we  get  C  2  x  10  (which  xb  | 

quite  adequate)  even  if  the  second  harmonic  is  used  (h  =t:h  -2l'nj):l 
o  o  e 

in  that  case  in  the  formula  must  be  replaced  by  y  ^  !i 

in  which  x.  is  the  diS'Dls.cement  of  the  axis  of  the  beam  relativel 

1  "  I 

to  the  pl.ane  of  symmetry*  I 

A  trochoidal  beam  gives  a  similar  result;  for  example,  ; 
the  system,  of  Fig<,  5b  has  j 


'/J  ‘♦ii-  Hi 


4 


in  which  is  the  cross-sectional  area  of  the  waveguide  and  1 

^  is  the  cut-off  wavelength.  Taking  ~  Kb 

ohffls  and  50  we  get  C,^„  4  x  10 

1-02 


-0 


We  see  that  the  gain  can  be  quite  large  for  type  0 


The  case  ah^j  >  1  (trochoid  forming  a  loop)  usually  demands  a 
special  examination,  but  the  dispersion  equation  retains  the 
form  of  (19)»  .  ..  . 
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interaction  v'hen  the  beam  is  modulated  by  a  fixed  magnetic  fielq* 

} 

The  linear  theory  cannot  give  us  the  maximum  possible  output  to’ 

be  expected  from  such  devices,  but  the  mechardsms  of  interaction 

with  transverse  electromagnetic  fields  are  such  as  to  lead  us  | 

i 

to  hope  that  such  devices  may  have  quite  high  efficienciess  | 

I 

r  ■  i 

Conclusion  | 

I 

i 

A  study  of  the  interactions  between  electromagnetic  j 

waves  in  wB,veguides  and  spiral  or  trochoidal  electron  beams  hss  j 

shown  that  type  0  interaction  (that  corresponding  to  equation  ; 
(19))  can  be  used  in  microwave  amplifiers  and  oscillators  that  ; 
contain  no  periodic  str'uctxires  or  retarding  systems*  Type  M  ! 
interaction  (that  corresponding  to  equation  (20))_  in  most  cases  I 
does  not  produce  amplification  when  one  of  the  fast  spatial  i 

i 

harmonics  of  the  beam  la  synchronised  vn*th  a  wave  of  normal  j 
speed*  This  topic  forms  the  subject  of  a  more  detailed  paper  * 
to  appear  shortly  /  B  j  #  : 

However,  we  should  not  conclude  that  high-frequency 
amplification  is  impossible  simply  because  the  dispersion 
equation  obtained  in  the  linear  approximation  does  not  have  ' 
complex  TooiB^  Interactions  with  weak  fields  can  change  the 
paths  followed  by  the  electrons  very  substantially,  especially  ; 
if  the  steady  and  high-f requency  fields  have  large  gradients,  i 

because  it  is  essential,  to  consider  the  nonlinear  terms  in  j 

such  cases*  We  have  found  that  a  mctchanism  capable  of  providingl 
amplirication  with  a  wave  of  normal  speed  can  occur  in  such  | 

systems  although  that  result  derives  from  a  study  ! 

made  on  a  simple  model  by  means  of  a  very  simple  approxiamtion 
for  the  nonlinearities  (one  in  which  the  electrons  being 
accelerated  are  removed  when  their  energise  exceed  a  certain 
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ON  THE  TOEOHY  OF  THE  EESONATINQ  LOAD  IN 


VHF  QBNEMTOBS 


Pages  hS3^k72 


by  V.A.  Malyshev 


The  author  exemiaes  the  operation  of  a  certain  class  of  VHF  J 
generator  with  an  additional  resonator,  coupled  with  the  main  resonator 
via  a  trajasBlssien  line,  as  well  as  the  useful  load.  The  investigation 
covers  the  case  of  eyametrical  generation  zones  and,  while  neglecting 
the  "line  length  effect",  includes  a  consideration  of  the  following: 
the  appearance  of  frequency  jumps,  the  possibility  of  broadening  the 
band  by  electronic  tuning,  the  discrimination  of  electronic  tuning  and 
characteristics  of  the  generation  zone. 


Introduction 


Any  8®lf~oscillator  may  be  represented  by  the  network  shown  in 
Fig.  la.  If  T  a  G  +  jB  is  the  admittance  of  the  oscillating  system  (OS) 
and  F(u  ,ec  ,u)  is  the  amplitude  of  the  first  harmonic  of  the  current 
flowing  in  the  circuit  of  the  nonlinear  element  (HE)  of  the  generator 

I 

land,  in  th®  general  case,  dependi.ng  on  the  parameters  of  the  supply 
voltage  u^,  the  frequency  co  of  the  oscillations  being  generated  and 
the  amplitude  of  the  voltage  in  the  oscillating  systaa  u  ,  then  the 
action  of  the  generator  is  defined  by  the  relationships: 

cos»(«9,  •,  (««,  •,  «)*»a  (1) 

where  P  is  the  power  of  the  oscillations  being  generated  and 


4.- 


!  XMu  is  the  deviation  from  X  of  the  phase  difference  between 

■  ^  ■  o 

'  the  current  and.  the  voltage  in  the  oscillating  system^  Usually  the 


a} 


d) 


i, 


dependence  of  on  u  is  called  the  oscillatory  characteristic 

of  the  generator  and  the  phase  of  the  electronic  aduiitt- 

ance  of  the  generator*  It  is  possible  to  show  /  IV  that  for  a  second- 
oT'dar  oscillating  system  the  condition  of  the  stability  of  steady 
generaticsn  has  the  form 

0  \F 
du 


cos  S  <0* 


2) 


and  the  self-excitation  condition  is  written; 

F 


C  f  I  tii 


u 


cos 


^(l 


(3) 


u  beinr^  z.s^ra  for  soft  excitation  and  for  hard  excitation  being  defined; 

1  .  .  .  I 

jby  the  value  of  u  for  whic.h  condition  (2)  is  first  violated*  I 

Let  us  conGider  a  class  of  VHF  generators  satisfying  the  follow-- 

ing  oondi.  tioris : 

1)  The  phase  of  the  electronic  admittance  scarcely  changes  with j 
variation,  in  the  frequency  and  amplitude  of  the  oscillations  being 
generated  {i*e.  c9(u^))*  criterion  for  the  fulfil- 

mnt  of  this  condition  is  constancy  of  the  slope  of  the  lines  of  equal 
frequency  in  the  load  characteristics  of  the  generator. 

I  2.)  By  varying  a  certain  parameter  of  the  supply  voltage  in 

Lccordance  with  a  certain  law  it  is  possible  to  vary  ^  in  such  a  way 


t. . 
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as  to  insure  symmetry  of  variation  in  time  of  the  phase  o  with 
;  respect  to  its  null  value,  corresponding  to  the  center  of  the  generat- 
j ion  zona.  The  generator  will  then  run  through  all  points  in  the. 
generation  zone  in  succession. 

3)  The  generator  has  a  soft  excitation  regime. 

4)  The  oscillatory ‘.characteristic  of  the  generator  scarcely 
changes  vd.thin  the  limits  of  the  generation  zone,  i.e.  F(u^,tu,u)  F(u)j. 

It  is  possible  to  show  that  the  conditions  stated  above  are  j 
satisfied  with  good  approximation  by  the  reflex  klystron,  the  monotron,| 
certain  types  of  transit  klystron  generator  and  a  number  of  other  VKF  \ 

generators .  I 

Here  we  shall  consider  the  behavior  of  the  class  of  VHF  generator* 
mentioned  in  the  presence  of  an  additional  resonator,  coupled  with  the  j 
main  resonator  by  means  of  a  lossless  transmission  line.  For  this  pur¬ 
pose  we  shall  examine  the  case  in  which  the  additional  resonator  is 
coupled  to  the  main  resonator  by  means  of  individual  connecting  elements 
and  a  connecting  line  (independent  connection)  auad  also  the  case  in 
which  the  additional  resonator  is  inserted  in  the  high-frequency 
channel  leading  to  the  useful  load  (intermediate  connection).  The  i 

"line  length  effect"  is  not  taken  into  account.  i 

It  is  known  /“Z  J7  that  the  equivalent  network  representation  | 
of  the  resonator  of  an  oscillating  system  with  lumped  constants  will 
vary  as  a. function  of  the  choice  of  the  location  of  the  network  in  the 
transmission  line.  For  a  network  in  the  form  of  a  parallel  oscillating 
circuit  included  in  the  transmission  line  linJ^iag  the  resonators,  the 
eouivalent  network  for  independent  connection  of  the  additional  reson¬ 
ator  is  illustrated  in  Fig.  lb.  Here  the  quantities  char¬ 

acterize  the  additional  resonance  load,  G^,  Cg*  Lg  the  main  oscillating 
system  of  the  generator}  and  are  coefficients  of  admittance  trans¬ 
formation  from  the  transmission  line  to  the  terminals  of  the  tanks;  1  is 
the  length  of  the  line  between  the  points  at  vdiich  the  equivalent  net¬ 
works  of  the  resonators  may  be  represented  in  the  form  of  parallel 


I 

i  oscillating  circuits  (these  points  are  easily  obtained  from  experiments 
\C  quantity  Y.,  st  G,,  -f  charac teri?2;es  the  useful  load  I 

'■of  the  generator;  1^';  the  high-frequency  eJectronic  ad/Gi 

I 

j  defi-XJed  by  uw  relationship: 


Vg  —  u  ^  F{u)e 

VM  shall  introduce  the  notation: 

1  Qr''Q,}i  Gjy t«jCj/ Vo 


(3) 


(Q.  .  and  Q  ,,  are  the  external  and  seif-Os  of  the  additional  resonator ; 
"b-i  x>l 

Y  is  the  admittance  of  the  transmission  lir.e  linking  the  reson- 


ators)^ 


i where 


M  rr  cos  &  /  -  a  sin  X  —■  y  sin  8/, 


a  2Q/,!  (-M  -  -  C«, m,  «r  lli/"l\c,  ; 


(6) 


(7) 


(  /i  ,  is  the  ’Wave length  in  the  line)* 

<?!> 

TLien^  using  Iran  sir- Issivon  line  theory,  it  is  possible  to  write 

j  ^ 

I  (1 )  for  the  case  in  question  in  the  form 

j  2P,  -  u/fia)  “COS  \a^  Y  m.,  (/W’  i  A’=)-'l ;  (H) 

I  ^  „nhJA'^-‘‘  I'A')"'’  ^  ^  sif>  r)  —  7  AVi>s(l/|  +-2C;.Ai», 


i  fk  f  y.  io;,  f  r  m.  {.4f=  +-  .V^)  '  j  Sg  =;-(), 


(9) 


jwbftre  A<*1;  ==-  m  —  1..^;  «•.„  rr  I  / V'  /.jC  ;  />,, 
jPp,  is  the  poiarer  in  the  useful  load, 

j.  llxpressions  (S)  and  (9)  characteris^e  behavior  of  the  gener^ 

jqior  in  the  case  in  which  the  form  of  the  function  -■  f[u/F(u)  j  Is 
|kriowii..  For  the  class  of  generators  in  question  this  function  increases 
jmonotordcally  * 

1  0|->eratio;a  of  generator  when  is  close  to__n  IT* 

I  Whan  '  ri7t^  where  n  is  an  integer,  the  effect  of  the  line 

i  ■  . 
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ie&gth  begins  to  bepome  apparent,  i.e.  the  line  linking  the  resonators 
tnras  into  a  resonator  itself  and  the  gene:?‘ator  develops  into  a  triple 
t\m®d  syste®.  This  case  is  not  investigated  below. -liowever,  if  the 
case  I ^2*  0  is  considered,  assnsin®  that  for  this  case  the  line  is  not 
resonant,  then  relations  (8)  and  (9)  take  on  the  for®: 

a/F^)i^€mi(ki  2C$iO  — 4- 

k  =  wtC,  +  QiiilQm  Q<bI» 


where 


%2  “ 
%B2 


<c»3t,Gv^l  is  the  external  Q  of  the  principal  resonator  and 
&  Z  &  c 

is  defined  by  the  expression: 


Qat*  ^  *»Cs/(Oh  4 


(11) 


Starting  condition  (3)  then  has  the  for®: 

C«  >  */co«S;  Ce  “  Urn 

«-»-0 

It  is  possible  to  show  that  to  the  points  at  %diich  generation 
ceases  the  electronic  tuning  band  is  defined  by  the  expression 


(12) 


(13) 


Qfej  •*!) 

and  up  to  point©  at  ^ich  the  power  has  dlMnishad  a  times  compared 
with  that  ia  the  center  of  the  aoue  by  the  expression: 

(14) 

s  4  “s/Q#*  *»«) 

CospairiEg  the  expressions  'obtained  with  (1)  shows  that  in  this  case 
ijrisertis®  an  additional  resonator  is  equivalent  to  changing  the  Q  and 
ths  resonance  frequency  of  the  Bain  resonator  and  proves  to  have  a 
stabilizing  effect  on  the  frequency  of  the  oscillations  being  gener¬ 
ated.  jRie  degree  of  pulling  of  the  frequency  by  the  load  <d«6/^Bg 
them  -decreases  from  insertion  of  the  additional  load  by  a  factor 
S,  where  the  stabilisation  factor  S  is  given  by  the  expression: 

S  —  1  +  Q»i  (15) 
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2.  Condition  of  symmetry  of  generation  aone 


Equation  (9),  defining  the  frequency  of  the  oscillations  being 
generated,  when  =  0  and  with  the  substitution 


B  =  (Q«,/Qm)  (ctg?/-a), 


from  which  it  follows  that 


Af  =  Y5sln?/;  A^ssisln^, 


can  be  brought  to  the  form: 


where 


y*  +  ^y + 


y  =  B 


rtgS  —  S  . p  _  ^  —  z  / rtgS  —  2  y 


„  g,:.-  rlg8  r /rlgi-gy  I  ^ 

^  3  [\  3  ;  2  2rj  2r 


la  -  (Q«,/.«,  Q«  Q«)  UQ*I -  Qm  «.) +  2  («,  «,)  Q»I  Q«l ;  <21 ) 

r  —  ujj  Qo,/»,  Qobj;  «  =  (22) 

I  Within  the  limits  of  the  generation  zone  the  generator  will 

1  self- 

operate  without  frequency  and  power  jumps,  if  the^excitation  condition 

Cocosi  >  Ko  10^  +  T  m,  {M*  +  <25) 

and  the  stability  condition  are  fulfilled  for  only  one  of  the  roots  of 

eiquatioii  (18)*  Therefore^  a  sufficient  coaditiou  of  generation  without 
jumps  will  be  the  condition  of  the  existence  of  a  single  real  root  of 
squation  {l8); 

q*  +  p^>0.  (24) 


It  follows  from  (8)  and  (17)  that  the  generation  zone  will  be 
lymmetrical  with  respect  to  the  center,  if  the  function  B  *  f(^),  de- 
[■ined  by  eq.  (l8),  is  symmetrical  or  antisymmetrical  with  respect  to  the 


point  S'  K  0*  It  follows  fro®  (l8)-(21)  that  the  latter  condition  wll 
j  be  satisfied  when  ss  0<i  Therefore  jB  may  be  caJ,led  the  parameter 
I  of  asymmetr  j  of  the  g;o2ia,  Th.e  coadltion,  Q  0  may  be  .rewritten  in  the, 
forms  ’  ,  i 

.  .  QMP(  +  2Q,,) 

* . ^  ^  “  (25) 


1 

(  and  ai*e  the  resonance  wavelengths  of  the  additional  and  main  j 
resonators)  and  constitutes  the  condition  for  getting  symmetrical  | 
generation  zones,  which  are  of  some  importance  in  practice.  I 

henceforth  condirioa  (25)  will  always  be  assumed  to  he  satisfied 

j 

j 

* 

Op^^ration  of  ^eixerator^  for  symmetrical  gog-es 

Let  us  assusae  that  yS|  nyr  and  X?  «  0.  Then  condition  (24)  I 
assumes  the  form:  : 

f(/1g5)«.f ;{.Vtg8)*  +  3(l-«)«>0,  (26)  ^ 

where 

f  =  3  ( j  ..f  zfr)>  +  g)V3| . 

In  the  case  of  strong  coupling  (a  >1)  (26)  is  not  fulfilled 
in  the  center  of  the  zone,  where 

9 


tg®S  <■ 


2r®f 


In, this  region  (l8)  has  three  roots 


y.  2  k'l:  JEi  cos  i 
IW8|  3 


,.,»-2/Pi6i 


COS 


ys 


2 


¥  b- 


COS 


3 

R  4- 


(27)  j 

1 

f 

i 

I 

1 

1 

(28a,)  i 

i 

1 

(28  b) 
(28e) 


3 


wher 


”  3 
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It  is  possible  to  shew  k  J  that  the  root  always  corresponds  to  an 
unstable  state.  For  the  region  ir.  which  (27)  is  not  satisfied,  the 
freGueriCy  of  the  oscillations  is  ch&racteri'/.&d  by  the  root 


y  =  2  V  ch 

ItgS!  3’ 


(-0) 


*  where  ch  6  is  defined  by  the  right-hand  member  of  the  second  express-  ; 
j  ■■  ■  _o  ‘  : 

j  Ion  in  (29)  ‘ 

I  The  general  trend  of  the  function  y  =  fvtsa  S')  is  shown  in 

!  F;i».  2s,,  At  the  edges  of  the  region  of  j'.Lmps 

^  y^~2/~b,  (31) 

where  tan  S  in  expression  (29)  for  defined  by  the  equality  ■, o?  '.  , 

If  the  conditions  of  stability  of  generation  at  the  frequency  at  which 
generation  tfikcs  place  are  violated  at  the  edge  of  the  -region  of  jumps, 
I  the  generatox*  experiences  a  wave  iunip  which  ma.y  oe  oetermineu  -.rorn 
the  expression,  obtained  on  the  basis  of  (jl) 

(32a) 


AX'  3i,  V  bl‘2Q,., 


0 


S) 


n 


C  tgi 


However,  if  the  stability  conditions  are  violated  in  the  center  of  the 

leone,  then  the  jump  in  u-kvelength  is  determined  by 

_ _  (32b) 

A  \  )\j  J  Z  —  i/Qni- 
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I  Rtus,  it  ia  posElble  to  iiave  jumps  in  wavelength  lying*between  | 

<  the  values  deterrsined  by  expressions  (52a)  and  (32b)*  I 

j  In  the  case  of  v/eak  coi’^pXing  (z  <  1)  (2,6)  maj  not  be  satisfied 

!  only  for  i  <  O*  However,  since  z<l  ,  it  is  easy  t^o  show  that  every-  i 
where  I  >  0  when  z  <  1,  there  are  no  frequency  jumps).  The  •  , 

1  i 

I  parameter  z  characterij^es  the  coupling  between  the  resonators*  When  | 

I  2  “O  ■  *"2  ! 

z  <3.,  for  tan  o  4  3(1  r  the  frequency  of  the  oscillatlonB  \ 


being  generated  ia  determined  from  the  I’^oot 
y  =.'  2  y-T  sh  sh  r-  - 

3' 


1  .4-  £-4 

'  2  2r 


g  S  /  r®tg-*  ^  , 

- - -  I 

-  I 


3&r 


land  for  larger  values  of  tan"^  o  the  frequency  is  determined  from  the  'i 
I  root  (50) «  I 

Since  in  the  center  of  the  zone  the  condition  B  «  0  must  be  sat«j 
isfied..  the  wavelength  of  the  oscilj^aticns  generated, in  the  center  j 
of  the  zone  is  determined  by  i 

>•1  —  (AJ2Qi„)  dg  S/.  (54)  I 


When  -ic-  s  0,  expression  (8)  takes  the  form;  j 

D  ^  —  {0«  +  G,)  =--  (i±fT£2!!.  (35)  1 

j  F(u)r  I 

{Bince  B  depends  on  ,  vdth  B  5=  0  when  B  ^  0,  the  function,  u/F(u)  2=  i 

|s^--  f.io)  snay  decrease  as  the  cerster  of  the  zone  is  approached.  This  leadi 
i-  '  1 

[to  a  depression  at  the  center  of  ,the  zone  (Fig*  2b);  the  size  of  this  | 

|depres0.ion,  will  increase  with  increase  in  z/r.  For  weak  coupling  (z  <  1} 

jthe  condltioB  of  geiie.ration  in  the  center  of  the  zone  has  the  form  1 

i  >  y„  Gf,  (I  4- z/r),  (56)  i 

t  i 

pod  foi’  st.ron,g  coupling  (z.  >1) 

I  Co  >  K i^Gp  (1  4  1/r),  (  ^rp  ) 

1 

I 

I  Solving  equationa  (l8)  and  (55)  simultaneously ,  it  is  possible 

I 

|:o  get  a  quadratic  equation  defining  the  connection  between  D  and  B  : 
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>1*  ff»  (!  —£)-•)  -  {2z+\)\A-i-z  (2r  4-  z  +  2)  =  0, 


wh.ar«  A  «  i  +  Sinc«  at  th.e  pointa  .of  maxiam  power-  the  relatioa- 

esMi?  33/^ A  *1  0  is  satisfied,  the  equality  : 

^*  =  (14-  By  -  z  (2r  4- 1  +  2).  (59)  j 

holds  true  for  these  poiats,  the  power  being  deterained  by 

^  OX  .«  _ _ t _ ■ 

~Y"1f(u)~~  r - ■  (40) 

'  KoO^r  r*- (2z-f  l)+2/z(2/'-f  Z4-2) 

If  the  equality  (39)  is  obserred  for  B  «  0,  then  the  generation 

Bona  has  a  aaxinaally  flaV  top.  Therefore  the  condition  for  a  flat  top  | 


in  the  generation  zone  has  the  fora: 


(41) 


and  can  be  realized  when  s  <  -  It  the  power  generated  at  the  center 

of  the  zone  then  being  determined  by  the  condition 

=  (42) 

f  {«)  1  —  2z  4-  z*  j 

It  is  possible  to  show  that  up  to  points  In  the  zone  defined  j 

by  the  value  of  D  the  electronic  tuning  band  is  found  from  the  I 

!  ©xpressios.  hi»=:  (a»|/Qoj)  /3i  — T  = 


"  —  1  +  2"’  (a  4“ 


z  (a  ~  2r  —  2) j  ;  (43) 


a  fsx  \  4-  r*  {D~*  —  1). 

If  w®  consider  the  electronic  tuning  band  up  to  the  points  at 
which  generation  dies  away,  then  in  (43)  we  ,  must  put 

D=0,K,/Co.  (44)  ' 

|asd  for  points  of  the  zone,  at  which  the  usefhl  power  is  n  times  less 
I  than  at  the  maximxtiK  of  the  zone  (where  u  a  u  ),  we  must  sabetitute  in 

I  fil 


D  ^  Y^G^J/7F{uJ/~n), 


the  quantity  u^  being  found  from  the  second  expression  in  (4o). 
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4,  Eaeetronic  frequency  timing 


Investigation  of  the  expression  under  the  root  sign  in  formula 
(43)  shows  that  the  function  A{a)  has  a  maximi®  in  the  point 

—  ^  ~  (^^6) 

*  “  ~  r*  -  O*  (r  +  D* 


Since  z  >  0,  condition  (46)  is  fulfilled  when 


(4?) 


If  we  consider  the  region  0  <  *  <  1.  then  the  lower  limit  of  variation 

of  in  expression  (4?)  should  become  greater  so  that  the  cohditioa 

for  a  maximum  of  the  function  A(z)  in  the  region  0  z  1  will  have 

the  form:  '  ,  .  .v  » 

r  (I  -}-  r)-‘  >  D*  >  r*  (r  +  2)  (r  +  I)"*.  .  (48) 


Thus,  the  function  A(z)  will  increase  witn  increase  in  z  in  the  region 


0  <  z  <1,  if 


D*<  /^(r  +  2)  (r  4-i  )"*, 


(49) 


and  will  decrease  when  j 

D»>r/(l+r).  (50)  1 

The  behavior  of  the  function  A(z)  characterizes  the  change  in 
the  quantity  ^<6  in  (43)  for  change  in  z  .  Where  condition  (49)  is 
satisfied,  the  maximum  band  will  be  observed  for  the  critical  coupling  . 
(z  *  1)*  and  in  the  case  of  condition  (50)  for  z  *  0. 

From  (1)  and  the  network  shown  in  Ti.g,  lb  it  is  possible  to 
find  that  in  the  absence  of  an  additional  resonator  the  electronic 
tuning  band  is  defined  up  to  points  determined  by  the  quantity  B  by  the 

♦  The  condition  z  ®  1,  necessary  for  maximum  broadening  of  the  band, 
i#as  first  obtained  by  another  process  of  reasoning,  set  forth  by  the 
iuthor  in  a  paper,  presented  at  the  II  All-Union  Conference  of  the 
MVO  on  Radio  Electronics.  , 


22? 


Let  us  consider  the  relative  variation  in  the  electronic  tuning 
A&-'/AiC^  up  to  points  in  the  zone,  deterained  by  the  quantity  D, 
with  tka  additional  resonator  inserted.  Investigation  shows  that 
when  (^8)  is  satisfied  the  points  (46)  correspond  to  the  maxima  of  the 
function  *  f(a);  these  maxima  lie  on  the  curve 


A  «> _ 4-  r  -I-  1 ) 

A«'„  f  r- -f  2rr -f  r  r  r 


The  greatest  value  of  the  right-hand  side  of  this  expression 
is  and  is  realized  for  z  =  1,  r  =  0.  When  (49)  is  observed,  the 

greatest  value  of  A  <£-/  A  (c>^  occurs  when  z  «  1.  Investigation  of  the 


case  z  =  1  shows  that  the  function 

i 

the  values  determined  by  the  curve 

Am/Ave^  =:  -  I 

\2  ^ 

to  tTiaJtima,  lying  on  the  line 

Aw  f  4 


f(r)  increases  from 


2  f  3 


Aw  _ 4  (3r  +  2) _ ll'/t 

Aw,>  [  9^  6  _  ^/gr*  +  20r  12  J 

while  on  this  line  the  equality 

D  -  2r  {  9r  4-  4r*  +  6  -  V*"9'r»  + 20r  +  12)''*. 


(54a) 


is  observiede  j 

For  further  increase  in  r  the  function  Ait:/ =  f(r)  decrease^ 
tending  to  urdty*  Thus*  the  greatest  relative  broadening  of  the  elect- 
ironic  tuning  band  up  to  points  of  the  zone  with  inveiriable  D  (for 
Independent  connection  of  the  additional  resonator  these  are  points 
with  an  invariable  level  of  useful  power),  determined  by  (5^+)  when  (49) 

*  On  this  curve  there  is  satisfied  the  condition 

/>-=r(2  -  i  4  '4 

which  corresponds,  as  it  is  easy  to  see  from  (40),  to  points  of  maximum 

power •  _ _ _ _ _ _  _ _ ' 
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is  satisfied,  occurs  : when 


(f) 


»  1  =  1 


6  -  F  12 


i  When  (50)  is  obser'^ed,  the  greatest  .value  of  the  ratio 

I  equal  to  unity^  will  be  for  z  as  0;  consequently,  in  this  case  the 
I  additional  resonator  decrea0e^s  the  electronic  tuning  band*  Tills 
decrease  is  greatest  for  ^  »  1  and  is  determined  by  expression  (53)*  ■ 
(It  is  possible  to  show  that  on  curve  (53)  condition  (50)  iB  satis¬ 
fied  and  that  on  curve  {yO  condition  (49)  is-  aatiafied<.) 

The  derivative  of  the  electronic  tuning  in  the  center  of  the 
zone  XB  an  important  parameter*  From  (l8)  it  is  possible  to  find  that 
for  z  <  1  this  quantity  is  determined  hj  the  expresBiOTi 

d  w)j  (z  y  r)j2Qm  (I  —  z);  (56) 

' 

its  maxlHram  constancy  in  the  neighborhood  of  the  center  of  the  aone 

being  determined  from  the  condition  d^<::*.>/d(  tan  d  0  and  being 
’  o 

^  reali:^ed  for  z  -  whan 


d  ^!d  {\g  o)o  -  «q'"/2Qo5 


1  For  independent  corineetion  of  the  additional  resonator  it  is 

:  convenient  to  introduce,  in  connection  'with  the  two-humped  form  of  the 
zone  (Fig*  2b)^  the  idea  of  a  band  of  electronic  frequency  tuning 
up  to  points  of  the  zone^  having  a  useful  power  identical  with  the 
center  of  the  zone  (^lu,:?^),  and  of  a  band  of  electronic  frequency 
txinlng  up  to  points  of  maximum  power  It  follows  from  express- 

tti 

jions  (35)9  (40)  and  (43)  that  these  quantities  are  defined  by  the 


rela  tionahips 


A  --  [2  (2f  +  ^  -4-  2)  ~  1  j‘(>, 

Qoi 


A  «'«  ~  ^  <2^  4“  -i-  2)  --  I  j) 
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5*  Intermediate  connection  of  additional  resonator  | 

The  network  of  Fig.  lb  and  the  aboire  reasoning  apply  to  the  case 
of  independent  connection  of  the  additional  resonator.  For  intermediatej 
connection  it  is  necessary  that  the  quantity  Tg  in  the  network  of  Fig.  j 
lb  be  transferred  into  the  circ^^it  of  the  additional  resonator.  This 
changes  the  significance  of  the  qmntities  Sll*  ! 

entered  into  all  the  previous  calculations,  and  they  now  get  the  values: 

Q,i  =  «A/(G,+OJ;  Qo«.««,Q/G..  (60) 


If  we  now  take  lato  acco\mt  that  the  useful  power,  previouslyj 
deteriained  from  (8)  and  (50),  will  now  be  given  by 

Qli  ntf  G„  u* 


(61) 


then  all  the  expressiona  obtained  above  .  remain  .valid*  The  exceptionp 
are  formulas  (39)~('^2),  (^5),  (58)  and  (59),  which  account  for  specific 
features  of  the  geheration  zone.  It  follows  from  (6l)  that  for  inter- 
mediate  connection  the  two*"humped  form  of  the  generation  zone  may 

j 

turn  into  a  three-thumped  form  for  certain  aspects  of  the  oscillatory  j 
characteristic  (P^  is  non-urdquely  determined  by  the  quantity  u  and  j 
Insight  increase  with  approach  to  the  center  of  the  generation  zone,  ] 

when  B  0^  although  the  value  of  u  may  then  be  constant  or  even 
decrease  slightly). 

Tile  conclusions  of  section  4  all  remain  in  force  for  the  case  of 
intermediate  connection.  However 5  we  should  bear  in  mind  that  the 

D,  which  for  independent  connection  uniquely  determined  the 
luseful  power t  for  intermediate  connection  determines  only  the  magnitude 
jof  the  high-- frequency  voltage  u  in  the  main  resonator. 

TMs  investigation  makes  it  possible  to  estimate  characteristics 
jof  the  operation  of  generators  in  the  class  in  question  in  the  presence 
pf  a  resonating  load  and  to  utilize  these  characteristics  in  practice* 
[rhus,  if  it  is  necessary  to  achieve  maximum  broadening  of  the  band  of 


. 
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».ii.i.ii  >■*  wn  r».i.iii.  . .  ’  -  ' 

«lec  tropic  freqtisncy  tuaiB|5  up  to  points  in  the  aone,  determined  by 
;  the  quantity  D  (for  a  known  function  P(u)),  then  in  cold  measurements 
we  must  choose  values  of  the  quantities 

such  that  coaditioB.  (5^&)  is  satisfied  and  cq^uality  (25)  is  fulfilled 

for  s  tsf  1*  ■  ' 

For  a  reflex  klystron  the  oscillatory  characteristic  has  the 


form: 


F{u)^2M/oJAx), 


(62) 


where  M  is  the  coefficient  of  electronic  interaction,  is  the  current 
i  fssding  the  resorts  tor  gap,  x  is  the  bunching  parameter  and  J^(k)  is  a 
Bessel  function  of  the  first  order,  'ffai-s  case  has  been  investigated 
qualitatively  in  /' 57  by  employing  an  equivalent  network  in  the  form 
of  two  coupled  inductive  circuits.  Such  a  network  is  obtained  as  a 
particular  case  of  the  network  if  Fig.  lb  for  ^ I  »  (2n  +  1) ^/2 
(n  «  0,1,2,3, • . • » )« 

The  relationships  obtained  in  sections  1-5  show  that  the 
operation  of  a  generator  is  determined  by  four  parameters?  the  ^ 

I  coupling  parameter  a,  the  zonal  asymmetry  parameter  the  load 
parameter  r  and  the  parameter  D  which  depends  on  th^  electronics  of 
the  generator.  Ifea  first  thr(4  parameters  may  easily  be  gotten  from 
cold  measuremests ,  which  is  a  considerabla  convenience  in  practice. 
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THE  EFFECTS  OF  A  LARGE-AMPLITUDS  RADIOPRBQGKNCY  PULSE 


ON  A  SELF-EXOITSD  OSCILLATOR 


Pages  475”^<'62 


By  M.K,  Chirkov  A  P,N.  Zanadvoxov  ' 


A  discussion  is  presented  on  the  transients  arising  j 
when  a  large-amplitude  radiofrequency  pulse  acts  on  a  self- 
excited  oscillator,  Uae  is  made  of  a  method  derived  from  the 
theory  of  periodic  phase  looking*  and  of  the  properties  of 
finite-difference  equations.  The  resulting  analytic  expressions 
agree  well  with  the  results  froa  a  numerical  integration  of  the 
j  differential  equations  for  the  problem,  i 

\  Much  is  known  about  the  transients  in  a  self-exoited  | 

oseilletor  sub.iect  to  small  external  perturbations,  but  less  is 
krtowa  about  the  ecualiy  interesting  case  in  which  the  perturb¬ 
ations  are  large.  The  cause  is  that  the  method  usually  employed 
I  (asymptotic  expansion  in  terms  of  powers  of  a  small  parameter) 
Lore  givos  rise  to  a  set  of  equations  not  soluble  in  quadratures.. 
■  It  ie  lc;.33  convenient  to  solve  that  set  of  equations  numerically! 

for  each  particular  case  /"  1  than  to  consider  an  analytic 

I 

I  solution,  because  only  the  latter  can  give  us  expressions  for 
f  the  transients  la  general  form,  I 


*  By  -periodic  phase  looking  is  meant  the  forced  specification  of  | 
{  the  initial  phase  of  the  oscillator  as  a  result  of  a  pei-iodically 
I  applied  pulse.  Synchronisation  is  a  different  concept,  because 
I  it  does  not  imply  inherent  stability  and  because  it  includes  , 
I  within  itself  the  transients  produced.  The  mathematical  formul¬ 
ation  of  the  periodic  phase  locking  process  is  the  same  as  the 
!  point- transform  method,  j 
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The  oscillator  to  be  considered  here  is  a  tube  having 
a  I'esonant  circuit  in  the  plate  circnitf  the  bias  (which  can 
he  of  various  types)  is  greater  than  the  cut-off  value,  A 
pieeewiae-linesr  curve  (open  polygon)  is  used  to  approximate  th«f 
tube  characteristic, 

A  method  derived  from'  the  theory  of  autoiaatic  control 
/”  5  y  h.B.8  been  used  to  solve  the  steady-state  problea  for  an 
oscillator  acted  on  by  a  sine-wave  signal,  That  method  enables 
us  to  derive  resonance  eurvee  and  to  delineate  the  stability 
regions.  The  results  for  th®  steady  state  are  not  presented, 
becauss  they  agree  exactly  with  those  given  elsewhere  £lj. 

The  transients  produced  by  a  large-amplitude  pulse  are 
examined  by  means  of  the’  phasing- function  method  £ 2  J, 

1»  Pormulation  and  Seduction  of  the  Basic  E<iuations 

The  instantaneous  amplitude  and  phase  of  a  self-exoitec 

oeciilator  are  represented  by  the  equations 

a{i)  —a  it,  tpo ,  <Jo ,  5,); 

'JiO  -«f(^  Wo.  rtfi.  hh 

in  which  the  ^  ^ara  various  parameters  -(of  the  perturbation, 
of  the  circuit,  and  of  the  fesdbaok  loop). 

As  those  instantaneous  quantities  we  take  the  polar 
coordinates  of  the  image  point  on.  the  phase  locus,  the  axes  of 
tfis  phase  plane  being  taken  as  x  and  <«>x  for  that  purpose. 

The  first  cycle  of  the  pulse  produces  a  tz'ansient  that 
altera  the  initial  phase  and  instantaneous  amplitude,  so  the 
next  cycle  finds  the  oscillator  in  a  new  state  with  new  values 
of  those  parameters,  which  it  alters  again,  and  so  on.  Then  n 
cycles  produce  a  sequence  of  n  instantaneous  phases  and  ampli¬ 
tudes  (each  one  in  the  sequence  corresponds  to  the  start  of  its 
appropriate  oyale),  with  the  result  that  a  stationary  phase  is 
forced  upon  the  oscillator. 

The  instantaneous  phase  and  amplitude  at  the  start  of 
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X 


(1) 


each  fresh  cycle  are  deterained  solely  "by  their  values  at  the 
start  of  the  previous  cjT.le  if  the  perturbation  has  a  fixed 
.freiju.ency  and  if  tho  are  constant!  so 

v;  r«  'V>). 

in  which  a  and  are  those  instantaneous  aiaantities  at  the 
n  7  n 

end  of  the  n-th  cycle,  and  a  .  and  .  are  the  same  at  the 

n-x  * 

end  of  the  (n.-«l)th  cycle.  Here  n  is  a  discrete  variable,  so 

we  have  a  set  of  finite-difference  equations 

a  (n)  rr  F\"^  {n  —  ]),  ,j  («  ])j; 

9  (//)  ■—  <1>  I'f  (rt  -  1 },  (I  («  .  1  )j . 

We  shall  not  consider  the  definitions  of  stability  and i 

i 

sta.te  of  equilibrium,  because  those  definitions  are  obtainable  ! 
from  a  known  method  [  2  J,  I 

System  (i)  must  be  formulated  and  solved  if  the  ] 

transients  are  to  be  found?  a  raethod  used  to  find  the  transieritj| 
in  a;utoma,tic-  control  systems  £  J  Bt&y  be  used  to  formulate  ! 
systSK  ( l) ,  j 

Let  the  oscillation  at  time  t  ~  0  take  the  fora  ; 

<fij  A„  c  sin  (•»(,  t  -f-  (f(i  ),  ' 

in  which  a  is  the  ratio  of  the  initial  amplitude  to  A^,  the  ! 
amplitude  of  the  free  oecillationa;  then  that  method  gives  (if 
ve  omit  some  simple  steps)  that 

£.  .  sin  0,  ,  .....  siirO, 


a 


a„  e-^\/  1 .4-  2  sin  («h,  ^  4-  )  -k  t. 

I  fh. '.fnfto  u^stn-'V. 

!  «,>  i  (i>  sin 'h  iros '<■» /“s 


(2) 


Yj,  ,, 


ore  tu . .  - . .  '  ’ . .  .  ”  '  1- 

i'CiSApii  'Y  >U\  h.  slH  f-o  )  <M\ 


in  which  is  the  Icga.rithnic  decreiaen'l  of  the  resonant  cireuiti 


h 


tv 


)/  o  is  the  generalized  mistijining,  B  is  the  angl^ 


o  "  •  ^  0 

at  which  the  plate  current  is  cut  off  during  free  oscillationB 

(sin.  is  replaced  by  1  if  is  that  tmgle 

when  the  first  cycle  is  operating  (sin  is  replaced  by  1  if 


^2  ^  "*^1  which  the  hipest  voltage 

appears  on  the  grid  during  the  first  oycl^e* 

Let  the  external  signal  at  the  ^id^tsk©  the  fom 
E  (t)  =r  sin  »/  , 

in  which  /0  is  the  ratio  of  the  enplitude  of  that  signal, to 
Then  is  given  hy 

Oo  sin  (»o  <  +  «j»^)  +  P  sin  w#  ~  mbkc.  ^  j  j 


A  self"excited  oscillator  with  a  fixed  hias* 

fff.  XT  "“ao  “  f  j , 

' 

which  «•  is  the  ratio  of  the  out-off  bias  to  A^)  gives  us 

o 


for  sia  that 


sin  ®|  -►  I 


{e^<  0). 


E@re  bj  ie  the  ratio  of  the  maximum  voltage  to  A^,  the 
arrow  denoting  that  sin  ^ ^  must  be  replaced  in  (2)  by  1. 

Self-bias,  appearing  without  a  leg,  gives  us  that 

Sltl  |/^  1  —  j^cos  (cos%—  cos«»r)  j 

«  .  /  .  ^  ,  cosO*  \ 


sln®i  -+  1 


b,  <  I 


in  which  is  the  angle  at  which  the  grid  c^^r^ent  is  cut  off, 


It  is  easy  to  trsnsfons,  (2)  to  the  form 
s!n  {?,  ~  r:  a„  sin  cos  ; 

sitivQ 


a  it*  cos  (?,—  rr  a,  cos  sin  »o 

sin  6a 


The  bias  is  given  in  relative  units,  the  unit  being  A  . 

o 
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We. shall  use  (6),  in  conjunction  with  (5)-(5)»  »»  the 


"basis  of  our  future  discussion. 


Si  ana: 


luenoy  tothe 


Natural  Frequency  of  the  Osoillator 

The  main  point  of  interest  here  is  the  way  in  which 
is  reached.  We  introduce  new  wariahles  into  (6),  namely 

C«  -  n,  sin  (<?,  -  &W);  n,  =  n„cos 

the  old  variables  "being  related  to  the  new  by 

Now,  if  b  -  0,  (6)  taken  with  (5)-(5),  which  give  us 
the  variables  after  the  n-th  cycle  in  terms  of  thoee  after  the 
(n~l)th  cycle,  takes  the  form 

C„  =  5  (Cr— i>  W*- 1  )^»— I  * 

I.  '>5»— l)  I  "f*  ^  i»  "'*1"*^)  ^  ^  I 

the  initial  Conditions  being  Co- sln^oH  >’^cosTo,  t.  e. 

It  is  readily  demonstrated  that  B  and  C  are  functions 
that  vary  very  little  with  their  arguments  and 

if  /S(i  >20  (ft  being  the  ft  of  the  resonant  circuit),  we  can 
replace  them  by  constants.  The  approximation  is  the  better  the 
greater  the  external  signal,  but  the  restriction  /3  ft  >20  is 
veiy  weak. 

Then  (s)  becomes  I^s=sBCr~i; 

■%  —  Bd)r-i  +  C  ,  (9) 


in  which  B  -  exp(-  )  +  0//i  ,  in  which  C  is  given  for  a  fixed 
bias  e^**  -e  -  e*  (®- >  O) 
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c  &pe~  Y  I  +  p®  -  ?J  ( f  -I-  r-)  sin  %  ; 


or  (if  <  0^  and  for  self'*=^Ma^  toj 

6i,  >00°  IT  l-^+P*  <  1  —cos  %fco$% 

C  “  8p^“*  /  |/^i  +  P* ; 

^  ,  > 

for  80lf~Mas  «^itli  ^  ^  90®  and  ®e  >  90®  h  }/  1+P*.>  I  — cosO^/ 

cos  iie  by  '  c  ~  1  —  I  COS^t  +  (cos^o — COsSj.)  /|/” J  "f*  P”  j  /  k^'T~+:  P*  I 

and  for  self~bJ.as  with.  iP  ^  90®  'by  -■ 

o 


C  ~  ftpe~*  |/  1  —  [  cos6f-f*  (cosO{,~  co^J  / 1/  1  +  p*f  /  I  "1"  P*  sln^j . 

Syistem  (9}»  sol'fl'ed  in  aocordanca  with  the  initial 
oonditioass  gives  ns  that 


B”  sin  ?e ; 

If— I 

•sj^  =  B*cos9»  +  C  £  B* 


which  transfonss  to 


tg  ?e 


("  Sin  fo 


(10) 


B*cos<f’o*f~ 

is  which  h  «  C/(1-B), 

Kow  (lO)  is  the  phasing  function  for  a  large-emplitud© 
radiofraguency  puls®  aontaiaing  n  cycles.  Figur®  la  shows  that  | 
the  mala  feature  of  that  function  is  that  the  point  of  equilibri 
which  corresponde  to  -  yr ,  vanishes  when 

>  iR  (O  /  (1  +  D)  1  /  In  B . 

Solving  (lO)  for  n,  we  have 


UB 


n 


In 


In  B  sin  +  tg  f„  {D  —  cos  <po) 


(11) 
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. I 


Pigyr®  Ic  shows  the  phase  ^  (the  phase  when  the 
pulse  h&s  eaded)  as  a  fimction  of  pulse  length  for  t'arious  | 
ralues  of  the  initial  phas®«.  The  ouTves  come  close  together  03j 


BYsn  inter  sect  as  n  increase  a  j  i»e<,  from  a  oertairi  n  onwards  a  : 
large  initial  pha.se  results  in  s  faster  approach  to  the  steadj' 
te. 


The  statlstioal^distrihution  function  for  the  phase 
(if  the  phase  is  a  random  quantity  having  all  its  Tslues 
equally  prohahle)  is 

r  (fj  /2itt)  {d% ( df„)  . 

Then  (10)  gives  ue  that 


Y ( 1  ssrr  +  D  ( 1  —  B”)  cos  9, 


m9j 


2v  y  B’*"  --  £>*  (i  --  sin* 


'  (12) 


Figure  lb  shows  th®  statistioal-distrihution  function 
corresponding  to  periods  after  pulses  of  various  lengths,  * 

Let  V.B  find  the  pulse  length  needed  to  obtain  a 
specified  approach  to  the  final  phs.se  from  a  randoa;  phase* 

That  approach  is  specified  as  the  mean  deviation  $  which 
is  defined  (as  usual)  from  the  condition  that  the  probability 
of  finding  the  phase  in  a  r&ng®  2  ef  ^  is  y^,  Thie  gives  us 
that 


h  e 

cp^ 

J 


B  e 

c'r 


whence  (12)  gives  us  that 

n  ^  In  _„£Ik  k.l. 


loB 


I  4”  DtgScp  9 


(13) 


or,  if  ws  take  to  be  smell,  that 
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i 


In  B  1  -f 


(M 


If  -^e  mBPi^xiTe  the  pulse  len..f:th  ae  n  thoxi  the  r:  ■•^- 
needed  to  give  the  specified  <?  ^  is  almost  independent  of  *1^  i 


m' 


Fig'are  2  showa  the  pulae  length  needed  to  give  the 
specified  as  a  function  of  p>ulse  araplitude  a)  for  fixed 

hiae  and  fe)  for  self-bias.  The  function  clearly  takes  different 
forms^.  Fixed,  bias  implies  a  pulse  length  that  decreases 
steadily  as  /3  Increasea  and  that  tends  to  a  limit 


6/? 


HtiH 


la 


tii:  S.pspliin  C 

f 

I  •-  e  •‘'-f-  liin  (' 


(15) 


u. 


This  equation  enables  us  to  choose  the  n  needed,  to  give  a  ! 

speci.fied  in  terms  of  the  parameters  of  the  resonant  j 

eireuit,  or  vice  verse.  Little  is  gained  from  inorsaning  the  ' 
pulse  length  unduly.  On  the  other  hand,  self-bias  implies  tbaj 
xhe  pulse  length  needed  to  give  the  specified  increases  ; 

whori  a  certain  point  /3^p^  been  passed.  The  cause  of  i 
ri  .  1b  that  the  out-off  angle  starts  to  decrease  raoidly  as  ‘ 
the  external  signal  is  increased  in  e-mplitude.  An  explicit 
expression  for  cannot  be  obtained,  so  it  is  best  to  find  ; 

that  quantity  directly  from  (l4),  I 

The  forms  of  the  phasing  function  and  of  the  statistic- 

I 

al  distribution  agree  well  with  those  found  by  means  of  I 

nuaericaJ.  solution  of  the  equations  for  a  related  problem  [,  i 

i 

Figure  J  shows  the  time  taken  for  an  external  signal  ; 

f 

to  pull  an  osc.illator  with  self-bias  into  phase  as  a  function  j 
of  the  amplitu.de  of  that  signal  (here  the  phase  is  that  of  the  j 
two  oscillations  jointly,  not  the  phase  of  the  oscillator  after! 
the  pulse  has  ended).  The  broken  lines  show  the  curves  found  I 
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False  length  needed  to  give  a  speeified  <5^ 

a)  fixed  hias  (sin  B  «  1»  *  0)» 

'  '*0^0 

h)  self-Mas  (sin  ^  ”  ®) 

O  0^ 


Tim®  taken  fox  an  external  signal  to  pull  an 
oscillator  with  self^hias  into  phase  (sin  B 


f 


fTom  e.  numerical  integration  of  the  simplified  equmtiona* 
i  It  is  clear  that  the  two  seta  of  results  agree  quite  well. 


5.  Small  Degrees  of  Mi 


stunin, 


Here  we  uae  system  (6)  with  the  new  wariables  of 
(7),  The  case  of  mistuning  (h  /  O)  is  treated  as  heforej  (6) 
is  transformed  to  a  set  of  finite-difference  equations 

"f  <^1?  .  (16)  I 

the  initial  conditions  being  ^  =  sin?>o.  %  —  cos?o ,!  ♦  i®  which  j 

a,  =  B  cos68;  T,  =  fi  sin  68  ; 

rf,  =  ~C sin (68/4);  4=^  Ceos (68/4).' 

TkL»  solution  to  (I6)  is 

+  T.TJo  +  d„;  (17) 

a 

^«  =  ««’^o-7,Co  +  /,, 

in  which  d^,  and  i^^  are  given  hy  the  recurrence 

relations  -*  .  ’ 

a,  =  Bn-i  —  7»-i  Ti; 

In  —  Ti  +  T»-»  *1 J 

a,-i  </,  /,  +  dn-  t ;  (18) 

=  a«_i  /j  —  in-i  d^  +  I11-1 

subject  to  the  condition  that  Oi^f  d^^,  Tl*  ^1 

defined  by  (16).  Then  (16)  with  (18)  gives  us  the  coefficient 

a„  —  B"  cos  n68 ;  =  fl*  sin  nb9 ; 

ff— I  H—i 

rf,  =  C  X  sin  (668  -  68/4) ;  /,  C  ^  COS  (668  -  68/4) . 

isiO  *-0 

Again,  (17)  gives  us  the  phasing  function  as 
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i 


B'^  cos  ( +  (n  - 1)  &|  +  C  £  cos  (kb  i 


Figure  4a  shows  'that  funetio^i  it  is  clear  that  theri^ 

is  only  on®  point  of  stable  e^tiili'brlua!  for  any  pulse  length# 

Sh®  point  of  tmstahle  e^uillhriu®  ocouring  for  small  pulae 

lengths  vanishes  when,  the  length  ie  mad®  greater  than  the  n 

defined  hy  «-i 

'  cos  (kbb  —  b^ji) . 

Jk-»0 

The  statistioai-distribution  funotion  for  the  phase 
is  gi^ven  by  (19)  as 

H2£l 

\r^”—  |i^(f  a.  fl)i*  *f  cos  (p„  —  bb )  B*  cos  (kb^  —  4) 


in  whieh 


I 


K  n)  ~  C  cos  (f ^  X 


Aisr’O 


P 

T 

f-fi 


~~C  sin  (f  „  —  &»)  ^  cos  (*£?•(  ~ 

*«6 

Figure  4-1)  illustrates  the  form  of  the  function  W(/^) 

Figure  4c  shows  the  phase  after  the  pulse  eh  a  function 
of  pulse  length  for  several  different  initial  phas@@»  The 
phase  ©ha.nge  (relative  to  th®  steady-“State  phase)  shows  an 
osc-lllatory  variation  with  the  length  of  the  pulse. 

It  ie  not  possible  to  obtain  a  reasonably  simple 
expression  for  the  puls®  length  needed  to  produce  a  specified 
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Mistuning  2;  l  ♦5r0.1;i>a*,-.ft); 

a)  Phasing  function,  b)  statistical-distribution 

function  for  the  phase,  e)  phase  -when  pulse  has 


ended. 


approach  to  -the  steadystate  phase,  but  the  approach  itself  may  | 

'  be  found  readily  if  the  range  of  possible  phases  is  found  from  ' 
i  the  eonditiou  flid  ) -—p-  oc.5 ,  It  is  clear  also  that  putting  b  «  0  ! 

I  '^n  j 

causes  (19)  and  (20)  to  become  the  expressions  given  above  for  | 
th®  previous  case* 

fhe  expression  for  the  phasing  function,  (19)  is  ! 
the  most  complete  solution  of  the  problem*.  j 

I  The  from  a  numerical  solution  of  the  prob.lem| 

* 

1  agree  well  ^ith  our  expressions  for  the  oa^a  of  mistiming®  | 


An  analytic  solution  has  been  obtained  in  e  res-son-  i 
I  I 

ably  coroplet®  fonst  for  the  case  for  a  radiofrequency  pulse  of  ; 

large  amplitude  (/6  >l)  and  of  rectangular  envelope*  The  method  | 

is  suitable  for  use  in  considering  similar  pulsea  of  small  I 

.amplitude  (/S  <  l)  l  in  that  case  ve  may  neglect  the  change  in  the  i 

,  amplitude  of  the  oscillation  and  need  consider  only  the  finite-" 

difference  equation  for  the  phase,  Th®  results  obtained  in  that  j 

way  agree  well  with  those  given  by  ot-hers,  .■>  I, 

I  fhe  phasing-function  method  can  be  used  to  considei*  j 

many  p.ro'bleis,a  connected  with  nonlinear  systems  acted  on  by  ,  ; 

I  external  forces,  particularly  probleisis  in  which  other  methods  &t&\ 
I  i 

inot  apclicable,  e.g.  on  account  of  the  large  amplitude  of  the  i 
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THE  SUFFICIENT  CONDITIONS  FOR  DYNAMIC  STABILITY  IN  A  LAJJGE 
POWER  GRID  SUBJECT  TO  ALTERNATING  ELECTROMOTIVE  FORCES 


Pages  Ar,5„A95 


By  G.?.A.ronovich 


A  partieular  controlled  peeper  grid  is  ooriiiidex'eu.  aU' 
order  to  demonstrate  a  new  method  of  considering  stabiiitj^  in  ^ 

general  for  simple  types  of  power  grid.  The  method  is  one  in  : 

which  the  order  of  the  nonlinear  differential  equations  for 
system  is  reduced  (due  allowance  being  made  for  the  behavior  of' 
the  system)  by  utilizing  the  fact  that  the  various  time-constants 
differ  greatly  in  magnitude;  Lyapunov’s  direct  method  is  then  . 
used,  i 

The  stability  of  any  particular  part  of  power  grid  ; 
.m»y  be  taken  to  be  reasonably  well  understood,  but  the  stabilitv 
of  the  system  as  a  whole  has  not  been  exsjrdned  in  any  great  | 
detail  with  proper  allowance  for  processes  in  the  pipelines  of 
hydrosl ectric  stations,  in  the  coridensation  plant  of  thermal 
power  sta-tions,  in  the  control  gear,  in  the  generators,  etc,  i 
The  main  papers  /"  1-5  deal  principally  with  the  steady- 
state  stability  of  simple  systems  (with  stability  in  the  res-  ; 
trleted  eexuse),  although  even  that  problem  is  very  difficult  on  ^ 
account  of  the  Is-vge  number  of  degrees  of  freedom.  The  dynamic  ; 
(general;  stability  has  hardly  beer,  considered  theoretically  at  ; 
oil,  so  far  as  I  am  aware.  The  practical  problems  are  solved  byi 
ffieans  of  numsrioal  methods  or  by  mieans  of  analogs  and  high-speedj 

digital  computers;  the  ■oroblem  is  reviewed  in  ]•  1 

I 

Here  a  particular  controlled  power  grid  is  oonsidereli 
in  order  to  demonstrate  a  new  method  of  considering  stability  in.j 
general  for  simple  types  of  power  grid.  The  method  is  one  in  | 
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UfMch  the  order  of  the  nonlinear  differential  equations  for  | 
the  system  is  reduced  (due  allowance  'being  mad®  for  the  behavior 
of  the  system)  by  utiliaing  the  fact  that  the.  various  time-  I 
constants  differ  greatly  in  magnitude!  Lyapunov's  direct  metho*^ 
is  then  used,  I  have  used  this  approach  [ 61! J  to  examine  the 


dynamic  stability  of  a  controlled  grid  containing  two  hydroeleoj- 
tric  stations -not  having  derivative  control  (the  electromagnetijc 
transients  in  the  generators  were  neglected).  Here  I  derive  j 
the  sufficient  conditions  for  dynamic  stability  in  a  large  j 

i 

power  grid  subject  tq^ alternating  electromotive  forces  in  orderj 
to  illustrate  the  power  of  this  approach  more  fully,  ’  ! 


Consider  a  system  containing  two  hydroelectric  | 
stations  not  having  derivative  control  (or  one  such  station  andj 
a  thermal  power  station  having  a  very  short  steam  pipe),  the 
two  stations  working  in  parallel  into  a  common  grid,  I  neglect 
fluctuations  as  between  items  of  plant  in  the  stations  individual¬ 
ly  and  replace  each  station  by  a  single  etjui valent  synchronous 
generator,  I  assume  that  the  two  equivalent  generators  are 
fitted  with  speed  controls  (ones  with  direct  feedback)  and  thatj 
the  second  generator  is  fitted  also  with  a  voltage  control,  j 
Further,  I  assume  that  the  voltage  supplied  by  the  first  atatioi^ 
is^.  kept  constant  at  all  times,  that  the  second  generator  is  of  ! 
salient-pole  type,  end  that  various  simplifying  assumptions  are 
justified  (namely,  that  there  are  no  damping  windings,  that  the 
resistance  of  the  stator  circuit  is  negl5,gible,  that  saturation 
is  negligible,  etc)*  Then  the  differential  equations  for  th© 
systesB  take  the  form 

©tuatioa  of  motion  of  the  rotors j 


Tai  dSi  I  -  Pi 


1.2), 


(1) 


I 


in  Tihicb.  9^  is  the  slip  relative  to  a  synchronously  rotating 

field,  is  the  mechanical  torque,  is  the  electrical  torque!, 

and  T  ^  is  the  time-constant  of  the  machine^  equation  relating  ‘ 
ai 

the  relative  angular  divergence  of  the  rotors  to  the  slips  i 

j 

$1  s„  ^2^  I 


in  which  is  the  time-constant > 


equations  describing  the  electromagnetic  transient  in  the 
field  circuits  of  the  generator  fitted  with  voltage  controls 


dE,Jdt  f , 


*• 


+  Efift  — 


per> 


(3) 

(^) 

(5) 


in  which  E^q2  steady-state  no-load  e.ia«f«,  E^g 


is  the 

nc-load  e.m.f,  in  the  ’transient  state,  E^g  is  the  e.m.f.  ' 
resulting  from  the  transient  reactance,  E^^g  is  the  e*m.f. 
corresponding  to  the  voltage  at  the  terminals  of  the  exciter, 

E  is  the  corresponding  to  the  voltage  at  the  field 

x*eg  JT-  a 

terniinais  produced  hy  the  voltage  control,  and  ^@2* 

are  time-constants  relating  respectively  to  the  field 
circait  with  the  stator  circuit  open,  to  the  circuit  of  the 
exciter,  and  to  the  field  circuit  of  the  exciteri 

equation  for  the  speed  control  (mass  of  controller 
etc  ne-gleetft'd)  s 

Tsid  (s^  —  pj  |ij)  (i  =  1,2),  (6) 

in  which  ^4^  is  the  relative  displacement  of  the  servo's 
piston,  and  is  the  time-constant  for  the  servo. 

Then  (see  also  7 _7) 
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kis  (I  - «  “  1.2).; 


i  -  til 


(7)  y 


,  f i  ®*  ■/""  *i»  %  “”  %-a +' f*»»  1|9»  ®fs  ar«  tiffi©“Con8tantg«  I  take  the 

(neglecting  electrical  damping)  to  be 


Pi 


“■  sin  a,,  -{ — l;l£  g|{j  _  Oj  J  j; 
^si  .  Z,»  j 


rjj. 

sinags—  "-^>^  sin  (S,j  4-  *1*) 

•*21  ^IS 


]■ 


(8) 


in  which  ig  ratio  of  the  nominal  power  of  the  -'«th 

equivalent  geiierator  to  the  actual  power,  is  the  e*m,f«  of 
a  fictitioua  machine  not  having  salient  poles  but  having  equal 
quadrature  and  direct  reactances,  the  are. self  and  mutual 
impedances  (for  which  purpose  the  impedances  are  taken  as 
equal  to  the  synchronous  quadrature  reactances)  and  the 
ere  constant  angles*#  '  ■  ■  ' 

Th.®  following  finite  relationships  exist  between  th! 

above  variables  ■  .  . 


'k^E 


P  _ 


£q 


COS 


dt 


Eq 


X 


rf2 


X^%  X^ 


02 


h  cos  {9j2  -4  a,,)l 

(9) 

x^. 

(10) 

ThB  a-lectr'ical  M  '  in  dimensional  rariables  is 


w 


i?Mch  is  the  eleotromagnetie  power?  the  base 

power  is  w^,  so 

Wik,..  1  r 


I\  :s^’ 


M. 


ivij.kv 


Afi 


,  £Q£t 

sirs^jj  }^in  (li$™t|3|) 


\9 

Ct  \ 


\ 

-f- 
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i 


•  cos  (K2  +  «.2)  +  Eq  j 

f 

X,  —  ^ 

Zj5  ^ 

^  (11) 

-■“-COS  322); 

Z2J  / 

E^r~E,a~k(U,-U^); 

(12) 

==  i/s  cos  Ojj 

03) 

tg  5,^ 

(14) 

(siee  /  10  J ^  p,  106),  Here  X  is  the  quadrature  synchronous 

■wj  ^ 

rsactaneo  of  the  generator,  is  the  direct  synchronous 
reactance,  is  the  transient  direct  reactance,  Ug  is  the 
voltage  at  the  output  terminals,  direct  component  of 

that  voltage,  and  Pg  is  defined  by  (s). 

Equations  (l)-(6)  and  (7)**(l^)  describe  the  system, 
but  they  contain  variables,  namely  *?<•  ^a-i<  ^4tf  ^p<r» 

^1-!.  (^— ,  Those 

variablGS  may  be  replaced  by  the  deviations  from  the  steady 
state,  namely 


fv  =  T/o  “5“ 

%  ~  ’Iw  + 

“*  *h  *(<(»» 

~  “f*  *<<« 

=■' 

*«</• 


E^r  =  (£p.r)«  +  Vr: 
^*0  "h 

Eq  ~  (£<?)«  +  «!?; 

^<[2  ^  (^dj)o  ^4* 
Ui  (t/j),  +  K; 

“  ^K)  + 


.The  steady-state  quantities  are  defined  by 


1  Tio 


- : - +  =  T 

1  — ^a,  ^ 


^slna.,+^j-^^  sln(S,2c-«,2) 
<^11 


■•JO 


(lift 


I'O 


(1 


,  .  2  if  (^oYo 

"^20  +  '  2)  —  920  — 


(15) 


h.1  z 


sin  3 


22 


22 


/i',  (Z(j)o 
Z,, 


sin  (i|2o  4-  9i>)  ; 

'  J 
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!  V  _  V' 


fsfi" 

(16) 

^a  - 

(^-jter)^: 

(17) 

—  h 

(/ 

1,2); 

(18) 

(  \  i 

f  ^3 

COS  \ 

E, 

COS  (Bryt'k'-f- ^i?r>  (IS) 

{£(,2)8  =  (£'«)s  Tr - ■^"  “■■ 

-.  =  -^^SLcas  i^sts  ~(-  <^a>  +  1^0)0  ( 

..rt  ', 


(^pri  it)  '”"  ^'(»»> 

tRS.8  =  (/^A^y  (£<?)« 


lliKis  (15»(24)  can  be  used  to  represent  (l)-.(l4)  in  t&vms  of 
pertur'bati.OiiSj,  namely  ns 


■  i;; 

(20) 

cos 

■“ 

jV,  (21) 

1 

JP 

(225 

(23) 

l» 

'  f245 

(24) 

7-  ^  (2f;8  Sj  -i"  Sf)  ..  I  ,  frt,,,  ,  j  A'i 

af  1— flj 

'■"  -  ‘’'  'B  ^  j  &M£k+ al  s,„  (8„.  +  e,.  --  ,„)  - 


i  ■—  rtj 


X. 


z 


Zn 

sin  (*’*i2ij  9|j)  1 1, 


n 
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It 


( 1  -  +  r.  -  h)  -  (2t»  s.  +  »3) 

1  -  a, 

’  *  *  i  or 


1  -  a, 


I  z... — - - -  sin  ci^  — 


fi 


Mish+lA.  sln(5^+e..-f-oJ-fl^sln««- 

Zjj  I  ^12 

_£L^sl„(J„+.,jjj; 


T  —  c  _  c  . 

df 

'/  d 

7’-  =  «<#/ 


dt 


7/j  +  *rf/  Vf« 

'4.  ^  - P> 

ar 


1. 

.  cos  822  \ 

X^z  —  x^ 

Zt2  1 

jcos  (Jj*,  4-  ^it  +  *n)  —  ^20  ®ia)l* 

^i* 


f4=  <0 


.  X 


Xj  =  «<? 


<g  _  J*  ilitJZ-il**  , 


/l,  _  ^  cos  Hr]  + 

\  ^2J  / 


£,X,s 


4.  |cos  4-  ®1I  4-  «I»)  —  cos  (^1* 

^12 


'(Iff 


—  iktt; 


u^  =  ICt/jX)  4"  «1  cos  (iio  4*44),  —  (6/})o  cos 

jrctg 


B  -  „rto  Kpj.  P.I  -y«  &,x„ 

arcxg  »  ^.1  litr  V  I 


(la) 


(2a)  I 

I 

(3a)  I 

I 

(4a)  I 

! 

(5a) 

(6a) 


|{£o)o4-«oI  + 


(£o)o(f/rfJa‘ 


(9a) 

I 

(10a) 

(11a) 

(12a) 

(138) 

(14a) 
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Fig-are  1.  shows  the  hlook  diagram  corresponding  to  the  problem  ; 
when  tt.,,  &  t  and  a  have  been  eliminated.  I  assume  that 

the  position  .  corresponding  to 

jfj  ^  ^1®  ^  P‘1  ^  Ps  "  ^  ^  ^  '  4.S.*  ■S'ta'bxe  in 

the  harrow  sense,  and  set  out  to  determine  the -extent  of  the 

region  of  stability  In  the  phase  space  of  the  system. 

I  assume  that  the  time-constants  in  (la) -(6a) 

e;ati3fy  the  conditions 

n  c  n*.  r,.  c  n,.  ^25) 

which  is  usually  the  case  (in  a  certain  actual  case  the  values 
were  T  =  0.00158  sec,  with  f  . ,  ft  and  less  than  a  tenth 

O  *  '  a  \ 

of  a  second,  end  and  T^q2  order  of  several  seconds;. 

fhe  problem  then  becomes  simpler?  (25)  enables  us 
to  treat  some  of  the  equations  as  containing  a  small  parameter 
In  the  derivatives  and-"  to  divide  the  phase  into  regions  of  fast 
motion  and  regions  of  slow  motion  £vi^\2jj ,  It  we  take  the 
time-constants  as  being  measures  of  the  rates  of  change  of  the 
quantities,  then  the  most  rapidly  varying  one  is  ^x2* 
next  in  order  being  //,,  ®de*  ^df* 


B  How  is  an  angle  and  appears  in  sine  or  cosine  terms 

on  the  right,  so  the  system  may  be  taken  as  on©  having  a  rapidljf 
changing  phase  as  regards  systems  are 

treated  by  averaging  in  many  cases,  but  ve  can  see  that  any 
I  averaging  with  respect  to  ^ 'X2  right  in  (la)  -  (l4a) 

1  would  be  equivalent  to  splitting  the  system  into  two  entirely  ! 


!  independent  stations,  with  the  result  that  (in  particular)  we 
i  would  be  unable  to  establish  the  law  followed  by  (because 

1  the  equilibrium  position  of  the  averaged  system  would  be  displaded 
f  by  a  finite  amount  from  the  position  for  the  initial  system). 

I  Therefcre  I  start  not  with  but  with  ^  B  ^^t  and 


whose  magnitude  decrease  much  more  rapidly  (any  decrease  ia  | 
arises  solely  as  a  consequence  of  slow  change  in  Sj^  -  Sg, 
s,s  (2a)  shows)*  Although  those  three  variables  change  in  much  ^ 
the  same  way^  the  prohlem  is  such  that  the  behavior  of  | 

can  be  examined  la  isolation  from  the  behavior  of  the  other  twoj. 
This  feature  is  advantageous,  in  that  the  rate  of  change  of  i 
is  independent  of  ^12*  rates  of  change  of  the 

other  two  are  coupled  (via  to  ^15*  \ 


Fig.  1. 


1  Let  the  functions  f^^  and  fg  in  (2a)  (which  specify 

I  th©  characteristics  of  the  servomotors)  satisfy  the  conditions 


/,(«,  )•<>©.  /i(0)«0 


(26) 


(  <T^  being  the  argument,  with  i  =  lj2)  and  be  linearizable*. 
This  implies  that  and  vary  much  more  slowly  than  ^ 
and  2*  form 

d  }»,/<«  «  /,  («,  -  p,  p.),  s,  =n  const; 

d  3= /,  (s,  —  p, !»,),  «,=:  const. 

foi’  the  region  in  which  and  vary  rapidly* 

The  points  “  Pi /*1^  “  ^  ^?S^2  ” 

correspond  to  states  of  eq,uillbritm  for  the  approximate, 
equations  (6b)  for  the  fast  motion*  These  states  are  stable  if 
3fj^/  d yU.  X  0  and  ^^2^  ^ 2  ^  ^  points  in  the 

Bubspaees  fj^  «  0  and  f^  «  0*  This  is  always  so  if 

^  ^2  ^  (26)  is  satisfied.  Therefore,  if  the 

image  point  is  not  near  those  aubspaces  at  zero  time,  it  is 
obliged  to  approach  them  as  it  moves  along  the  fast  loci  and 
subsequently  will  move  slowly  within  them.  The  restriction 
imposed  on  f^^  and  fg  are  such  that  f^  ^  only  when  cd  =  0, 

Therefore  the  motion  in  the  subspaces  f «  0  and  fg  «  0  is 
described  by  (la)-(5a)  and  (9a)-(l4a),  in  which 
and  yt(g  »=  Sg/ |9  2*  er 


C|S| 


{  [(^q)o-f-  sqI  sin  (5„„  ~f 


+  —  «i*)  —  (^q)»  sin  (S,ao  —  «,*)  ); 


I  ^  ^  C^ss  4-  0*s2  +  /f,s»  _  i  {  |2  (£q)o  *0  +  ^l\  ^ 

f  Xjg  I  ^2-! 

£  1 

“  |((£q)o  ■f'  ®e)  sin  -j-  Q|*  4-  «i2)  —  (£0)0  sin  (S„o+  «„)!  J. 
*'»»  \ 


This  argument  can  be  used  even  if  f-  and  fg  are  not  linear- 
izable  provided  that  they  satisfy  (26), 
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Her® 


,  Ci  ™  ■'p—  i\  -  -h  f,  )-f  - - —5.^  2  ; 

i  6— a* 


(1— a*)ps  1  — m  *w-r  I  /  f< 


0~«Op. 


(#  -  U). 


lqxiatioB.8  (2a)-(5a)  an®  (9a-)-(l^a)  resaaln  imchaRged,  | 

The  order  of  the  system  is  reduced  from  eight  to  I 
sixth  is-hen  and  yWg  (the  fast  motions)  are  eliminatede  I  | 

introduce  new  eymihole  «.  #,.  «*  ».  jf„  ^rr  ^  -  | 

r-r.  J£igp  ^  7j>  3r^  7«»  Tf  **,  ^  ^si4r  ^  j 

'=  »■-  ■  '  ^  «.d ! 


use  {96)-(l^«i)  to  eliminate 
then  (ia)~(5a)  heoose 

^reg*  ^ 

&  F  ! 

!  ’ 

m 

• 

! 

^  '{  Mf 

^4  ““77  ^  *^4) 

dt 

(27) 

; 

H 

! 

H 

!l 

*  sS 

m 

I  turn  now  to  the  behavior  of  and  Xg.  Let 
T.  2  >»  T,X-?  then  the  third  equation  in  (2?)  implies  that  *  veri® 

>  j 

with  t  at  the  same  rate  as  do  Xj^,  Xg,  and  (since  x^  » 
ap'jtaare  in  sine  and  cosine  terms  in  the  right  halves  in  (27))» 
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Then  (25;  enables  ub  to  ess'ome  that  X(.  and  vs,ry  aiiioh  more  . 
rapidly  than  Xj,  and  «*  Tlie  last  two  equatJ-ons  in  (27) 


take  the  followixvg  forms  for  the  regions  in  which  Zj.  and,  xv 

^  o 

wary  rapidly i 


r,u.K,/dt 


T^dxjdt 


Ag  4-  i'/\zj7\,  A'«)  «  (r  sr  const,  x. 


m\  i 


The  points  in  the  suhspace  =>  0^  «=  0  at  which  x^.  *  = 

Xj.(Tj^s/T^jZ^  )  are  st8,tes  of  equilihrixim  for  the  fast  motion 
described  by  (28).  Tiiese  states  are  stable,  because  the 

t 

1  characteristic}  equation  J 


!  £2. 

I  ’ 

has  the  neiffatire  real  roots 


Therefore  the  image  point  moves  along  the  loci  for  x^  and.  Xg  in ' 

such  a  way  as  to  approach  the  subspace  F^  =  Pg  «  0,  within  which 

space  it  moves  slowly  in  accordance  with  the  first  four  equations 
in  {27),  in  which,  =  X^{x.yX^)  (if  we  replace  z  by  '■ 

The  loss  of  and  Xg  reduces  the  system  of  squatio-ns  to  one  of  j 
fourth  o.rder'^.  Lyapunov's  direct  method  is  used,  to  examine  the  { 
gen6.ral  stab-i lity  of  this  nonlinear  system,  for  which  purpose  w4 

may  use  Aiaerman's  /  approach  or  may  take  as  our  Lyapunov  ! 

ftirction  V  a  quadratic  sign,-defined,  positive  form  and  seek  the  1 


*  In  fact,  /'^2*  ^5’  ^6  simultaneously  towards 

the  states  of  equilibrium  for  the  fast  motions. 
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ooaditiona  that  ensure  that  dV/dt  (derived  in  accordance  with  | 
the  equations  for  the  perturbed  motion)  is  negative.  Here  we  * 
may  transfortE  the  equations  of  motion  to  :  anonical  form  in 
advance,  as  in  ElJ,  This  gives  us  the  sufficient  conditions 
for  stability  in  general  to  be  imposed  on  the  initial  deviation! 

Numerical  Example 

t 

Let  us  suppose  that  hydroelectric  station  No.  1  has! 
an  F082  turbine  whose  reduced  parameters  are  a^^  «  0.079 
<s.^  «  0.087,  and  that  No,  2  has  an  P-l40  turbine  whose  parameteri 


are  a„  «  ~0»109  and  *  0,0446  (see  £Qjt  PP»  97-Q) 


stations  have  no  derivative  control,  so 


Both 


Cio  “  1* 


Moreover,  we  are  given  the  following  parameters  as 

£<h=  1.2;  A;,  =  04f;  0.52;  Ar;^  =  0,2;  ;'„='o,8;^’=^'8^'; 

Here  (15)  gives  ixe  and  gives  the 

relation  of  to  in  which  the  residual  uneven 


eniiei 


of  controls  I  assume  that  ^  f»mi  —  }}^  —  0^5;  %aoM  Pi  7 

0,05;  ^  0,06.  ^  (9ie“  0/Pi  +J0>5;  *^*0  (?t(/  “  0/P*  +  0,4. 

Substltxiting  into  (15) j  »e  find  that  the  condition  is  satisfied! 
if  «  1  and  ^120  =  14.65°.  Further,  (2l),  (23)  and! 

^10  .  <!0  /  iv  »<# 

(24)  give  us  that  “  0*9^0f  (^2^0  “  ai^d  (  ^2Q)al5| 

After  this,  some  simple  manipulations  of  the  first 
four  equations  in  (2?)  give  us  that 


.  -~2,028x,  —•  0,039x3  -  0,009x,,  -i-  X\  (x,,  x^), 


in  which 


X^  ^  0,37ar?  +  0,172x3  —  0,006  (cos  x^  —  I)  —  0,039  (sin  x,  -  X3)  -f 
-f  iQ  10,006  (cos  X,  —  1)  +•  0,033  sin  Xgl; 
tQ^  l,54lx<  +  0,069  sin  x*  —  0,205  (cos  x,  —  1); 


i  ~  l,480x,4-  0,038X3  — 0,209x4 -f  X^ixt,  X3,.x^), 
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fe,  ^8.  x^)  =  ~  0,302a-|  --  0,137jc|  +  0,210  |0,127  (cos  —  1)  - 
-^0,045  (sin  -  x^)\  +  0,047  (sin  x^—  X3)  f  0,017  (cos  Xg  —  i)  + 
+  SQ  10.014  (cos  Xs  -  1 )  4-  0,030  sin  Xgj  —  0,063  8|; 

^  »  314,465  (X,  -  X,); 


0,016x3  ~  0,328x^  +  0.2xs  4-  X;^  (X3), 


and  wh@y® 


X'^  (x^)  0,046  (cos  X3  ~  1)  —  0,017  (sin  Xj  — Xs):5  j 

Xf  =  0,003x3  —  0,073x4  -f  X^  (X3,  X4) 


(X^  is  found  from  ( lla)»(l4a)) ,  Here  X^(x^)  denotes  the  non¬ 
linear  functions  thatrwhen  expanded  in  po'rers  of  x^  start  E?ot 
helow  the  second-order  terms,  fhe  equations  for  the  first 
approximation  are 


=  -  2,028x,  -  0,039x3  -  0,(X)9Xi; 
at 

^  =  -  l,4S0x*  +  0,038x,  -  0,209x45 


314,465  (Xj  —  Xg); 


0,0!  6X3  --  0,342x^ 


It  is  easy  to  demonstrate  that  the  coefficients  of  the 
corresponding  jsharacteristio  equation  satisfy  the  Rauth-Qurvits 
conditions. 

We  introduce  the  form 
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and  req^uire  that  its  total  deriTatire  (ooapilad  in  accordance 
urith  (30))  oust  satisfy  the  condition  that 

dV\dt  =r  -  (xf  +  jr|  +  x|  +  xp.  ( 52) 

l?e  suhstitvita  in  (32)  for  dT/dt  and  equate  the  coefficients  of 
like  terms  on  the  two  sides  to  obtain  a  system  of  linear 
algebraic  equations  that  defines  the  in  (3l)»  5Phen  we  have  | 


B,,  2252.624; 

Bii  =  -  2376,468; 
B,,  -  14,521; 

Bu  =  18,771; 


Bti  =  2547,433; 
Ba~  -  11.989; 
8,,  -  43,418; 

8s., .—  0,661; 


8„  ==  -  1.373; 
=  28,963. 


(50)  corresponds  to  stability,  so  V  (taken  with  the 

will  be  positive  15 The  time  derivative  of  this  form, 

%■ 

derived  in  accordance  wii5h  (29),  is 

dVidt  =  +  S  -  Jc?  +  dVjdxi .  ( 3 


¥e  see  .that  dT/dt  0  if  the  are  small |  the  values  at  which 
dT/dt  «=  0  define  the  bounds  to  the  stability  region.  If  the 
eystera  is  to  be  stable  in  general,  it  is  sufficient  (but  not 
necessary)  for  the  initial  perturbations  to  lie  within  the 
region  so  defined. 

Practical  calculations  are  best  dona  as  follows.  We 
substitute  into  (53)  for  X*  and  hj/ bx.,  and  specify  all  the 
except  on®  (e.g,  x^)}  then  we  find  the  value  of  x^^  correspond 
ing  to  dT/dt  «  0.  Then  we  alter  the  value  assigned  to  one  of 
the  x.|  in  this  way  we  can  eoapile  the  (x, ,x,)  section  of  the 
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stability  region  about  the  equilibrium  state  =.  Xg  “ 
Figure  2  shows  the  stability  region  found  in  the  (x^,  Xg) 


i  section  for  x,  »=  0,2  and  x.  «  0,1  for  the  numerical  example 

i  5  ^ 

i  aboveo 


Fig*  2«  I 

This  method  can  be  used  to  derive  the  sufficient  j 

conditions  for  stability  in  more  complex  circumstances  (e.g,  | 

if  both  generators  have  voltage  regulators).  Digital  computers  | 
ere  required  to  solve  the  equations  if  the  system  becomes  very  j 

compleiE:*  | 
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J-ITEAH  DIGITAL  PILTEB,S 


By  N.Ya.  MatyxikViio 


j  ^  A  Method  is  presented  for  designing  and  evaluating  ; 

linear  tagorithiss  used  in  approsimate  processes  of  differentiation 
integration,  and  interpolation  (or  extrapolation)  in  digital  ' 

I  computers 5  the  frequency  characteristic  of  an  ideal  operator  is  i 
j  expanded  in  Fourier  series  form,  •: 

I  '  .  .  ■  ■  j 

Control  problems  often  involve  algorithms  that  can 


I  be  put  in  the  form 


?  “  £  o*/(^  +  ^  t  ^  ™ 


I  in  which  -f  T  )  is  the  revS’ult  of  applying  the  algorithm ’to  a  ’■ 

I  given  function  f(t),  is  a  constant  for  all  t,  a,  and  L,  are  ■ 

i  i-C  K  i 

constasit  coefficients  defining  the  algorithin,  e  and  n  are  poj&itive 
integers^j  and  At  is  the  sisie  of  the  steps  in  the  independent 
.variable  used  in  .f(t)  and  f(t  4-  -r)* 

i  ' 

Many  approximate  processes  of  differentiatirm, 

j intpagration^  and  interpolation  (or  extrapolation.)  in  digital  I 

Uomputera  use  the  formulas  of  the  type  of  (1),  e.g.  lewton^s  1 

I  formula  [^ij^  \ 

\  ^  : 

The  number  of  terms  in  (i)  indicate  the  capacity  of  • 

the  store  and  the  nuTaber  of  operations  to  be  performed  in  order  | 

I 

to  use  the  al^gori thm*.  i 

I 

Here  I  consider  a  special  case  in  which  (l)  has  no  I 
[recurrent  pa.rt|  I  shall  ghoT?  foeloir  that  certain  recurrent  ! 

klgorithias  can  he  referred  to  this  type.  I 
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I 


1.  Construction  of  the  Algorithm 

Any  integro-differential  operator,  and  any  inter¬ 
polation  (extrapolation)  operator  oan  te  descritied  in  terms  of 
its  Fourier  transform  (frequency  characteristic). 

For  example 

In  general  to  any  operator  L  of  that  form  there  corresponds  a 

. ,  »' 

frequency  character  F(<»>)t 

£  F(u»)  (m). 

If  L  real  functions  to  real  ones,  then  B(<«>)  is  an 

even  function  of  t  whereas  £(*> )  is  odd. 

Let  us  suppose  that  R(**2)  and  L(to)  oan  he  expanded 
in  Fourier- series  form  in  the  range  f-Jjl,  +^^•3  (I  shall 
show  below  that  certain  devices  enable  us  to  comply  with  this 
condition  for  very  many  of  the  operators  encountered  in  praotice)j. 
Then,  when  -  fi.  <,  <a  have  I 


^(»)  =  r  r*COS  (k  — (u  j  ; 

/-(<»)=!’  /*sin  (fc  \  , 

*w0  \  / 


in  ii?hich  the  and  1^  are  Fourier  coefficients,  and 


£(«>)  =  £  r*cos  [a  — y  S  s«n  (*  i 

»»0  \  ■*  /  ft«o  ^  * 


respectively.  Then 


strict  the  numbers  of  terms  in  (2)  to  p  +  1  and  q  +  1 


Fiw)  =  £  r*  cos  A  -  y  £  /*  sin  *  -r* » 

*«o  **o  ^ 
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approximates  (with  a  certain  degree  of  error)  to  P(^)  in  the 
I  range  £1  f  +  Sil  J  that  error  oan  he  a£timated  as  the 

standard  dsTiation 

.  =  2SJ"‘j  I  [  j  + 


!fh€!  Fourier  tramsforaa^  as  applied  to  | 
epproxlnation  P(<»),  gives  an  approximate  expression  for  the  j 
operator  itself  as  j 


jin  Which  <^(t)  is  a  delta  function,  s  is  the  larger  of  p  and  q, 
and  the  missing  or  Ij^  are  taken  as  zero* 

fhen  the  result  of  applying  the  approximate  operator 
k  to  f(t)  is  put  in  the  form  j 

I  JLnft  *  j 

.  ,  -x  ^  .(6ft)  1 


;in  which 
j  ht  —  x!^, 


*  0  *  \  ■*’  / 


ir^~ii,)l2  ik>Q) 

r,  (fe  =  0) 

(r*~l*)/2  (A<0) 


t 

land,  from  (2) 


a  fl 

r^r=  r  /?  {m)  con  k /hit  to  dot;  It  ~  J  9\nkhtmd<o.  (6®) 

0  0 
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_ _ ^ -.-U-. - — — - - — - 1 

How  8  has  been  taken  as  the  larger  of  p  and  but 
it  is  always  convenient  to  put  p  »  q  »  s,  beoauae  the  number  of  ^ 
terms  in  (6a)  depends  only  on  a  and  because  the  E  given  by  (4) 
bsoomes  small  as  p  (or  q)  inoreaaee. 

We  take  6  as  our  measure  of  the  performance  in 
the  range  [-fl*  »  and  then  we  can  select  the  coefficient* 

in  accordance  with  (6b)  and  (6c)  in  such  a  way  as  to  minimize 
that  error}  agaiuy  we  can  compare  different  algorithms  as  regard* 
the  values  they  give  for  that  error, 

f 

A  definite  physical  meaning  can  he  assigned  to  (4)  j 
if  an  energy  speqtrua  H  (*>)  can  be  defined  for  f(t),  or  if  we  j- 

know  at  least  the  frequency  range  within  which  the  major  part  of  j 
it  falls.  Then  (4)  gives  us  an  estimate  of  the  error  when  ! 

H‘^(<;ii  )  e  constant  in  the  range  and  H^(oo)  «  0  outside 

that  range.  The  general  Fourier  expansion  which  incorporates 

p  2 

weighting  for  H  (ch)  must  bo  used  if  H  (40)  varies  within  thei  j 
range  [o.U]. 


In  that  case  we  have 

■A 


C  .1 

r  f  /?(«>)  —  S  r*  cos  ft  A  ^  tt»  1  + 

^  L  J 

0 

r//*(u>)f  J]  /*s!nftA/u»  1  d» 


(7) 


*ind  the  Ty,  and  Ij^  are  to  be  found  from  the  two  sets  of  linear 
equations  derived  from  the  conditions 
E / ^  “  0« 

If  we  choose  the  rj^  and  in  this  way,  (7)  then 
:givQS  us  the  minimum  error  possible  for  that  number  of  terms  in 

I 

ith®  algorithm,  _ _ _ ^ _ 
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tr. 


The  set  of  equations  for  the  takes  the  form 

“  9 

j  //*  {«)  cos  kiitm  cos  s=  J*  ('»)/?(«)  cos 

0  0 

(i==  0,1, ....«). 


(8a) 


The  set  for  the  takes  a  similar  forms 

*  "  « 

^  If,  \  fP{m)%lnkltmnlnlJ!Umdmss  r s!n (8h) 

;  *“0  0^  i 

(j  I, . . ,,  s). 

We  comb.ine  (8a)  and  (Sh)  term  by  term  in  accordance  , 

with  (6b)  to  get  a  system  of  (2a  +  l)  equations  for  the  ! 

coefficients  in  the  algorithms  ‘  ; 

\ 

s  I 


I  E 


/f^(w)c(is(/t -j-  i)hittadtB  “  I  W*((u)j/?(V)c()S/A/«>-|-  L{\»)^\nihiw\du> 

i  (8c) 

=  0.  +  1 _ +  s). 


If  T  0,  (6a)  is  expressed  by  a  formula  of  central' 

type  having  (2s  +  l)  terms?  it  is  a  special  case  of  (l)»  That  i 

! 

algorithm  provides  the  least  error  in  approximating  the  real  and  j 

imaginary  parts  of  the  frequency  characteristic,  each  taken  1 

separately,  | 

t 

That  formula  can  be  used  for  any  number  of  terms  | 
(formula  (l)),  the  only  difference  being  that  only  the  d  oi  (7)  I 
will  be  Kinimal  if  the  number  of  terms  is  even.  Therefore  in  ! 
future  (Sc)  or  (l)  will  be  used  with  the  upper  limit  of  the 
summation  set  as  zero. 

It  is  true  that  we  have  chosen  a  somewhat  special 
case  by  taking  a  function  having  a  boxmded  spectrum  such  that  a 
{suitable  choice  of  >(d  t  will  make  the  error  given  by  (?)  an 
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I  almost  complete  estimate  of  the  performance  of  the  algorithm# 

'  A  much  wider  class  is  represented  by  a  function  having  a  boundea 

2  1 
eners;/  (i„e,  one  for  which  JH  ( lO; )  d«;*i  exists)} 

^  ‘  !  I 

here,  in  principle,  one  must  allow  for  the  additional  error  j 

I  arising  in  the  range 

The  error  needs  careful  consideration  if  (as  above) 
f(t)  has  nearly  a  continuous  spectrum.  The  method  gives  us  a  j 
continuous  analog  to  the  algorithm  (Fig,  la),  the  analog  being  j 
a  linear  four- terminal  network  consisting  of  a  delay  line  and  I 

!  i 

amplifiers.  The  corresponding  digital  analog  has  to  be  fitted  i 
at  the  input  and  output  with  pulse-forming  units  operating  in  | 

I 

synchronism  at  intervals  /it,  i 


Pig.  1,  ; 

i 

Ifow  £.  has  been  estimated  without  allowance  for  the  i 

i 

Quantizetion  in  tiiEs,  so  that  error  is  the  mean  of  all  possible  i 
values  for  the  time  shift  of  the  operation  of  thepulse  devices  | 
a,cting  on  f(t)  (Pig,  lb).  That  quantization  is  also  a  nonlinear 
operation,  since  it  transforms  the  spectrum  in  the  range  {^Q,  cc-'j 
jto  the  range  |[o,  ,  which  causes  further  error,  I  shall  not 

i! 

Ideal,  with  these  aspects  of  the  matter. 


2.  .Properties  of  the  Algorithm  for  Approximate 
Interpolation  or  Extrapolation 


j  operator  ia 


I'he  frequency  oharaoteristic  of  the  interpolation 


FU>y)  =  cos«»if  +  J  sin  <ot. 


Then  (8o)  takes  the  form 


^  a^i  ^  («i)  cos  (A'  +  0  A^i»rfo>  s=  r  /y®(w>)  cos  i**  (t  +  iAf)  <;?«> 

,y  5)  ( 


{i~(i,\,2 . s), 


The  a.^  given  "by  (9)  are  functions  of  't:  j  used,  with  i 
(1)  they  can  give  an  interpolation  function  (t)  from  the  set  | 


of  values  of  f(t)? 


(10)  I 


Let  iis  consider  the  main,  properties  of  this  function 
as  derived  from  the  condition  that  the  standard  deviation  is 

j  least  in  the  range  £o,Sli  (see  section  l), 

i 

I  1,  Firstly,  ('t')  interpolates  exactly  hetween 

vai-aes  of  f(t),  i,®,  it  talces  the  values  of  the  latter  at  the 
points  Z »  k  At, 

This  can  he  demonstrated  hy  suhgtituting  into  (9) 
for  each  T  *  n  At  (where  n  =  0)  the  values 

;  =»  1,  a.  »  0  (k  =  -s,.,,,  n  -  1,  n  +  1,...,  O), 

JTL  & 


2.  Secondly,  ^j^('^)  can  be  represented  in  the 


form 
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iri  which 


0 

A(t)=  S  (11) 

^  (t  -h  kM)  *  I  //*(»)  cos  »  {t  +  kM)  dm  j  I  //*(.)  dm, 

0  0 


aftd  the  A 

k 


are  given  hy 


0 


(13)  I 

JT  j 

i 

I 

Omitting  obvious  steps,  we  see  that  the  bj^,^  are 
the  elements  of  a  matrix  that  is  the  reciprocal  to  the  matrix 
that  is  the  reciprocal  to  the  matrix  for  the  coefficients  of 


(8c) 


Form  (ll)  for  the  interpolation  function  is  analogous 


to  an  interpolation  polynomial  in  terms  of  a  linear  combination j 
of  Lagrange  interpolation  coefficients  (if  the  points  are  j 

equidistant),  the  only  difference  being  that  the  linear  combin- | 
ationa  of  (13)  replace  the  specified  values  at  the  given  points  | 

in  (ll),  I 

Then  E(  T"  +  k  4  t)  may  be  called  the  generalized  | 
Lagrange  interpolation  coefficient;  physically  it  is  the  , 

normalised  autocorrelation  function  corresponding  to  a  spectrum  j 
equalling  E^(i<i>)  within  the  range  and  zero  outside  that  j 


range, 

5»  Thirdly,  at  the  limit  (when  — ►  O) 

goes  over  to  a  Lagrange  interpolation  polynomial  differing  from 
zero  only  in  the  range  -Ci  ll  being  continuous  within 

that  range  (provided  that  «  TT/Q.  «  constant). 

Let  us  consider  (9)  again.  First  we  divide  the 
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i-th  ®q«ation  fey  /  H^(«e)  d6»  (tfes  noraializlng  factor)  to  g© 

'j 

i 

We  change  the  integration  limit  in  (l2)  from  , 

St  to  and  pass  to  the  limit  Stj^  »  0|  then  (l4)  becomes 

0 

llm  £  a*(t)=  1 .  (I5j 

if 

But  (15)  ^ttite  inadequate  to  define  the  aj^,,  so 
w®  compile  a  new  system  fey  sub trae ting  the  (i  +  l)th  equation 
from  the  i-th  in  (l4)t 

£  a*  { R  i(i^+0  J  ~R  ((*4*i+i)  Ail )  («+l)Ail  ^ 

(i  =  l,2 . s).  (16) 

Ttie  various  coefficients  tend  to  zero  at  different 
rates  as  Jt,  -*•  0,  We  devide  each  equation  in  (16)  by  nomal- 

( 

ising  factor  for  a  which  gives  ns  a  system  of  equations  whose! 
coefficients  do  not  tend  to  zero  a©  In  fact  | 


jlro  ^(”»Ai)-/?i<w-H)  Ai}  _  2m  4- 1 
e.^o /?(«Ai)-/?|(«+!)Aij  2n  +  \ 


(17)  i 


(we  uee  the  fact  that  H^(£o)  is  continuous  to  find  the  value  at 
the  limit)* 

W®  ooffibine  the  limit  of  (16)  for  — »>►  0  with  (15) 

to  get  our  final  system  as 
« 

£  at  (*+0  Ai « t+/Ai  (/  =  0, 1,2,..., «).  ( 18) 


tee  a^  are  clearly  functions  of  ■?r» 


Wow  I  shall  demonstrate  that  the  Lagrange  interpol- 


ation  coefficients  form  the  solution  to  (18),  i,e»  that 

(t) 


k\  (s—ky.  i-+kM) 

(*c=0,1,2,...,5), 


(-  1) 


(19) 


in  which  M_('f )  is  a  factorial  polynomial  of  degree  a  +  li 

Af^(t)=a^t(i:+di)(T+2d^)...(t+s4^).  (20) 


For,  consider  any  eeiuation  in  (18).  The  are  the  i 
Tallies  taken  by  the  quantity  T  +  i  At  on  the  right  at  the  -  | 
points  =»  os  At,  (-8  +  l)  At,...,  0.  Therefore  the  left  j 
part  becomes  a  Lagrange  interpolation  polynomial  when  the  j 
substitution  ismade  from  (19)}  that  polynomial  is  oonatruoted  j 
from  the  values  of  T  +  i  At  at  those  same  points,  i 


Kot,  if  8  >1,  the  interpolation  polynomial  becomes 
exactly  the  same  as  the  one  to  be  interpolated,  so  (19)  is  iii 

fast  the  solution  to  (l8)}  it  is  also  the  solution  to  (l^),  forj 

^  '  } 

the  sum  of  the  Lagrange  factors  equals  one  exactly,  , 

i 

So  when  XI,  0  we  have  ! 


lira  /„  (t)=:  f(kM)  lira  a*  =  H  /  (M/)  (t). 


(21) 


Figure  2  shows  the  fj^(T)  for  various  values  of 
1  corresponding  to  H‘^(to)  »■  constant  in  the  range  X2l, 

We  see  that  fj^(T)  becomes  more  and  more  like  a  parabola  as  XI 

decreases. 
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f 


Fig.  2, 

The  passage  to  the  limit  in.  (21)  may  he  considered 


as  a  passage  to  the  spectrum  H 


B{(^) 


5 •  Algorithms  for  Approximate  Differentiation  | 

and  Integration  | 

I 

The  coefficients  of  the  algorithm  may  be  fovmd  | 

from  (So)  or  by  means  of  (11 )}  in  the  first  case  the  frequen.oy  i 
chs.racteri8tic  has  to  b®  expanded,  as  a  Fourier  series,  wnich  is  { 
uncatisfactoxy  for  the  integration  operator  j 
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That  difficulty  may  he  overcome  by  choosing  for 
the  operator  a  frequency  characteristic  corresponding  to  ari 
iricrement  in  the  integral, 

,  That  characteristic  for  an  increase  s  /it  in  the 


independent  variable  (only  integrals  that  are  multiples  of  At 

t 

are  convenient)  is  ! 

1  (23)  ! 

JM  m  Cl)  *  j 

i 

We  apply  to  (25)  the  method  g'iven  in  section  one#  In  the  I 


second  case  the  formulas  are  found  directly  by  dif ferentiating 
(integrating)  (ll)^  in  the  manner  used  to  find  formulas  for 
approximate  differentiation  (integration)  from  the  Lagrange 
interpolation  polynomial# 

The  second  method  is  exactly  equivalent  to  the 
first*  In  fact,  the  frequency  characteristic  of  (ll)  is 

(  0 


0  (<«) 


0 


(<»  =:  [0,  Sj) 


(•  =  |S,  «>)) 


(24) 


i 


( 


The  result  of  applying  to  f^('t)  any  integro- 
differential  operator  whose  spectrum  is  P(i*>)  can  be  expressed 
(by  virtue  of  (24))  by  means  of  a  reverse  Fourier  transform? 


I  \f.  ('*)] 


+a 

l'  F  (w)  W  (u*) 
% 


SA 


JwkXi 


I 


(25)  I 


0  f  +« 

I  (  (*”)  ('^)  (“)  Sin  «»  (t+MOl  dut 

kx.—i  I— ^ 


Againi  (25)  can  be  derived  directly  from  (8o)  by 
laeans  of  the  device  adopted  to  demonstrate  property  2  (second 
section) , 
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section).  | 

In  conclusion  I  gi^s  some  examples  of  formulas  for  i 

nmnerioal  differentiation  and  integration,.  | 

o  ^ 

1,  .Humeral  differentiation  formula  for  H‘'(a.'>)  ^l/jf\ 

for  the  range  w  =>5  with  jdt  =  1,  j 


relation 


Any  of  the  ahovs  methods  gives  us  the  general 


/' (t)  --  -  T  f  j  cos  (t- A)1 

1  “ 


(26)  I 


A  maas^ire  of  the  utility  of  the  foranxia  is  given  hy  the  rate  at  j 
which  the  moduli  of  the  coefficients  decrease,  because  few  terms 
are  needed  if  that  rate  is  large.  The  choice  t* «  (2n  +  l}/2, 
where  2ri  +  1  =  s,  gives  the  largest  possible  rate,  for  cos 
l  Jt{T  -  k)J/('t  -k)  decreases  roughly  as  l/k,  so  the  coefficie-rite 
decrease  roughly  as  l/k  .  Then 


s43\ 


(2?)  i 


Figure  3a-  shows  fretiuency  oharacteriscics  and  the 
(for  the  range  given  by  (2?)  and  by  the  usual 

polynoaial  formula  with  the  same  number  of  terms  (s  =  5) 


2/  128  3:128  . 
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Figure  showe  the  distrihutiona  of  the  functions  of  k  for 

these  forsiulas. 


Pig.  3. 

Each  aj^  indicates  the  extent  to  which  the  value  'of 
f(t)  at  the  point  t  -  k  4  t  affecta  the  current  value  (in  this 
case,  of  the  derivative) |  here  t  is  the  time  after  f(t)  has 
hsea  aeaswed  (determined), 

2,  ITxiffieral  integration  formula  for  H  (/5tJ)  «  l//r 


for  the  range  »  jro,7c|with  4*  =  1, 


Her® 


Si  ((i-ii)  Kj  ^  Si  (kn) 


Figure  4  shows  the  distrihutiona  of  the  as  | 

functions  of  kj  the  broken  line  corresponds  to  the  coefficients 
in  Eewton’s  formula.  We  see  that  the  distribution  is  close  to 
that  for  the  simple  trapezixun  rule. 

This  result  is  not  imexpected,  for  the  rapid  inoreas' 
in  the  error  of  interpolation  with  fre<iuenoy  is  compensated  to 
a  large  extent  by  the  rapid  fall  in  l/co  ,  the  frequency 
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4»  Reffiarka  on  tha  Algorithms  for  General  Filtera 


Mjjf  method  enables  one  to  construot  an  algorithm 
designed  to  reproduce  for  a  digital  computer  the  frequency 
response  P(a>  )  »  R.(h5  )  +  of  a  filter  (provided  that 

r(w)  ie  even  and  L(  )  odd).  An  extra  requirement  is  often 
imposed  on  the  algorithm,  namely  that  the  delay  x  introduced 
by  the  algorithm  must  be  minimal  (e,g»  if  the  computer  forms 
par-t  of  an  automatic  control  system). 

In  principle  this  method  imposes  no  restriction  on 
,  v^hieh  can  be  either  positive  or  negative.  However,  in' 
practice  we  find  that  £  increases  rapidly  if  we  try  to  make  the 
delay  aero  or  negative,  so  T  >  0,  For  example,  if  the  frequency' 
characteristic  satisfies  the  condition  of  physical  feasibility. 


R  (im)  cos  'n'cdw  zz.  ^  L  (««)  s!n  ««</•» , 

t  >  0,  « 


and  if  SX.  is  taken  to  be  such 

J  j  /?{!«)  j  rftti  J 1  ^  (“*)  i 


^  I  /.  (w)  1  rfu>  J  1  4  (tt>)  14® 


then  (6a)  gives  ue  that  the  algorithm  corresponding  to  sero  deisy 
implies  small  mean-square  errors. 

If,  however,  the  characteristic  does  not  sstisfy 
(30),  the  error  increases  rapidly  as  ■we  approach  aero  delay. 

The  error  is  related  to  the  parameter  that  specifies  the  degree, 
of  deviation  from  the  condition,  namely 
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i 


fil  f  R  («>)  cos  («e)  Sin  (•o’e)!  dvt 


dt 


(31) 


/ 


[/?*  («»)  4  /.*(*>•) 


(the  two  increase  together)* 

■  •  i 

Figure  5a  shows  the  freq.uency  characteristics  of  j 
a  single-stage  RC  filterj  Figs.  5h  and  5c  show  characteristics! 
for  low-frsquenoy  filters  corresponding  to  different  velues  | 
of  J'  ,  and  also  the  distrihution.  of  the  for  | 

H^(tw)  «  l/^  f  Q.  ==  Sf(  ,  We  see  that  neglect  of  the  coeff icien'^s 
for  f  >  0  introduces  substantial  errors  in  the  cases  of  Pigs. 

5b  and  5c»  because  in  those  cases  the  Bjean-sQuare  error  equals 
the  sum  of  the  souares  of  the  omitted  coefficients* 


I  hare  presented  here  a  method  of  finding  the 

t 

coefficients  in  a  linear  algorithm  designed  to  effect  approxiisajte 
interpolation,  integration,  or  differentiation?  the  method  is 
baaed  on  minimizing  the  mean-square  error.  It  provides  the  | 
best  mean-square  approximation  to  the  Fourier  transform  of  the  | 
Interpolation  or  linear  integro-differential  operator  within  a  | 
specified  frequency  range  [o,  Cl}  ,  The  mean-square  error  can  j 
be  used  to  compare  different  approximate  formulas.  A  similar 
method  can  be  applied  to  algorithms  designed  to  represent  the 
frequency  characteristic  of  a  filter  within  a  range  * 

The  following  results  have  been  obtained  in 

addition. 

a)  It  has  been  shown  that  the  interpolation 
function  corresponding  to  pointwise  interpolation  between  n 
eouallv  spaced  values  of  a  function  can  be  represented  as  a 
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L 


linear  combination  of  n  generalized  Lagrange  interpolation 
coefficients  R(T  +  k  A  t)  (with  k  *  l,.*»n)»  m  which  At 
is  the  spacing  between  yalnes  of  the  function*  A?  generalized  j 
Lagrange  coefficient  we  may  take  any  function  having  the  energyj 
spectrum  within  the  bounded  range  (o,  Jr/  A  tl*  This  s 

ensures  that  the  meansquare  error  is  minimal  for  the  approxim¬ 
ation  to  the  frequency  characteristic  within  that  range  for  the 
spectrum  H^(  oi  ) ,  Parabolic  interpolation  is  a  special  case, 
which  corresponds  to  E^(<'j))  » 


ifM.ifa) 


f  -i  -t  ,9  i  t  tt 


t  t  9  u 


•t  §  t  i  " 


9XV 


1  M  M  .  ..x- 

•9  -i  9  f  9  9 


-jrr; 


Pig*  5. 
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fo)  It  IS  po3sit>le  to  derive  formulas  for  j 

appro:8:iaate  differeutiatioB  (integration)  that  satiafy  the 
oonditlon  that  the  mean-square  error  must  be  mininsal  i.n  the  j 

range  [o,S]  for  a  sr^eetr-um  H  (to)  by  applying  a  general  paethodj 
or  directly  by  differentiating  (integrating)  the  corresponding! 

i 

interpolation  fmnc tiers  in  a  fashion  analogous  to  that  employed | 
to  derive  formulas  for  numerical  integration  (differentiation! 
from  an  interpolation  polynomial*  i 

I 
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SHOOT  COMMUNICATIONS  AND  LETTERS  TO  'THE  EDITOR. 


LUNAR  1.63  cm  RADIO  .EMISSIC® 


Pages  506«-50? 


by  M.R.  Zelixiskaya,  V.S.  Troitekiy  and 
L,N.  Fedoseyev. 


In  1956-5?  w®  made  measurements  of  the  effective  temperature  of 
the  central  part  of  the  lunar  disk  as  a  function  of  its  phase.  The 
results  obtained  are  sufficiently  well  approximated  by  the  expression: 

224*’ -36^  cos  (a/— 4(F)  (l) 

(ilt  »  0  corresponds  to  new  moon),  whereas  the  theoretical  dependence 
\£'2y  of  the  brightness  radio  temperature  of  the  center  of  the  moon«  | 
|o;a  the  phase  has  the  form;  j 

(I  4'28  +  lK9)-''icos  (Sf-S).  (2)  j 

where  ^  »  /3/x  is  the  ratio  of  the  depth  of  penetration  of  the  { 

electromagnetic  wave  l/x  to  the  depth  of  penetration  of  the  thermal  j 
veve  1/^  (  /3  is  the  attenuation  of  a  thermal  wave,  X  the  attenuation! 
of  an  elec troEiagaa tic  wave  in  the  lunar  rock,  depending  on  the  physicalj 
and  chemical  characteristics  of  the  lunar  surface),  1 

tg5  =  8/(l-»),  (3) 

I 

Within  the  LimitiS  of  accuracy  of  the  measuretT'.^.nts  the  magnitude  of  the  I 
constant  component  coincided  with  that  calculated.  The  value  of  ^  \ 

iOalculated  on  the  basis  of  (1)  and  (2)  proved  equal  to  2.3  ^  0*2  ; 
eicpression  (3)  then  gives  a  value  ^  ^  which  coincides  within  the 

limits  of  error  with  the  experimental  value  $  =  40^  +  obtained  by 
us. 

The  results  obtained  agree  well  with  investigations  made  earlier 
at  other  wavelengths  (see  Table  1). 

The  results  of  observations  on  the  wavelengths  1*25»  1*65  and 


2  cm  yield  the  interesting  law 


bA  const. 
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^bl«  1 


^  I  ,  -T  T  I■II■IJ• 

I  Ate  f  Ai  '  T 


X(eM) 

1  3.2  PJ 

1.63 

> 

U5pl 

.  - 

0.38  PI 

0.8  l«J 

i 

. .  j 

4 

2,3 

1.5 

1.6 

23 

Q,m 

t,25 

M 

1.2 

1.9 

2.9 

0,5 

It  ie  knovm  that  this  relationship  is  the  result  of  a  property  of 
solid  dielectrics  of  preserving  the  loss  tangent  approximately  con- 
®t®nt  over  almost  the  whole  centimeter  range  Z'7_7*  i*e» 

tg  &  Mr  4m  (<»)/<  t»  ^  const,  ^  e  \ 

V  ■  , 

vdiere  cr  (M)  is  the  equivalent  electric  conductivity. 

Using  the  value  of  S  obtained  and  a  thermal  conductivity 
k  «  2.5  3C  i0“®,  obtained  from  optical  data  /"S _7.  it  is  easy  to  find 
X  «  0.2  and  &  »  7,9  x  10°  CSSS  «  This  gives  a  loss  angle  for 
lunar  rock  of  approximately  2“  and  a  depth  of  radiowave  peneSiratlon 
(  A  «  1.63  cffi)  1/x  »  5  cm  for  a  depth  of  thermal  wave  penetration 

1/^  w  2.2  CBS,  Compared  with  terrestrial  rock  this  is  a  rather 
large  value  for  the  conductivity  but  is  not  out  of  the  question  for 
rocks  with  a  large  content  of  oxides  of  potassium,  sodium  and  iron. 

At  wavelengths  of  8.6  mm,  8  mm  and  1.5  »«  the  law  (4)  is  evid¬ 
ently  somewhat  upset.  In  the  region  around  ^  »  8  mm  has  a 

quasi-resoMKce  trend.  If  we  concede  the  correctness  of  this  result, 
then  it  is  necessary  either  to  allow  the  existence  of  a  certain 
“traixsparency”  (decrease  in  X  )  of  the  lunar  rock  in  the  8  mm  range, 
which  would  be  difficult  to  account  for,  or  to  assume  that  the  thermal 
conductivity  of  the  surface  layers  of  the  lunar  crust  (from  %diich  8  mn 
radiation  mainly  comes)  ie  less  than  that  at  greater  depths.  This 
GoncltisioH.  may  also  be  drawn  fro®  the  fact  that  the  lag  in  radio¬ 
emission  at  a  wave  length  of  I.63  cm  compared  with  the  thermal  phase 
apparently  proves  to  be  somewhat  greater  than  required  by  a  single- 
layer  model  of  the  structure  of  the  lunar  crust  and  more  nearly  satis¬ 
fies  a  two-layer  model.  However,  inaccuracy  in  the  ®«a®ta:*ement  of  the 
phase  lag  and  signl-ficant  discrepancies  between  values  of  for 

doss  wavelengths  (for  8  mm  and  8,6  am  /*6 _7,  for  example) 

testify  to  the  relative  inaccuracy  of  existing  methods  of  measuring 
lunar  radio  eisission,  when  it  is  a  matter  of  choosing  between  a  single 
and  a  double-layer  model  of  the  structure  of  its  surface  layers.  For 
this  purpose  we  need  investigations  with  telescopes  of  greater  resolving 
jpower  in  the  millimeter  and  centimeter  wavebands. 

j  1.  Piddingtoa,  T.H.j  Minnet,  H.C.;  Austr.  J.  Sci.  Bes.,  ^  (19^9)  65.  | 
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I  INVESTIGATION  OF  THE  STABILITY  OF  THE  FIXED 

S 

POINT  OF  TRANSFORMATION  IN  CRITICAL  CASES. 

Pages  507-508  by  lu.I.  Neymark.  j 

i 

./  ’  ’  i 

In  this  paper  I  establish  criteria  of  the  stability  and  instabilr 
ity  of  the  fixed  point  of  reflection  of  Euclidean  space  onto  itself 
in  so-called  critical  cases*  Part  of  the  results  formulated  below 
obtained  in  another  paper  by  the  author  /  1  /  dealing  with  the 
bifurcation  of  fixed  points* 

1,  Let  the  point  reflection  T  of  an  n-dimenBional  Biclidean 

IX 

space  onto  itself,  mapping  the  point  . .  ,x^, .  ..,x^)  onto  the 

point  ),  be  represented  in  the  form 

X  n 

I  y  =  Y).  (1)  j 

where  x  is  an  m^diraensional  vector,  the  components  of  which  are  the 
first  ffi  coordinates  of  the  point  M,  y  is  an  (n  -  m )-dimenBional 
vector,  the  components  of  "idiich  are  the  succeeding  n  -  m  coordinates 
of  the  point  M  and 


We  shall  consider  the  reflection  of  an  cs-diEensional  space  onto  it¬ 
self,  defining  it  as  follows;  , 

A- ss. /  |x,  y*  (x>!  (3)  i 

i 

t 

It  is  evident  that  if  x*  is  a  fixed  point  of  the  reflection  then  | 
[x*,y*(x* )}■.  will  be  a  fixed  point  of  the  reflection  T^.  j 

Theoreai  1,  If  in  the  nei.ghborhood  of  the  fixed  point  x*  V(x)  j 
is  a  Lyapunov  function  J  for  the  reflection  and  in  a  certain  i 

i  neighborhood  of  the  fixed  point  [x*,y»(x*)j  of  the  reflection  i 

i  U  (X.  y)!  <  <?  <  J;  ■  I 

-1  ^ 

then  for  A  >  (1  -  q)  B  the  function  _  1 

2  (a,  y)as  V'  (a)  ^  1  y  —  y*  (x)  |  ( 3 )  | 

I 

will  be  a  Lyapunov  function  for  the  reflection  f  in  the  neighborhood  ■ 

;  '  “  ■  i 

of  the  point  (x*,y*(x*)).  i 

Actually,  in  a  sufficiently  small  neighborhood  of  the  point  | 

(x*,y*(x*))  I 

2  (xi  .v)  -  S  (x,  y)  ST  V  If  <x,  y*  (x)i  --  V  (x)  -f  V  {/  (x,  y)j  ~  i 

I  —V  1/  (A.  y‘  (a)|  !-  d  f  S'  (x,  y) !  —  A  i  y  —  y*  (x) !  <  V  [/  (x.  y"  (x)j  “  • 

I  ~  V  (A)  —  ~  9)  -- ly  y*  (x) !  <  I 


jwhich  it  was  also  required  to  prove.  j 

(  Let  Xu  },  be  roots  of  the  characterietic  equation  } 

I  i.  i 

pf  the  transfersatioa  T,  continuously  differentiable  a  sufficient  j 

number  of  times,  and  let  diffei^eat  from  •  •  •  * 

Then  after  a  corresponding  linear  substitution  of  variables  in  the 

neighborhood  of  the  fixed  point  x*  =  y*  =.  0  the  transformation  T  may  be 

Written  in  the  fora: 


AW  Lx  4-2  (A.  y);  y  JE  ATy -f  A  (A,  y). 

[.here  the  matrix  L  has  the  characteristic  roots 

khe  matrix  M  the  roots  ^jm2****T  hPd  lower. 
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than  of  the  second  order  of  emallness  relative  to  [xl  and  lyt  .  By 
virtue  of  theorem  1,,  if  I  ^  ^  question  of  j 

the  stability  of  the  reflection 

7=£r-f2{jf,  y*).  ‘ 

where  j*'  in  the  neighborhood  of  a  fixed  point  is  unambiguously  defined 
by  X  in  accordance  vdth  the  equation  y*  «  My*  *♦*  A  (x^y*),  can  be  solved 
vath  the  aid  of  a  continuously  differentiable  Lyapunov  function,  then 
a  fixed  point  of  the  reflection  T  is  stable  when  and  only  when  the 
fixed  reflection  point  of  (?)  is  stable*  It  follows  from  this,  in 
particiiiar ,  that  the  consideration  of  the  stability  of  a  fixed  point 
in  the  tr  ana  formation  of  an  n-dimensional  Iluclidean  space  onto  itself 
in  the  critical^  cases  where  there  is  a  single  root,  equal  to  plus  or 

i  .  ,c.  J 


minus  one,  or  two  complex  conjugate  roots  and  e  reduces  to  the 

setas  problem  as  foi'  the  reflection  of  a  straight  line  onto  a  straight  j 
line  or,  correspondingly,  a  plans  onto  a  plane. 

<2.  After  squaring  the  reflection  T  the  case 
to  the  case  ^  a  1.  Therefore  it  is  suf  ficient  to  consider  the 
reflection:  ,  «  /  ,+u 

j:  »=  x  +  fflpc*  +  0 


r^r 


-  1  reduces 


(8) 


If  B  is  odd,  the  Lyapunov  function  sought  will  be  V  =r  ~  a  x  :  if  s  ia 

5 


2 

a  X  ; 
s 


By  virtue  of  this,  when 
is  even,'  we  shall  always  get  instability  and,  when  s  is  odd,  stabilitjy 

i 


ev€*n,  then  thi>s  function  will  be  V  -  a^x 


if  a  <  0  and  lnstabi3J.ty  if  a  >  0 
s  s 


3*  The  case  e 


>  where  0  <  f  K.  'Jt  ^  reduces 
n  accordance  with  whB,t  has  been  said,  to  an  investigation,  of  the 
stability  of  a  point  reflection  of  a  plane  onto  a  plane  of  the  form: 

^  aa^  4-  tuv  4-  cv^  4-  ^«*  +  +  - . . ; 


(9) 


lb  is  known,  that  for  any  ^  0,  however  small,  it  is  possible 
to  select  integers  n  and  m  such  that  -  2/rm^l  •  Now,  iter¬ 
ating  the  transformation  - - •  — . — 
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.,  where  the  qua.ntities  A  and  C  remain  outside  the  dependence  on  n  and 
I  B  2Re  I  ^s}>  ^  w  ™L_.  „  2,c'  |.  ( ii ) 

jsy  virtue  of  (10)  the  fixed  point  u  =  v  *  0  ie  stable  when  B  <  0  and 
I  unstable  when  B  >  0.  For  the  sake  of  brevity  we  have  omitted  to  form 
the  Lyapunov  function  for  the  reflection  (9)* 
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mmmHimiTim  of  the  dispersion  of  a  smnmT  of 

A  STATIOMAKY  EANDOM  FUNCTION  FROM  ITS  SPECTBUM* 


Pa;^es  509-510 


by  A  * G •  Kislyako V 


This  question  is  encountered  In  connection  with  evaluating  the  j 

signal  detectable  by  means  of  a  weak  Blgnal  meter  £\  J  or  when  j 

it  is  n.eces0a,ry  to  find  the  mean-square  frequency  deviation  of  a  radio-  | 

frequartcy  generato:r  for  a  time  T  with  respect  to  a  known  spectrum  of  j 

freque.nx^y  fluctuations  £  2,3  J  as  well  as  in  other  problems*  | 

j  The  spread  of  any  ra.ridom  quantity  u(t)  about  its  value  u(t),  | 

pvex'aged  over  time  T  (we  conaider  u(t)  -  0;  the  horizontal  line  indie- 
j 

ktes  the  mean  with  respect  to  an  ensemble),  may  be  characterized  by  the 
i^yaantity: 
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Dr^{u{t)~»Xn\*. 

wfMch  we  shall  call  the  '‘dispersion  over  tine  T”.  It  is  easy  to  see  that 
-- -^u^t)  when  T — ^  •  Separating  the  expression  in  brackets  and 

changing,  where  necessary  the  order  of  averaging  with  respect  to  the 
ensemble  and  to  tine,  we  have: 

-!»(/)  rf/~T(*/r)->  etn*  («/r) » ifyaf, 

0  % 

where  w(f)  is  the  mean  square  spectral  density  of^{t>.  Introducing  a| 


certain  effective  spectrum  w^(f)  (such  that  D^.  =>  /w^{f)df),  we  get 


•r  (/)*»(/)  i»  “  if)- 


(2) 


where  w^(f)  is  a  certain  function,  for  which  f  =  0.  A  more 

rigorous  calculation,  not  given  here,  shows  that  for  stationary 
random  processes  w^(f)  =*  0. 

Thus,  the  first  twC  terms  on  the  right-hand  side  of  expression 
(2)  represent  an  expression  for  the  effective  spectrum  w^(f),  defining 
the  dispersion  of  the  process  u(t)  over  the  time  T.  Oscillations  with 
frequencies  f  <  T*"^  enter  into  w^(f)  with  less  wei^t  than  into  the 
true  spectrum  w(f)  because  of  the  finiteness  of  the  segment  of  the 
function  u(t).  The  part  of  a  weighting  function  is  played  in  (2)  by 
the  factor  g(T,f)  =  1  -  (^fT)"^  sin^CxrfT).  In  the  literature  r2,37 
a  simpler  approximation  formula  is  often  used  for  g(T,f). 

1 1  np«  /> 


giT.fi 


0  BiM/<  r-’ 


(3) 


.-1 


We  then  discard  from  the  spectrum  w(f)  all  frequencies,  less  than  T 
which  give  slow  (so-called  “one-sided'')  deviations.  However,  in  certaii 
eases  “ona-sided”  deviations  can  make  a  considerable  contribution  to  tie 
dispersion  in  time  T  *  A  criterion  for  the  applicabiUty  of  approxim¬ 
ation  (3)  is  given  by  the  following  condition: 


V-, 


'  where  k(l?)  ®  and  ^  H(f)df. '  Whether  cditdltion  (4)  is 

...  ...,. 

fulfilled  depends  both  on  the  value  of  T  and  on  the  form  of  the  spect- j 
ruffl  w(f).  For  a  spectrum 

*iC/)*K2K/t>*4'ir'  (5) 

the  function  kj^(-T)  has  the  form  represented  by  the  graph  in  Fig.  la. 

The  greatest  error  connected  tdth  the  use  of  the  approximate  formula 
(3)  occurs  in  the  region  T  «  X  (  '’C  is  the  correlation  time  of  the 
process  u(t)).  j 

It  is  of  interest  to  consider  one  more  example  illustrating  j 
the  role  of  the  fora  of  the  spectrum  w(f). 

1 

Let  the  spectrum  of  the  process  u(t)  be  described  by  the  formula 

I  Bf~*  npH  />/*,  (6) 


whwe  1  <  cii^-  <  3* 


{T)  (a™  I)  Ip  (,) q  («)  } 


«(«*-!)?  («-l) '  2 


and  q(0C)  is  a  certain  ratloBaX  sub-function  of  CX  .  In  the  approx¬ 
imation  in  question  th@  fuficticn  depends  only  very  sli^tly  on 

iT  and  the.  error  will  be  small  if  we  assume  that 

**(!)»(«-  1)  **“»  p  (*)  «  *,  (a).  (7 ) 

:!rne  result  obtainsd  is  accurst®  for  .  £  «  0.  The  fvinotio.n  k^CiX)  is 
repr@se.ated  in  Fig.  .lb.  As  follows  from  the  graph,  using  the  approx- 
irete  foriaula  (5),  which  is  ordinarily  advantageous  in  simplifying  the 
calculations,  does  not  give  a  significant  error  only  when  CX  1. 


that  £  a  /Tt^T  «  1  and  all  the  terms  starting 
frojii!  are  neglected. 

**  It  is  possible  to  show  that  the  error  connected  with  using  (5) 
is  sffi-all  for  oc  <  1  also,  this,  moreover,  being  physically  evident. 


289 


1 


^  Physlca?Jly  this  means  that  for  a  sufficiently  slow  increase  in  w(f) 

'  with  d6C.r©8S6  izi  fj'’ft9ueiicy  th©  ’*on&~sid6d”  csviatiouts  rsake  a  sufficien'^” 
I  ly  sijiall  coritribiitioii,  to  the  dispersion  in  titr.e  T  4 

Th&  author  wiahes  to  tliank  V.S,  TToitskiy  and  A.N.  Malakhov 
for  useful  advice  and  criticism. 
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OH  POSHIBIJE  WAVES  IN  A  SYSTSM  OF  PABAIxLEL 

anisothopicah;/  conducting  punks 


Pages  510-512 


by  V4N.  IvanoT 


lu  connection  witli  recent  atte^ipts  to  increase  the  size  of  j 

decelex^ating  systems  there  has  been  published  a  number  of  articles 
fl^Zj  deYOted  to-  multi-row  interdigital  decelerating  systems*  Such 
systems  are  designed  by  employing  the  theory  of  miilticoriductor  lines  ^  j 
which  considers  only  the  TEH  wave  and  takes  inhomogeneities  into  j 

account  by  means  of  equivalent  reactances*  In  order  to  be  able  to  I 

determine  the  limits  of  appllGabillty  of  such  calculations  it  is  .j 

:  necessary  to  know  the  rate  of  attenuation  of  the  higher  modes  of 
;  oscillations  in  a.  multiconductor  line  due  to  the  presence  of  inhorflogen-j 
cities*  ^  j 

A  rigorous  analysis  of  a  multi-row  mult iconduc tor  line  is  diff-  j 
icult  even  in  the  case  of  a  TEH  wave;  therefore*  for  the  sake  of  simpl-j 
icity,  each  row  of  conductors  in.  the  multicondxictor  line  will  be  | 

.approximated  by  an  aniao tropic ally  conducting  plane,  with  ideal  con-  j 
dx.j.ctloa  in  the  direction  of  the  conductors  and  absence  of  conduction  inj 
the  direction  at  right-bangles  to  the  3.atte:r*  Introducing  such  an  | 

Idealiisation  reduces  the  problem  of  higher  modes  of  oscillation  in  a  | 
multi-row  0ml ti conduct or  line  to  the  problem  of  the  possible  waves  in  i 
a  system  of  parallel  anisotropically  conducting  planes*  I 

We  shall  corisider  a  aystem.,  consisting  of  an  infinite  number  of  | 
parallel  planes  a  distant  d  apart,,  ideally  conducting  in  the  y-directioh 
land  non-conducting  in  the  z-direction<t  We  shall  assume  all  the  quant-  | 
lities  to  vary  in  accordance  with  the  law  exp  -  ^z))  and 

I  ^number  the  planes  in  the  direction  of  increase  in  x,  adopting  the 
B.umeral  0  for  the  plane  x  0. 

Title  unit  camponent  of  the  vector  potential  ,  formed  by  the 

current  in  the  n-th  plate,  is  equal  to  ^ 

’  J  J  VTx-mn^+ly-^J'  +  IZ-!.!’ 

— iW 

where  k  2^  n  <E  and  //  are  tl;te  dielectric  constant  and  the 

permeability  of  the  medium  respectively,  ®^P  i® 

surface  current  density  in  the  n-th  plane,  the  factor  exp  (i<Wt) 
is  omitted,  as  it  will  be  henceforth.  We  shall  assume  that  on  being 
displac  ed  by  a  period  d  in  the  x~directiqn_ja^,Jield  ac5uires,.S  f ap:  ter .. 


[-il>  VI  x—ndf +{y—y\)*  -f  (z-C)*] 


<'1  ^ 


291 


i  .  Wien,  evaluating  the  integral  with  respect  to  ^  3  7  and 

surasing  (1)  vd.th  respect  to  n  from  -  ce?  to  +  •>>  ,  we  get  the 
component  of  the  vector  potential  formed  by  all  the  currents i 


f  TTO- 

A  <n>  iC  A',  [7  V^'h  -p  (y  —  T,)*  ] 


I  where  is  a  second-order  modified  Bessel  function  and  "J’  -  k 

j  By  computing  the  component  of  the  electric  field  and  requir-. 
!  ing  it  to  vanish  at  all  the  anise tropic ally  conducting  planes,  we  get  . 
I  the  following  integral-differential  equation  for  the  current  density: 


■^tse  ■. 

fc  +  **)  J I  A,  [7  -f  (j?  -  r,)*]  I  rf n  '-=  ®'  i 


The  theory  of  homogeneous  integral  equations,  presented  in  /  4 
Ti  eeisily  be  modified  to  apply  to  the  case  of  our  integral-different 


eauation 


The  possible  solutions  of  (3)  have  the  form: 

!  /(y)=cy*‘n 

v,here  C  are  certain  constants  determined  from  the  conditions  of 

excitation  and  w  Vieras  of  the  function 
s 

1  (li-)  ~  (iS  J  /  j  y  1  ay. 


jin  the  case  of  equation  (2),  evaluating  the  integral  with  respect  to  y  j 
/”3,7,  we  get:  | 


i  ^ 


K  ^  it  [j  -h  i^)]  [i  _  ^  -  /»)] 


1  If  B.  wave  is  propagated  in  the  z-direction  with  a  velocity  less  1 
jthan  that  of  light  C/-)^  >  k^*),  then  the  function  L(w)  has  two  real  j 
’zeros,  'w  +  k,  corresponding  to  undamned^T^  and  an  infinite  j 
jnumber  of  imaginary  zeros  ^  -  ±  ^  Z/d)2  (  =  1,2, .  • . 1 
;Corresponding  to  TM  waves  damped  in  the  y-direction. 

i  In  addition  to  the  mbdes  discussed  TE  waves,  not  connected  vdth 
k;he  preserice  of  a  current,  may  be  observed_^_the  system  of 
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ically  oonductiag  plaaes.  When,  ^ 


j-dix-ectioa  as-e""*^^,  where  x*"  »  +  («3i^  +  2jrp)‘'d  Cp 

)  bj  lyirtua  of  the  surfaSa  character  of  slow  wa^es. 


thej  will  b®  damped  in  the 

O5  ^-l  5  4-2. 


{Sr  +  2jrp)^d"^ 


On  the  basis  of  the  results  obtained  it  is  possible  to  coaclad® 
that  in  a  sjstem  of  parallel  anisotropically  conducting  planes  in  the 
case  of  slow  waves  the  only  wave  propagated  in  the  y-directioa  is  the  ■! 
fEM  and  that  higher  modes  are  damped  in  the  y~direction  not  more  | 

slowly  than  exp  (- J-y).  j 

In  conclusion  it  should  be  noted  that  these  results  may  also  be  i 
applied  to  eoi  anisotropically  conducting  plane,  included  between  two  j 
symmetrically  disposed  screens.  i 
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LETTSH  TO  TKS  EDITOB 

In  Mo.  1  of  the  journal  ’•Eadiofisika^'  for  195®  there  is  an 
article  by  A.A.  Andronov  and  (I.S.  Gorelik,  "Hadiophysics  and  the 
General  Bynamos  of  Machines'*',  I  was  responsible  for  preparing  the 
ffianuscript’  for  the  printer.  On  page  11  of  the  article  there  is  aa 
authors*  footnote.  In  which  tliere  is  included  a  reference  to  the  known 
:**Vysh}aagradskiy  error*'.  Because  of  an  oversight  on  my  part  thi.s  fcot~ 
note  pa,ss8d  without  coment. 


( 


I 

i 

I 

t 


I  Sitg  article  bj  Andronov  and  Gorelik  ms  written  in  19^4  but 

in  19^9ii  Axidrottov  himself,  together  vdth  I.N.  Vosnesenskiy,  ®stafoli.sh®d 
that  in  fact  there  is  no  "Vyshnsgradskiy  error”.  Tj;d,s  has  been  discuss®:; 
in  detail  by  Andronov  ©nd  Vozaesenskiy  in  commentaries  included  in  the 
®caograpb.  '"Bieory  of  Automatic  Control”,  D.K,  Maxwell,  I. A.  Vyshnegrad- 
Bkiy,  A.  Stodola  (pvbl.  AS-  USSB,  1949). 

I  would  i5.k«  to  thank  H.I.  Freydlin  for  drawing  my  attention  to 
this  oversight, 

Andronova- Leontovich 
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